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MATHEMATICS, 4-c. 



l^LANE TRIGONOMETRY. 



DEtlNlfXONS. 

^' Plan^ Trigonometry treats of the relations and 
talculations of the sides and angles of plane triangles. 

9, The circumference of every circle (as before observed 
in Geom. Def* 56) is supposed to be divided into 360 equal 
parts, called Degrees ; also each degree into 60 Minutes, 
and each minute into 60 Seconds, and so on* Hence a se- 
micircle contains 1 80 degrees, and a quadrant 90 degrees. 

3. The Measure of an angle (Def. 57, Geom.) is an arc 
of any circle contained between the two lines which form 
, that angle, the angular point being the centre ; and it is 
estimated by the number of degrees contained in that arc. 

Hence, a right angle, being measured by a quadrajit, or 
quarter of the circle, is an angle of 90 degrees ; and the 
sum of the three angles of every triangle, or two right 
angles, is equal to 180 degrees. Therefore, in a right-angled 
triangle, taking one of the acute angles from 90 degrees, 
leaves the other acute angle j and the sum of the two angles, in 
any triangle, taken from 180 degrees, leaves the third angle; 
or one angle being taken from 180 degrees, leaves the sum 
•f the other two an^es. 

Vot. n. B 4. Degrees 



i FLAKE TRICQNOMETVT. 

4. Dejna are marked at l3ie mp of die figure witb s 
isaM*, mi— iiwgfa', arowhwiA", ^ » <■■ TW^ 
£~- ^-O IS", dcDOtt 37 d^ns 30 iidnn»a ^d U sbohmIk. 

5. Tlie CoE^MBORi* of an src^ is ^ !•. 
wial A v3Dfi of a qsadran: or WF- '^-" -." ' 
Tims, if AD he-xcp^mn, iLbi ed b 

the raciplenieiit dT die arc MM\ ^hI, ^ I 

reGjKTxaDr, as s l!ie fT*'firi < i"ff<i cf ' ' j 

ED. So that, if AB be an arc cf 3CP, 
then Ks axnplKDeiit bd wiH he 40\ - ,,^^ , ^ 

€. The Siq>pJaDent (rf^ an arc, b j.' 
vha: i: wamsof anmkard^ cr ISO*. 

Thn'. ii ADE be a Mnnckde, iben bds ■ ike Waf^aaaA aC 
the SIX. AB; and, icc^procallT, ab is dx aqifdemeu of (he 
arc B££. So dut, if ab be ac arc of 30*, then Bs saffit- 
i PfnT £de wiD be 1 30°. 

7. The SiDe» or Ri^u Sinei cf an arc, is the Ene dnwn 
from ooe euicuiityof the arc, perpoidiciils' tothecBameter 
which passes throng the other extreisilT. Thus, ■* is the 
stne of theaic ab, or of At snp f fcmeo tal mcbdc Hence 
the sne (or) is half the chord (bc) of the doidde aic 
(bagV 

8. The Versed Sine of an arc, is the put of the diameta- 
icterce^edbetveoithearcaBditsaiie. So, AFistfaeiennl 
nne cf ihe arc ab, and Ef the v ers e d sine (tf the air edb. 

9. The Tsig^t of an aic, is a fine tootJiing the tsxde in 
oce extremity of that arc, cnntJiwd hom thence to meet a 
fine djawB from the coaie throogh the other extrcmitT; 
vhich latt Ime U caSed the Secant of the same arc Thus, 
BB is the t^igent, atod ch dte sccani, of the arc ab. Abo, 
El a the tangent, md ci the secant, of the supplemental arc 
EDE. And this latter talent and secara are eqml to the 
former, bat »e acco^oted n^atire, as bcti^ di^avn io an 
G|tpo»te or coBtTxrf directicn to the fwmer, 

10. The Cmine, Cotangoit^ and Cosecant, of an arr, 
are the sine^ tangent, and secant of the cot^eotent of that 
arc, the Co being obHj a cootractiaa of the word cooiple- 
ment. Thus, the arc^ ab, bd, being the completncnis of 
ezch other, the sine, tangent, or secant of the one of these, 
b the conne, cotangent, or cosecant of the other. So, bf, 
the sine c^ ab, is the cosine of bd; and be, the sine o{ 
ED, is the cosioe of ab: m Ufce matmer, ah, the tangent 
of AB, is the cotangent of BD; and dl, the tangetu cf 
DB, is the cotangoU of ab: abo, ch, the secant of ab, 
ift the cosecant erf sd i and cl, the seaat of »d, is the ctn 

of A. 

CWW. 



Caret. Hence Mveral remarkable properties easily follow 
firom these definitions ; as, 

lit. That an arc aiul its supplement have the same sinsi 
tangent, and Eecant ; but the two latter, the tangent aad 
secant, are accounted negative when the arc is greater thap 
a quadrant or 90 degrees. 

2d, When the arc is 0, or nothing,' the ^e and tangent 
are nothing, but the secant is then the radius 6A, the lea&t it 
can be. As the arc increase from 0, the sines, tangents, 
and secants, all proceed increasing, till the arc becomes a 
whole quadrant ad, and then the sine is the greatest it can 
be, being the radius cd of the circtej and both the tangent 
and secant are infinite. 

Sd, Gf any arc ab, the versed sme af, and cosine bk^ 
«r CF, together make up the radius ca of the circle. — The 
radius CA, the tangent ah, and the secant ca, form a right- 
angled triangle cah. So also, do the radius, sine, and cosine^ 
foirn another right-angled triangle Cbf or cbk. As also the 
" radius, cotangent, and cosecant, another right-angled trii 
angle cdl^ And all these right-angled triangles are umilar 
Co each other. 

11. The sine, tangent, or 
recant of an angle, is the sine, 
tangent, or secant of the arc 
by which the angle is mea- 
sured, or of the degrees, &c. 
in the same arc or angle. 

12. The method of con- 
structing the scales of chords, 
sines, tangents, and secants, 
usually engraven on instru- 
ments, for practice, is exhi- 
bited in the annexed figure. 

13. A Trigonometrical 
Canon, is a table showing 
the length of the sine, tan- 
gent, .and secant, to every 
degree and minute of the 
quadrant, with respect to the i: ' 
radius, which is expressed by ^ 
unity or 1, with any number 
of ciphers. The logarithms 
of these sines, tangents, and 
secants, are al») ranged in the 
B 8 tables; 
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4. PLANE TRIGONOMETRY. 

tables ; and these are most commbnlf used, as they perform the 
'calculations by only addition and subtraction, instead of the 
multiplication and division by the natural sines, &c, accord- 
ing^ to the nature of logarithms. Such a table of log. sines 
and tangents, as well as the logs, of common numbers, are 
placed at the end of this volume, and the description and 
use of them are as follow; viz; of the sines and tangents; and 
- the other table, of common logs, has been already explamed 
in the first volume of this Course. 

Description of the Table of Log* Sines and Tangent f. 

In the first column of the table are contained all thq arcs, 
or angles, for every minute in the quadrant, viz. from V to 
450, descending from top to bottom by the left-hand side, 
and then returning back by the right-hand side, ascending 
from bottom to top, from 45'' to 90°; the degrees being set 
at top or bottom, and the minutes in the column. Then 
the sines, cosines, tangents, cotangents, of the degrees and . 
minutes, are placed on the same lines with them, and in 
the annexed columns, according to their several respective 
names or titles, which are at the top of the columns for the 
degrees at the top, but at the bottom of the columns for the 
degrees at the bottom of the leaves. The secants and cose- 
cants are omitted in this table, because they are so easily 
found from the sines and cosines; for, of every arc or angle, 
the sine and cosecant together make up 20 'or double the ra- 
dium, and the cosine and secant together make up the same 
20 also. Therefore, if a secant is wanted, we have only to 
subtract the cosine from 20 ; or, to find the cosecant, take 
the sine from 20. And the best way to perform these sub- 
tractions, because it may be done at sight, is to begin at the 
left hand, and take every figure from 9, but the last or right 
hand figure from JO, prefixing 1, for 10, before the first 
figure of the remainder, 

PROBLEM I. 

To compute the Natural Sine and Cosin^^ of a Given Arc, 

This problem is resolved after various ways. One of these • ^ 
IS as follows, viz. by means of the ratio between the diameter 
and circumference of a circle, together with the known series 
for the sine and cosine, hereaft^ demonstrated. Thus, the 

semi- 



PROBLEMS. 

^emicirciimference of the circle, whose tadiu 

* 3-14159265358J793 &c, the proportion will ih*efore I 

as the number of degrees or minutes in the simicirde, ( 

is to the degrees or minutes iH tile proposed arc, I 

- so is 3M4I5&265 &c, to the length of the said arc. f 
This length of the arc being denoted by the letter a ; 4 

its sine and coiine by s and c; then will these two b 

pressed by the two following series, viz. 






2.3.1.5 
i; "■" I Oil 'irt.i 



2.3.4,5 
-+&C. 



.0.7 



+ &C. J 



2 2.3.4 2.3.4.5-6 

Exam. 1. If it be required to find the sine and coi 

1 minute. Then, the number of minutes in ISO* ba 

lOSOO, it will be first, as 10800 : 1 :: 3-14159265 _5tt 

-O002!}0888'i0S665 = the length of an arc of one miM 

Therefore, in this case, ' 

n ~ -0002903883 J 

and ia' = ■000000000004- &c, 1 

the diS". IS i = -0002908883 the sine of 1 minute. 

Also, from I . 

take id^ = 0-0000000423079 &c, 

leaves c = -9999999577 the cosine of 1 mlq| 

Exam. 2. For the sine and cosine of 5 degrees. ' 

Here, as 180° : 5° ; : 3n4159265 &c. : -08726646 = ai 

length of 5 degrees. Hence a = -08726646 •] 

-^a' = - -OOOllOlt) , 

-l-^^rt>= -00000004 ' 



these collected give i =: ■08715574 the si 
And, for the cosine, I : 



= oC 



■003S0771 
■00000241 



these collected give c = 



519470 the cosine of 5' 



;er tlw same manner, the s 



md cosine of any 



« PLANE TRIGONOMETRT. 

the series will converge, in which case a greater number of 
terms must be taken, to bring out the condusion to the satn6 
degree of exactness. 

Or^ having found the sine,, the cosine will be found from 
it, by the property of the right-angled triangle cbf, viz. the 

cosine cf =: -v/eB*--BF% or r = -y/ 1 - A 

There are also other methods of constructing the can<Hi 
of sines and cosines, which, for brevity's sake, are here 
omitted. 

PROBLEM It. 

To compute tie Tangents and Secant f. 

The sines and cosines being known, or found by the 
foregoing problem j the tangents and secants will be easily 
found, from the principle of ^milar traangles, in the follow- 
ing manner : 

In the first figure, where, of the arc ab, bf is the sinCij 
CF or BK the cosine, ah the tangent, CH the secant, dl 
the cotangpnt, and CL the cosecant, the radius being ca or 
CB or CD ; the three similar triangles cfb, cah, cdl, give th6 
following proportior^s : 

I sty cF : fb : : cA : ah; whence the tangent is known, 
being a fourth proportional to the cosine, sine, and radius. 
„ 2^, CF : CB : : CA : c|i ; whence the secant is known, 
being a third proportional to the cosine and radius. 

Sdy BF : fc : : CD : DL ; whence the cotangent is known^^ 
being a fourth proportional to the sine, cosine, an5 radius. 

4/^, BF : Bc : : CD : CL ; whence the cosecant is known, 
being a third proportional to. the sine and radius. 

As for the log. sines, tangents, and secants, in the tables, 
they are only the logarithms of the natural sines, tangents, 
and secants, calculated as above. 

Haying given an idea of the calculation and use of sines, 
tangents and secants, we may now proceed to resolve the 
several cases of Trigonometry ; previous to which, however, 
it may be proper to add a few preparatory notes and ohser- 
vations^ as below. 

Note 1. There are usually three methods of resolving tri- 
angles, or the cases of trigonometry ; namely^. Geometrical 
Construction, Arithmetic^ Computation, and Instrumental 
Operation. . 

In the JPsrst Method, The tnangle is constructed, by making 
the parts of the given magnitudes, namely, the sides from a 
scal0 of equal parts, and the angles from a scale of chords, 

■ ■ ■■ ■ or 



THEOREM I. » 

t^r by 5ome other instruiixent. Then measuring the un- 
known parts by the same scales or instrumentSj the solution 
will be obtained near the truth. 

In the Second Method^ Having stated the terms of the pro«- 
portion according to the proper rule or theorem^ resolve it 
like any other proportion, in which a fourth term is to be 
found from three given terms, by multiplying the second 
and third together, and dividing the product by the £rstf 
in working with the natural numbers ; or, in working with 
the logarimms, add the logs, of the second and third terms 
together, and from the sum take the log. of the first term ; 
then the natural number answering to the remainder is the 
fourth term sought. 

In the Third Method^ Or Instrumentally, as suppose, by the 
log. lines on one- side of the common two-foot scales ; Ex- 
tend the Compasses from the first term, to the second or 
third, which happens to be of the same kind with it ; then 
that extent will reach from the other term to the fourth 
term, as required, taking both extents towards the same end 
of the scale. 

Note 2. Every triangle has six parts, viz. three sides and 
three angles. And in every triangle, or case in trigonome- 
try, there must be given three of these parts, to find the 
otier three. Also, of the three parts that are given, one of 
them at least must- be a side ; because, with the same ^ngles^ 
the sides may be greater or less in any proportion. 

Note 3. All the cases in trigonometry, may be comprised 
in three varieties only; viz. 

\siy When a side and its opposite angle are given. 

2//, When two sides and the contained angle are given. 
• 3^, When the three sides are given. 

For there cannot possibly be^more than these three varies 
ties of cases ; for each of which it will therefore be proper to 
give a separate theorem, as follows : 

THEOREM I. 

When a Side and its Opposite Angle are two of the Given Parts, 

Then the unknown parts will be found by this theorem ; 
viz. The sides of the triangle have the same proportion to 
each other, as the sines of their opposite angles have. 
That is. As any one side. 

Is to the sine of its opposite angle j 

So is any other side. 

To the sme of its opposite angle, 

Dimonstr. 




i PLANE TRIGONOMETRY, 

Demmstr, For, let abc be the pro- 
posed triangle^ having ab the greatest 
side, and bc the least. Take ad = 

Bc, considering it as a radius ; and let 

fall the perpendiculars de, cf, which -A. 1- - i' i> 
will evidently be the sines of the an- 
gles A and B, to the radius ad or' bc. 
Now the triangles ade, agf, are equiangular; they therefore 
have their like sides proportional, namely, ac : of : : ad 
or BC r DE ; that is, the side a c is to the sine of it6 opposite 
^ngle B, as the side bc is to the sine of \t% opposite angle a. 

Note 1. In practice, to find an angle, begin the proportion 
with a side opposite to a given angle. And to find a side, 
begin with an angle opposite to a given side. 

Note 2. An angle found by this rule is gmbiguous> or unr 
certain whether it be acute or obtuse, unless it be a right 
angle, pr unless }ts piagpitude be such as to prevent the 
ambiguity ; because the sin^ answers tq two angles, whicl:^ 
are supplements to each other ; and accordingly the geom^r 
trical construction forms two triangles with the same parts 
th^t are given, as in the example below ; and when there is 
no restriction or limitation included in the question, either 
pf them may be taken. The number of degrees in the table, 
answering to thp sine, is the acute angle*; but if the angle be 
obtuse, subtract those degrees from 180% and the remainder 
will be the obtuse angle. When a given angle is obtuse, or 
a right one, there can be no ambiguity ; for then neither of 
the other angles can be obtuse, and the geometrical construct 
tion will form only one triangle. 

EXAMPLE I. 

In the plane triangle abc. 




Cab 345 yards 

Given < bc 232 yards 
l^Z A 37° 20' 

Required ^he other parts. 

I 

1. Geometrtcally. 

Draw an indefinite line ; on which set off A9 == 345, 
from some convenient scale of equal parts. — Make the angle 
A = ^T\, — ^With a radius of 232, taken from the same 
scale of equal parts, and centre b, cross ac in the two 
points Cy c. — ^Lastly, join bCj bc^ and the figure is con- 
structed. 
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stFUCted) which gives two trianglesjr and showing that the 
case is ambiguous. ^ 

Then, th^ sides ac measured by the scale of equal partSj 
anc the angles B and c measured by the line of chords, or 
oth^er instrument^ will be found to be nearly as below $ viz* 

AC 174 z b27* / p 115% 

pr 374J. or 78J or 64 J, 

2. Arithmetically. 

First, to find the angles at c. 

As side- Bc 232 - - log. 2-365488 

To sin. op. 4 A 37° 20' - ^ 9*782796 

So side AB 345 - . 2-587819 

To sin. op. z c 115° 36' or 64^ 24' 9'95S127 

add z A 37 20 37 20 

the sun) 152 56 or 101 44 

taken from 180 OO 180 00 

leaves z b 27 04 or 78 16 

I 

Then, to find the side ac. 

As sine ^a 37° 20' - ' - log. 9*782796 
To op. side BC 232 - - 2-365488 

<;« .m y r. /^^^ 04' - - 9-658037 

po sin. ^B|^g jg ^ ^ 9-990829 

Tp op. side AC 17407 - - 2-2407^ 

or 874-56 ' . - 2-573521 

3. Instrumentally. 

In the first proportion.— Jxtend the compasses from 233 
to 345 on the line of numbers j then that extent reaches, 
ion the sines, from 37oj- to 64«x, the angle c. 

In the second proportion. — Extend the compasses from 
37°y to 27** or 78°:J:, on the sines ; then that extent reaches, 
on the line of numbers, from 232 to 174 or 374^, the two 
yalues of the side ac. 

sxampjle II. 

In the plane triangle abc, 

r AB365polgs ' Tzc 98* 8' 

GivenJ z a 57« 12' Ans. 4 ac 154-33 

iz B 24 45 (^ B€ 309-86 

Required the other parts. 

EXAMPLE 
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EXAMPLE III. 

In the plane triangle abc> 



5 



/ B 64*^ 35' 
AC 120 feet r or 115 25 

Given '^ BC 112 feet Ans.J / c 57 57 

(/ A 57^ 28' ") or 7 7 

/ AB 112-6 feet 
Required the other parts. ^ or 16*47 feet. 



THEOREM II. 

Wiift f%vo Sides and their Contained Angle are given* 

First add the two given sides together, to get their sum, 
and subtract them, to get ^their difference. Next subtract 
the given angle frtnti 180% or two right angles^ and the re- 
mainder will be the sum of the two other angles 5 then di- 
vide that by 2, which will give the half sum of the said un- 
luiown angles. Then say. 

As the sum of the two given sides. 
Is to the difference of the same sides ; 
So is the tang, of half the sum of their op. angles. 
To the tang, of half the diff. of the same angles. 
Then add the half difference of the angles, so found, to 
their half *sum, and it will give the greater angle, and sub- 
tracting the same will leave the less angle : because the half 
sum of any two quantities, increased by their half difference, 
gives the greater, and diminished by it gives the less. 

Then all the angles being now known, the unknown side 
will be found by the former theoreih. 

Note. Instead of the tangent of the half sum of the un- 
known angles, in the third term of the proportion, may be 
used the cotangent of half the given angle, which is the 
same thing. 

Demonst. Let abc be the proposed 
triangle, having the two given sides " 

AC, BC, including the given angle c. 
' With the centre p, and radius ca, 

the less of these two sides, describe 
a semicircle, meeting the other side 
BC produced in d, £, and the un- 
known side AB in A, G. Join ae, 

AD, CG, and draw df parallel to ae. 

T/ien BE is the sum of the two giyen sides AC, CB, or of 
-*'f> ^^/ ^nd JBD is the difference of the same two gi\en s\de^ 
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AC| BC9 or of CD) cB. Also> the external angle ACE, Is equal 
to the given sum of the two internal angles caBj cba ; but 
the angle ade^ at the circtimference» is equal to half the 
angle ace at the centre; therefore the same angle ADE is 
equal to half the given sum of the angles cab, cba. A1so» 
the external angle agc, of the triangle bcg, is equal to the 
sum of the two internal angles ccb, gbc, or the angle gcb 
is equal to the difference of the two angles agc, gbc ; but 
the angle caB is equal to the said angle agc, these being 
opposite to the equal sides ac, cg ; and the angle daB| at the 
circumference, is equal to half the angle dcg at the centre ; 
therefore the angle dab is equal to half the difference of the 
two angles CAB, cba ; of wluch it has been shown that adb 
or CDA is the half sum. 

Now the angle dae, in a semicircle, b a right angle, or ab 
is perpendicular to ad ; and df, parallel to ab, is also per- 
pendicular to AD : consequently AX is the tangent of cda the 
half sum«and df the tangent of dab the half difference of 
the angles, to the same radius ad, by the definition of a tan 
gent. But the tangents A£, df being parallel, it will be, as 
BE : bD : : A£ : DF ; that is, as the sum of the sides is ta 
the difference of the sides, so is the tangent of half the 
sum of the opposite angles, to the tangent of half their 
difference. 

EXAMPLE I* 

In the plane triangle abc, 
r AB 345 y^ds 
Given < AC 174*07 yards 
I ZA 37*^20' 
Required the other parts. 

1. Geometrically. 

Draw AB = 3^^ from a scale of equal parts. Make the 
angle a == 37" 20'. Set off ac = 174 by the scale of equal 
parts. Join bc. and it is done. 

Then the other parts being measured, they are found to 
be nearly as follow; viz. the side BC 232 yards, the angle 
^ 27*, and the angle c 1 1 S^'i, 

2. Arithmetically. 

The side ab 345 From 180* 00' 

the side AC l74!07 take ^ a 37 20 

their sum 319'07 sum of c and b 14^ ^ 

phehr differ. 1?V'9S lialf sum of do. 1\ ^0 
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As sum of sides ab, ac, - - 5 19*07 log. 2*715226 
To, diff. of sides AB, AC, . * - 1 7.0-93 - 2-232818 
So tang, half sum zs c and b 71*" 20 - 10-471298 
To tang, half diff. zscandB44 16 ^ 9*988890 

these added give z c 115 36 

and subtr. give Z b 27 4 

Then, by the former theorem. 

As sin. Z C 115^ 36' or 64^ 24' - Ipg, 9'955i26 

To its op. side ab 345 - - - 2-537819 

Sosin. of / A 37** 20' - ^ ^ 9-782796 

To its op. side bc 232 - - ^ 2-365489 

3. Insfrumentally. 

In the first proportion^ — Extend the compasses from 51^ 
to 171, on the line of numbers; then that extent reaches,, 
on the tangents, from 7l0y (the contrary way, because "the 
tangents are set back again from 45") a little beyoncj tt5» 
which being set so far back from 45, falls upon 44^^, the 
fourth term. 

In the second proportion. — Extend from 64®-J- to 37**y, oa 
the sines ; then that extent reaches, on the numbers, from 
345 to 232, the fourth term sought. 

EXAMPLE II. 

In the plane triangle abc, . 

f ab 365 poles | f bc ZOB'^S 



Given < ac 154-33 Ans. -| z b 24° 45' 

II a 5T 12' . Cii c 98 3 

Required the other parts. 



EXAMPLE III. 



In the plane triangle A^c, 

r AC 120 yards r ab 112-6 

Given! bc 112 yards Ans.-J ^ a 57® 28 

Lz c 57*^ 57' 1/ B 64 35 

Required the other parts. 

THEOREM in. 

When the Thtee Sides of a triangle are givetjm 

First, let fall a perpendicular from the greatest angle on 
the opposite side, or base, dividing it into two segments, and 
the whole triangle into two right-angled triangles : then the 
proportion will be, - 

As 
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As the base^ or sum of the segments, 
Is to t-he sum of the other two sides ( 
So is the difference o£ those sides. 
To the diffl of the segments of the base. 

Theii take half this difference of the segments, and add 
it to the half sum, or the half base, for the greater segment ; 
and subtract the same for the less segment. 

Hence, in each of the two right-angled triangles, there 
will be known two sides, and the right angle opposite to one 
of them ; consequently the other angles will be found by the 
£rst theorem. 

Demonstr. By theor. 35, Geom. the rectangle of the sum 
and difference of the two sides, is equal to the rectangle of 
the sum and difference of the two segments. Therefore, 
by forming the sides of these rectangle^ into a proportion bj 
theor. 76, Geometry, it will appear that the sums and dit- 
ferences are proportional as in this theorem. 

EXAMPLE I. 

In the plane triangle ABC, 
^. TAB 345 yards 

the sides I ^^^.^.Q^ 

To find the angles. 

1. Geomeirically. 

Draw the base ab == 345 by a scale of equal parts. With 
radius 232, and centre A, describe an arc; and with radius 
174, and centre B, describe another arc, cutting the former 
in c. Join AC, Bc, and it is done. 

Then, by measuring the angles, they will be found to be 
nearly as follows, viz. 

Z A 27«, z B 37° j-, and / c 1154. 

2. Arithmetically. 

Having let fall the perpendicular cp, it will be, 
As the base ab : ac + bc : : ac — bc : ap — bp, 
that is, as 345 : 406 '07 : : 57*93 : 68-18 = ap - BPr 

its half is - 34-09 

the half base is 172-50 

* the sum of these is 206-59 = af 

and their diflf. is 138-41 =bp ^ 
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Thenj in the triangle apc, right-angled at P, 

As the side ac - - 232 - log. 2-36548* 

To shi. op. ^ P - - 90^ - lOOOOQOO 

So is the side ap - - 206-59 - - 2'315109 

To sin. op. z AC? - - 62*56' - 9-949621 
Which taken fWnn - 90 00 
leaves the / a 27 04 

Again^ in the triangle bpc, right angled at p^ 

As the side Bc • - 174-67 - log. 2-240724 

To sin. op. -^ P - . 90« - lO'OOOOOO 

Soisside bp - - 138*41 - - 2'141168 

To sin. op. z BCP - - 52° 40' - - 9*900444 

which taken from - 90 00 

leaves the / b 37 20 

Also, the z ACP 620 56' 

added to Z bcp 52 40 

gives the whole z acb 115 36 

So that all the three angles are as follow, viz. 
the Z A 27* 4'j the Z B ST 20'; the Z c 115° 36^. 

S. Instrumentally. 

In the first proportion. — ^Extend the compasses from 345 
to 406, on the line of numbers ; then that extent reaches, 
on the same line, from 58 to 68*2 nearly, which is the dif- 
ference of the segments of the base. 

In the second proportion. — ^Extend from 232 to ^06^ on 
the line of numbers; then that extent reaches, on the sines^ 
from 90*" to 63». 

In the third proportion. — ^Extend from 174 to 1384, then 
that extent readies from90o to 52°|. on the sines. 

EXAMPLE II. 

In the plane triangle abc. 

Given r^"^ ^^^ P°^^ r ^ A 5ri J^ 

♦1. • Jvil ^ AC J 54-33 Ans. < ^ B 24 45 

the sides t^^ 3^^.Q^ lzc93 3 

To find the angles* 

£XAMPLI( 
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SXAMPLE III. 

In the plane triangle ABCj 

Given ^"^^^ C^A57o2tf 

♦T^ cf^oc^AC 112-6 Ans.'i Z B 57 57 

the sides J^^ J j^ J^c64 35 

To £nd the angles. 



The three foregoing theorems include all the casei of 
plane triangles, both right-angled and oblique. But there 
are other theorems suited to some particular -forms of 
triangles, which are sometimies more expeditious in their use 
than the general ones ; one of which, as the case for which 
it serves so frequently occurs^ may ^e here taken^ as fpU 
low*: 

THfioitEsi rv. 

When a Triangle Is Right- angled : any of the unknown parts may 
bejound by the following proportions: viz* 

As radius 

Is to either leg of the triangle ; 

So is tang, of Its adjacent angle> 

To its opposite leg ; 

And so is secant of the same anj;le. 

To the hypothenuse. 

Demomir. ab being the given leg, in the 
right-angled triangle abc ; with the centre 
A, and any assumed radius ad, describe an 
arc DE, and draw df perpendicular to ab, 
or parallel to BC. Then it is evident, from 
the definitions, that df is fhe tangent, and 
AF the secant of the arc de, or of the 
angle A which is measured by that arc, to fhe radius Ai>. 

Then, because of the parallels bc, df, it will be, 

as AD : AB : : df : bc and : : af : AC, which is the same 
as the theorem is in words. 

Note, The radius is equal, either to the skie of 90**, or the 
tangent of 45''5 and is expressed by 1, in a table of natural 
sines, or by 10 in the log. sines. 

EXAMPLE I. 

In the right-angled triangle abc, 

Given{*\*^4/» ;;|2 jTofind Ac and bc. 

1. Geometrically 
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1. Geometrically^ 

Itfake AB = 162 equal parts, and the angle A — 53® 7' 48"^ 
then raise the perpendicular bc, meeting AC in c. So shall 
AC measure 270, and bc 216, ^ 



As radius 
To leg AB 
So tang. Z A 
To leg. BC 
So secant Z a 
To hyp. AC 



Extend the compasses from 45* to 53®-|-, on the tangents. 
Then that extent will reach from 162 to 216 on the line of 
numbers* 



2. Arithmetically^ 




I 


log. 10*000000 


162 


2-209515 


53** r 48" 


- 10124937 


216 


2-334452 


53« 7' 48" 


10-221«48 


270 .. 


2-431363 


S. Instrumentally* 





* . E-XAMPLE II. 

^ In the right-angled triangle ABC, 

^. Cthelec^AB 180 *. Cac 392-0146 

^'^^"^ Jthe Z A 62^ 40' ^'^'- Ibc 348-2464 

To find the other two sides. 

Note. There is sometimes given another method for right- 
ihgled triangles, which is this : 

ABC being such a triangle, make one 
leg AB radius \ that is, with centre a, 
and distance AB, describe an arc bf. 
Then it is evident that the other leg bc 
represents the tangent, and the hypo- 
thenuse Ac the secantj of the arc bf, or 
of the aiigle a. 

In like manner, if the leg bc be made 
radius ; tlien the othet leg ab will re 
present the tangent, and the hypothenuse Ac the secant, of 
the arc bg or angle c. 

But if the hypothenuse be made radius; then each leg 
will represent the sine of its opposite angle ; namely, the leg 
AB the sine of the arc ae or angle c, and the leg Be the sine 
of the arc cD or angle A. 

Then the general rule for all these cases is this, namely, 
that the sides ; of the triangle bear to each other the same 
proportion as the parts which they represent. 

And this is called. Making every side radius. 

Note 
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Note S. When there are given two sides of a right-angled 
triangle, to 'find the third side; this is to b^ found by the 
property of the squares of the sides, in theorem 34^ Geom. 
viz. that the square of the hypothenuse, or longest side^ is 
«qual to both the squares of the two other sides together. 
Therefore, to find the longest side, add the squares of the 
two shorter sides together, and extract the square root of 
that sum ; but to find one of the shorter sides, subtract the 
one square from the other, and extract the root of the re- 
mainder. 



Of heights and DISTANCES, Sec. 

BY the mensuration and protraction of lines and angles^ 
are determined the lengths, heights, depths, aad distances of 
bodies or objects. 

Accessible lines ate measured by applying to them some 
certain measure a number of times, as an inch, or a foot, ol* 
yard. But inaccessible lines must be measured by taking 
angles, or by such-like method^ di^wn from the principles 
of geometry. 

When instruments are used for taking the magnitude of 
the angles in degrees, the lines are then calculated by trigo- 
nometry: in the other methods, the lines are calculated from 
the principle of similar triangles, or some other geometrical 
property, without regard to the measure of the angles. 

Angles of elevation, or of depression, are usually taken 
either with a theodolite, or with a quadrant, divided into 
degrees and minutes, and furnished with a plummet suspend- 
ed from the centre, and two open sights fi^ed on one of the 
radii, or else with telescopic sights. 

'To take an Angle of AltHuie and Depression with th'e Quadrant. 

Let A be any object, as the sun, 
moon, or a star, or th^ top of a 
tower, or hill, or other eminence : 
and let it be required to find the 
measure of the angle abc, which a 
line drawn from the object makes 
above the horizontal line bc. 

Place the centre pf the quadrant 
in the angular point, and move it 

Vol. IL C 
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round there as a centre, till with one eye at i>, the other 
being shut, you perceive the object a through the sights j 
then will the arc gh of the quadrant, cut off by the plumb- 
line BH, be the measure of the angle abc as required. 

The angle abc of depression of ^-^^ .i . -JC 

any object A, below the horizontal 
line BC, is taken in the same man- 
lier J except that here the eye is ap- 
plied to the centre, and the measure ' ''''.A 
of the angle is the arc gh, on the 
other side of the plumb-line. 

» ^ 

The. following examples are to be constructed and calcu- 
lated by the foregoing methods, treated of in Trigonometry. 




EXAMPLE I. 

Having measured a distance of 200 feet, in a direct ho-^ 
rizontal line, from the bottom of a steeple, the angle of 
elevation of its top, taken at that distance, was found to be 
47° 30' J hence it is required to find the height of the steeple. 

Construction, 

Draw an indefinite line ; on which set off ac = 200 equal 
partsj for the measured distance. Erect the indefinite per- 
pendicular ab; and draw CB. so as to make the angle c zz 
4T 30', the angle of elevation j and it is done. Then ab^ 
measured on the scale of equal parts, .is nearly 218^. 



Calculation . 



As radius 

To AC 200 - 

So tang. Z.C4T30' 

To AB 218*26 required 



10-000000 
2-301030 

10-03794a 
2-3389ta 




EXAMPLE II*' 

What was the perpendicular height of a cloud, or of a 
balloon^ when its angles of elevation were 35° and 64% as 
taken by two observers, at the same time, both on the same 
side of ity and in the same vertical plane ; the distance be-* 
tween them being half a mile or 880 yards. And what was 
its distsmce fron!i the said two observers ? 

Cfnstruction^ 



AitD DISTANCES* 



l» 



CotutritctioH. 

IDraw icd indefinite .ground Kne^ on which set off the 
^Ten distance ab = 880 ; then A and B are the places of 
the observers. Make the angle a = 85% and the angle 
• zs, 64f* ; then the intersection of the lines at c will be me 
place of the balloon : whence the perpendicular cd, being let 
xaU, wiU be its perpendicular height. Then, by measure- 
ment are found the distances and hdght nearly as follow^ 
viz, AC 1631, BC 1041^ i>c 936, 



Calculation. 

First, from z b 
take z A 
leaves z acb 



64** 

35 

29 



.-•' 



..•■ *• 



% 



£- 



T> 



Then in the triangle abc. 
As sin. z acb 29° 
To op, side ab 880 
So sin. z A 35* 

To op. side BC 1041-125 - 



As sin. z ACB 29** 
To op. side ab 880 
So sin. Z B 116° or 64° 
To op, side Ac 1 63 1*442 - 



And in the triangle bcd. 
As sin. z D 90° 

To op. side BC 1041*125 - 
So sin. z B 64* 

To op. side CD 935-757 - 



^•^85571 
!i-944484 
9-758591 
3017503 

9-685571 
2^944483 
9-953660 
3-212572 



10*000000 
3-017503 
9-95366() 
2-971163 



XXAMPtfi III. 

Having to find the height of aft obelisk standing on the 

top of a declivity, I first measured from its bottom a distance 

of 40 feet, and there found the angle, formed by the oblique 

plane and a Hne imagined to go to the top of the obelisk, 

41''; but after measuring on in the same direction 60 feet 

fasther, the like angle was only 29** 43'. What then was 

the height of the obelisk ? » 

C 2 Cmstruetion. 
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Cohsiruction. 

Draw ah indefinite line for the sloping plane or declivity^ 
in which assume any point a for the bottom of the obelisk, 
' from which set off the distance A-c =40, and again cx)=:60 
equal parts. Then make the angle c=:41°, and the angle 
D = 23® 45' ; and the point B where the two lines meet will 
be the top of the obelisk. Therefore ab, joined, will be its 
height. . _ 

Calculation, 

From the z c 41** 00' 

take the z d 23 45 

leaves the z DBC 17 15 




Then in the triangle dec, 
As sin. z DBC \T \B 
To op. side dc (50 - - 
So sin. z D 23 45 
Taop. sidecB 81'488 



And in the triangle abc, 
As sum of ^ides CB, ca 121*488 
To diff; of sides cB, ca 41-488 
So tang- half sum Z s a, b 6'9*' 30' 
To tang, half diff. z s a, B 42 



24i 



the diff. of these is z cba 27 5 



Lastly, as .sin. z cba 27* 5' J- 
To op. side ca 40 

So sin. z c -41^ 0' 
To op. side ab 57-623 



9^72086 
1-778151 
9-605032 
1-911097 



2'084533 

1-617923 

10-4';j7262 

9-9606"52 



9-658284 
1-602060 
9-816943 
1-760719 



EXAMPLE IV. 

Wanting to know the distance between two inacces$ible 
trees, or other objects, from the top of a tower 120 feet 
high, which lay in the same right line with the two objects, 
I took the angles formed by tl>e perpendicular wall and lines 
conceived to be drawn from the top of the tower to the 
bottom of each tree, and found them to be 33° and 64°4. 
What then may be the dfstance between the two objects ? 

Comtrucliirt^ 



AND DISTANCES. 



Si 




4^^ 



Construction* 

Drawthe indefinite ground line 
BD, and perpendicular to it ba = 
120 equal parts. Then draw the 
two lines ac, ad, making thelwo 
angles^ bag, bad, equal to the 
given measures SS^ and 64:%: So 
shall c and d be the places of the 
two objects* 

Calculation. 



First, in the right-angled triangle abc. 

As radius - - - - - 10*000000 

To AB ^ •- 120 - - - 2 079181 

So tang, z BAG 33° ... 9*812517 

To BC - 77-929 - . , 1-891698 



Then in the right-angled triangle abd, 



120 



As radius 

To AB 

&0 tang, z BAD - i^-* ^ 

To.BD - 251-585 

Fromwhichtake bg 77*929 
leaves the dist- gd 173 656 as required. 



10-000000 
2079181 

10-321504 
2-400685 



EXAMPLE V. 



Being on the side of a river, and wanting to know the 
distance to a house which was seen on the other side, I mea- 
sured 200 yards in a^ straight line by the side of the river ; 
and then, at each end of this line of distance, took .the hori- 
zontal angle formed between the house and the other end of 
the line; which angles were, the one of them 68° 2\ and 
the other 73® 1 5\ What then were the distances from each 
end to the house? • 

« 
Construction, 

Draw the line.AB = 200 equal parts. Then draw ic so 
as to make the angle A = 68** 2', and bg to make the angle 
B = 73° 15'. So shall the point c be the pla<;e of'th^ house 
Xi^quiredi 

i . Calculation* 
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Calculations 

To the given /a 68° 2' 

add the given z B 73 15 

then their sum 141 11 

being taken from 180. 

leaves the third z c 38* 43 

Hence, As sin. i c 38* 43' - 9-796206 

To op. side ab 200 - 2S01060 

So sin. z A 68* 2' - 9-967268 

To op. side Bc 296*54 - 2*472092 

And, As sin. z c 38^43' - 9-796206 

To op. side AB 200- - 2*301030 

So sin. 4 B 73° 15' - 9*981171 

To op. side AC 306*19 - 2*485995 

Exam* VI. From the edge of a ditch, of 36 feet wide, 
sorrpimdipg ^ fort, having taken the angle of elevation of 
the top of 3\e wall, it was found to be 62 40' : required thfr 
height of the wall, and the length of a ladder to reach from 
jny station to tjie top of it? a „„ c height of w^ll 69^4, 

^""'•lladder, 78-4 feet. 

Exam. vji. Required the length of a shoar, which being 
to strut 1 1 feet from the upright of a building, will support a 
jamb 23 feet 10 inches from the ground? 

Ans. 26 feet 3 inches. 

Exam. viii. A ladder, 40 feet long, can be so planted, 
that it shall reach a window 33 feet from the ground, on one 
side of the street; and by turning it over, without moving 
the foot put of its place, it will do the same by a window 
2 1 feet high, on the other side : required the breadth of the 
street? Ans. 56*649 feet. 

Exam. ix. A maypole, whose top was broken off by a 
blast of wind, struck the ground at 15 feet distance from the 
foot of the pole; what was the height of the whole maypole, 
supposing the broken piece to measure 39 feet in length? 

Ans. 75 feet. 

EkAM. X. At 170 feet distance from the bottom of a tower, 
the angle of its elevation was found to be 52° 30' : required 
the altitude of the tower ? Ans. 22 1 '55 feet. 

, Exam. xx. From the top of a tower, by the sea-side, of 
143 feet high, it was observed that the angle of depression 
of a ship's bottom, then at anchor, measured 35° ; what then 
was the ship*s distance from the bottom of the wall? 

An«. 204*22 feet/ 

Exam, 
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Exam. xu. What is the perpendicular height of a hill i 
its angle of elevation, taken at the bottom of it^ being 46?, 
and 200 yards farther off, on a level with the bottom, the 
angle was 3 i "^ ? Ans. 2S6 '28 yards* 

Exam. xiii. Wanting to know the height of an inacces- 
sible tbWer ; at the least distance from it, on the same hori- 
zontal plane, I took its angle of elevation equal to 58*; then 
going 800 feet directly from it, found the angle there to be 
only 32**: required its height, and my distance from it at the 
first station? a /height 307*53 

^"^'1 distance 192-15 

Exam. xiv. Being on a horizontal plane, and wanting to 
know the height of a tower placed on the top of an inacces- 
sible hiU ; I took the angle of elevation of the top of the hill 
40% and of the top of the tower 51**; then measuring in a 
line directly frorn^ it to *the distance of 200 feet fartner, I 
found the angle to the top of the tower to be 33^ 45'. What 
then is the hei^t of the tower? 

Ans. 93-33148 feet. 

Exam. xv. From a window near the bottom of a house, 
which seemed to be on a level with the bottom of a steeple, 
4 took the angle of elevation of the top of the steeple equal 
40°; then from another window, 18 feet directly above the 
former, the like angle was 37° 30' : what then is the height 
and distance of the steeple ? a J height 2 1 0*44 

^^- I distance 250-79 

Exam. xvi. Wanting to know the height of, and my 
distance from, an object on the other side of a river, which 
appeared to be on a level with the place where I stood, close 
by the side of the river; and not having room to measure 
backward, in the same line, because of the immediate rise 
of the bank, I placed a mark where I stood, and measured 
in a direction from the object, up the ascending ground, to 
the distance of 264 feet, where it was evident that I was 
above the level of the top of the object; there the angles 
of depression were found to be, viz. of the mark left at the 
river's side 42% of the bottom of the object 2'7°, and of its 
- top IQ*'. Required then the height of the object, and the 
distance of the mark from its bottom ? 

An, /lieight 57-26 
^"^'\ distance 150*50 

Exam. xvii. If the height of the mountain called the 
Peak of Teneriffe be 2i miles, as it is nearly, and the angle 

Ukita 



24 Of heights 

taken at the topt>f it, as formed between a plumb-line ahd a 
line conceived to touch the. earth in the horizon, or farthest 
visible point, be^ 87° 58' ; it is required from these measures 
to- determine the magnitude of the whole earth, and the 
utmost distance that can be seen on its surface from the top 
of the mountain, supposing the form of the earth to be per-* 
fectly globular? 

. fdist. 140-876 •) ., 
^^•idiani. 7936/"^^^^^- 

Exam, xviii. Two ships of war, intending to cannonade 
a fort, are, by the shallowness of the water, kept so far 
from it, that they suspect their guns cannot reach it with 
effect. In order therefore to measure the distance, they se-- 
parate from each other a quarter of a mile, or 440 yards ; 
then each, ship observes and measures the -angle which the 
Qtheitship and the fort subtends, which angles are 83o 45' 
and 85° 1 5\ What then is the distance between each ship 
and the fort ? A / 2292*26 yards, 

"^^^' 12298-05 

Exam. xix. Being on the side of a river, and wanting to 
know the distance to a house wKich was seen at a distance on 
the other side ; I measured out for a base 400 yar-ds in Ik- 
right line by the side of the river, and found that the two 
angles, one at each end of this line, subtended by the other 
end and the house, were 68° 2' and '73''l5'.^ What then 
w^s the distance between each station and the house? 



. r 593-08 yards, 
•^"^•1612-38 



Exam. xx. Wanting to know the breadth of a river, I 
measured a base of 500 yards in a straight line close by one 
side of it ; and at each end of this line I, found the angles sub- 
tended by the other end and a tree, close to the bank on the 
other side of the river, to be 53° and 79° 12'. What then 
was the perpendicular breadth of the river? 

An?. 529-48 yards. 

Exam. xXr. Wanting to know the extent of a piece of 
water, or distance between two headlands; I measured from 
each of them to a certain point inland, and found the two 
distances to be 735 yards and 840 yards; also the horizontal 
-angle subtended between these two lines was 55° 40'. What 
then was the distance required ? Ans. 741*2 yards. 

Exam. XX II. A point of land was observed, by a ship at 
gea, to bear east-by-south ; and after sailing north-east 12 
miles, it was found to bear soutb-east-by-east. It is required 

to 
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to determine the place ef that headland, and the ship's di* 
stance from it at the last observation ? Ans. 26*0728 miles. 

Exam, xxiii. . Wanting to know the distance between a 
house and a mill> which were seen at a distance on the other 
side of a river, I measured a base line along the side w^ere 
I was, of 600 yards, and at each end of it took the angles 
subtended by the other end and the house and mill, which 
were as follow, viz. at one end the' angles were 58° 20' and 
95^*20', and at the other end the like angles were 53* 30' and 
98° 45', What then was the distance between the house and 
mill ? Ans. 959*5866 yards. 

Exam. xxiv. Wanting to know my distance from an- In- 
accessible object 0, on the other side of a river ; and having 
no instrument for taking angles, but only a chain or cord 
f<u* measuring distances ; from each of two stations, a and b» 
which were taken at 500 yards asunder, I measured In a di- 
rect line from the object 100 yards, viz. AC and bd each 
equal to 100 yards ; also the diagonal ad measured 550 yards» 
and the diagonal bc 560. "What then was the distance of 
the object from each station a and b ? 



Am. j*° ^36-25 
( BO 500*09 



Exam* xxv. In a garrison besieged are three remarkable 
objects. A, b, c, the distances of which from each other are 
discovered by means of a map of the place, and are as fol- 
low, viz. AB 2G6|-', AC 530, BC 327, yards. Now, having to 
erect a battery against it, at a certain spot without the pl^ce, 
and being desirous to know whether my distances from the 
three objects be such, as that they may from thence be bat- 
tered with effect, I took, with an instrument, the horizontal 
angles subtended by these objects from my station s, and 
found them to be as follow, viz. the angle asb 13° 30', and 
the angle bsc 29o 50'; required the three distances, sA, sb, sc; 
the object b being situated nearest to me, and between the 
two others A and c ? rsA 757' 14 

Ans.^ SB 537-10 
Isc 655-30 

Exam. xxvi. Required the same as in the last example, 
when the object b is the farthest from my station, but still 
seen between the two others as to angular position, and those 
angles being thus, the angle asb 33^ 4."/, and bsc 22* 30', 
also the thr^e distances, ab 600, ac 800, bc 400 yards ? 



fsA 709| 



Ans. ^ SB 1042f 
/sc 934 
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MENSURATION OF PLANES- 



' THE Area of any plane figure, is the measure of the 
space contaihed within its extremes or bounds ; without any 
regard to thickness. 

This area, or the content of the plane figurei is estimated 
by the number of little squares that may be contained in it ; 
the side of those little measuring squares being an inch, or a 
foot, or a yard, or any other fixed quantity. And hence the 
area or content is said to be so mgny square inches, or square 
feet, or square yards, &c. 

Thus, if the figure to be measured be 
the rectangle ABcD,'and the little square 
£, whose side is one inch, be the mea« 
suring unit proposed : then as often as 
the said little square is contained in the 
rectangle, so many square inches the 
rectangle is said to contain, which in 
the present case is 12. 
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PROBLEM I. 

^0 find the Area of am Parallelogram ; whether it be a Square ^ a 
Rectangle^ a Rhombus y or a Rhomboid, 

Multiply the length by the perpendicular breadth, or 
height, and the product will be the area *. 

EXAMPLES. 



* The truth of this rule is proved in the Geom. theor, 81, 
«or. 2. 

The same is otherwise proved thus : Let the foregoing rect- 
angle be the figure proposed ; aud let the length and breadth be 
divided into several parts; each equal to the linear measuring 
irnit, being here 4 for the length, and 3 for the breadth j and let 
the opposite points of division be connected by right lines. — 
Then it is evident that these lines divide the rectangle into 
a number of litde squares, each equal to the square measuring 
unit E J and further, that the number of these little squares, or 
the area of the figure, is equal to the number of linear mea- 
suring units in the length, repeated as often as there are linear 

, ■ measuring 
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EXAMPLES. 

Ex. 1 • To find the area of a paraUelogianii the length being 
12*25, and breadth or hei^t S'5. 

12*25 length 
8'5 breadth 



6125 
9800 



104'125 area. 



Ex. 2. To find the area of a square, whose side is SS'fS 
chains. Ans. 124 acres, 1 rood, 1 perch^ 

Ex. 3. To find the area of a rectangular board, whose 
length is 124- f^U ^^^^ breadth 9 inches. Ans. 9|- feet. 

Ex. 4. To find the content of a piece of land, in form of 
a rhombus, its length being 6*20 chains, and perpendicular 
breadth 3 '45. Ans. 3 acres, 1 rood, 20 perches* 

Ex. 5>. To find the number of square 3rards of painting i^a 
a rhombioid, whose' length is 37 feet, and height 5 feet 3 
inches* Alls. 21i^ square yard?* 



PROBLEM II. 

To find the Area of a Triangle* 

RuLB 1. Multiply the base by the perpendicular height, 
and take half the product for the area *• Or, multiply the 
one of these dimensions by half the other. 



measuring units in the breadth, or height ; diat is, equal to the 
length drawn into the height ; which here is 4 X 3 or 12. 

And it is proved (Geom. theor. 25, cor. 2), that anyoWiqUe 
parallelopam is equal to a rectangle, of equal length and per- 
pendicular breadth. Therefore the rule is general for ail paral* 
lelograms whatever. 

* The truth of this rule \% evident, because any triangle i 
the half of a panJlelogiam of equal baie and altitude, by Gcod 
thecnr. 2& 



I 
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EXAMPLES. 

Ex. 1. To find the area of 2, triangle^ whose base is 625, 
and perpendicular height 520 links ? 

Here 625 x 260 = 162500 square links, 

or equal 1 acre, 2 roods, 20 perches, the answer. 

Ex. 2, How many square yards contains the triangle, 
mhose base is 40, and perpendicular 30 feet ? 

Ans.,66|^ square yards. 

Ex. 3. To find the number, of square yards in a triangle, 
whose base is 49 feet, and height 25^ feet r 

Ans.68f|, or 68-786 1. 

Ej[, 4. To find the area of a triangle, whose base is 18 feet 
4 inches, 3nd height 11 feet 10 inches ? 

Ans. 108 feet, Sy inches* 



RuLB 11. When two sides and their contained angle are 
' given : Multiply the two given sides together, and take half 
their product : Then say, as radius is to the sine of the given 
angle, so is that half product, to the area of the triangle. 

Or, multiply that half product by the natural sine of the 
said angle, for the area *. 

Ex. 1 . What IS the area of a triangle, whose two sides 
are 30 and 40, and their contained angle 28° 57' ? 

By Natural Numbers. By Logarithms, 
First, 4 X 40 X 30 = 600, 

then, 1 : 600 : : -484046 sin. 28^ 57' log. 9'684887 

600 • 2-778151 



Answer 290-4276 the area answ. to 2-463038 



* For, let AB, AC, be the two given sides, 
including the given angle a. Now ^ ab x 
jcd-is the area, by the first rule, cp being 
the perpendicular. But by trigonometry, 
£8 sin. Z p, or radius : AC : : sin. Z a : <:p, 
which is therefore =: AC X sin. Z a, taking 
radius = l. Therefore the area -J- a b X cp 
J8 = ^ AB X AC X sin. Z A, to radius. 1 j 
or, as radius : sin. z A ; : f ab X AC ; the area. 




Ex. 2. 
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£x. 2. How many square yards contains the triangle, of 
wKich one angle is 45% and its containing sides 25 and 21-^. 
feet ? Ans, 20-86947. 

• 

Rule III. When the three sides are given : Add all the 
three sides together^ and take half that sum. Next, subtract 
each side severally from the said half sum, obtaining three 
remainders. Then multiply the said half sum and those 
three remainders* all together, and extract the square root of' 
the last product, for the area of the triangle ** 




K 



* For, let ABC be the given 
triangle. Draw the parallels 
AE, itD, meeting the two sides 
AC, CB, produced, in i> and E, 
and making cd = cb^ and 
CB = CA. Also draw cfg bi- 
secting db and ae perpendicu- 
larly in Y and G -, and fhi pa- 
rallel to the side ab, meeting 
AC in H, andAE produced in r. 
Lastly, with centre/ H, and radius HF, describe a circle meeting 
AC produced in k > which will pass through 6, because G is a 
right angle, and through i, because, by means of the parallels, 
Ai zz fb z= DF, therefore hd = ha, and hf = Hi =iAB. 

Hence ha or hd is half the difference of the sides AC, CB, and 
HC = half their sum* or = f ac + | cb j also hk « hi =« t^^ 
or f AB ; conseq. ck'= 4 ac + -JcB + ^ab half the sura of all 
the three sides of the triangle abc, or CK — i^, calling s the sum 
of those three sides. AgaiuHK »= hi = tiF = tAB, orKL = abj 
theref. CL — ck — kl = ^s — ab, and ak =s cK — cA =|8 — 

AC, and AL =: DK = CK — CD = ^S — CB. 

Now, by the first rule, AG . CG = the A ACE, and AG . FG =: 
the A ABE, theref. AG . of = A ABC. Also by the parallels, 
AG :CO : : DFor lA : CF, theref. AG . CF=:(AACB =) CG.IA = 
CG . DF, conseq. AG . CF . CG . DF =:-A'ACB. 

But CG.CFZZCK.CLZZ^S. (is — AB), and AG . DF = AK. AL 
= (^8— AC), (ts — BC)5 theref. AO . CF.CO. DF = A* ACB=: 
ts. (f s— ab).(^s — AC), js — BC) is the square of the area of the 
triangle abc. q. e. d. -► 

Otherwise, 

Because the rectangle AG .\tF = the A Attc;, and since 
CG : AG : : CF : DF, drawing the first and second ternig into CF, 
and the tbird and fourth into AG, the proper, becomes 

CG . CF : AG .of:: AG . CF: AG.DF, Of CG. CF:A ABC: : AABC: 
BG . DF, that is, the A ABC is a meab proportional between CG . c.F 
and AG.DF, or between is.(is-^AB) and (is— ^Ac).(js— bc). 

Q. B. J>« 
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Ex, 1. To find the area of the triangle whose thrtie si6&( 

ire 20, 30, 40. 

20 4?5 45 45 

30 20 30 40 

40 — — — 

25 1st rem* 1 5 2d rein. 5 3d rem. 

3 ) 90 — — — 

45 half sum v 

Then 45 x 25 x 15 x 5 = 84375, 
The root of which is 290'4737, the area. 

Ex. 2. How many square yards of plastering tte In a 
triangle, whose sides are ^0, 40, 50 feet ? Alls. 665* 

Ex. 3. How many acres, &c. contains the triangle, whose 
sides are 2569, 4900, 5025 links ? 

Ans. 61 acres, 1 rood, 59 perched. 



fROBLEM III. • 
Tojtfid fie Area of a trapezoid. 

Add togefkef the Wo parallel sidfe$ then multiply their 
sum by the perpendicular breadth, or the distance between 
th^m; and take half the product for the area. By Geom. 
theor. 29. 

Ex. 1. In a trapezoid, the parallel sides are 750 an!d 1225, 
said the perpendicular distance between them 1540 links ;^^to 
find the area. 
1225 
750 



1915 X 770 = 1S2075 square links = 15 acr. 33 perc* 

Ex. 2. How many square feet are contained in the plank, 
whose length is 12 feet 6 inches^ the breadth at the greater 
end 16 iQdi^s^ and at the less end 11 mcheS:? 



Ans. 13 Jl feet. 



Ex. 3. In measuring alotig one side ab of a quadrangular 
field, that sideband the two perpendiculars let fall oii it from 
the two opposite Corners, measured as follow : required the 
cojitent. 
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AF = 110 links \f 

A<^= 745 P ^^..^^^'^^^ 

AB = 1110 Y^ 

CP = 352 /•. 

DO = 595 / i 

Ans. 4- acres, 1 rood, 5*792 poxhes. ATr 5 B 

PROBLEM IT. 

To find the Area of any Trapezium, 

Dr^iDE the trapezium into two triangles bj a dia|ronaI; 
then £nd the areas of these triangles, and add them t<v 
gether. 

Or thus, let fall two perpendiculars on the diagonal from 
the other two opposite angles ; then add these two perpen- 
diculars together, and multiply that sum by the diagonal, 
taking half iHie product fer the area of the trapezium* 

Ex. 1. To find the area of the trapezium, whose diagonal 
u 42, ;md the two perpendiculars on it 16 and 18. 

Here 16 + 18 = 34, its half is 17^ 
Then 42 x 17 = 714 the area. 

Ex. 2, How many square yards of paving are in the tra- 
pezium, whose diagonal is ^S feet, and the two perpendicu- 
lars let fall on it 28 and 334 feet ? Ans. 222^ yards. 

Ex. 3. In the quadrangular field abcd, on account of ob- 
structions there could only be taken the following measures, 
viz. the two sides BC 265 and ad 220 yards, the diagonal 
AC 378, and the two distances of the perpendiculars from the 
ends of the diagonal, namely, ae 100, and cf 70 yards. 
Required the construction of the figure, and the area in 
acres, when 4840 square yards make an acre ? 

Ans. 17 acres, 2 roods, 21 perches. 

PROBLEM V.' 

To find the Area of an Irregular Polygon. 

Draw diagonals dividing the proposed polygon into tra- 
peziums and triangles. Then find the areas of all Oiesc 
separately, and add them together for. the content of- the 
whole polygon. ^I^^V^^ 
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Example. To find the content of the irregular figure 
ABCDEFGA, in which are given the following diagonals and 
perpendiculars : namely, 

AC 55 ^ 

FD 52 
GC 44 

cm 13 " A/^ ^ J ^C 

Bn 18 
GO 12 
Ep 8 
Dq 23 ; 

Ans. 1878i • - • 




t»ROBLEM Vh 

Tojlnd tie Area of a Regular Polygon. 

Rule I. Multiply the perimeter of the polygon, or sum 
of its sides, by the perpendicular drawn from its centre on 
one of its sides, and take half the product for the area *. 

, Ex. 1 . To find the area of a regular pentagon, each side 
being 25 feet, and the perpendicular from the centre on each 
si^e 17-2047*737. 

Here 25 x 5 = 125 is the perimeter. 
And 17-2047737 x 125 = 2150-5967125. 
Its half 1075-298356 is the area sought. 

Rule II. Square the side of the polygon ; then multiply 
that square by the tabular area, or multiplier set against its 
name in the following table, and the product will be the 
area f . 

No. 



* This is only in eflfect resolving the polygon into as many equal 
triangles at it has sides,-by drawing lines from the centre to all the 
angles; then finding their areas^ and adding them all together. 

* 

f This rule is founded on the property, that like polygons, be- 
ing similar figures; are to one another as the squares of their like 
sides 5 which is prqved in the Geom. theor. 89: Now^ the multi- 
pliers in the table, are the areas of the respective polygons to the 
side 1. Whence the rule is manifest. 
' ' . ■ Note. 
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No. Of 
Sides. 


Names. 


Areas, or 
Multipliers. 


3 


Trigon or triangle 


0-43301 37 


4 


Tetragon or square 


1-OOOOOCO 


5 


Pentagon 


17204774 




He*agOD 


2-5ym7(i2 


7 


Heptagon 


3-6339124 


8 


Octagon 


48284271 


9 


Nonagon 


6-1818242 


10 


Decagon 


7'6fl42088 


11 


Undecagon 


9-36.56399 


12 


Dodecagon 


11-1961524 



Exam. Taking here the same example as before> namely, 
& pentagon, whose side is 25 feet- 
Then 25" being x to 625, 
And the tabular area ^7204^^■^i 
Theref. r7204774 X 625 = 1075-298375,as before. 

Ex. 2. To find the area of the trigon or equilateral tri^ 

angle, whose side is 20. Ans. 1 73-20508. 

Ex. 3. To find the area of the hexagon whose side is 20. 

Ans. 1039-23048. 
Ex. 4. To find the area of an octagon whose side is 20. 

Ans. 1931-3708*. 
Ex. 5. To find the area of a decagon whose side is 20. 

Ans. 3077 -683 ci 2. 




Note, "the areas in the table, lo each side I, 
tnay be computed in the foUowiog manner: 
From the cenire C of the polygon draw lin 
to every angle, dividing the whole figure inio 
fls nuny equal triangles as th« polygon hai 
sides; and let ABC be one of (hose triangles, 
the perpendicular of which is cd. Divide 
360 degrees by the number of sides in the po- 
lygon, the quotient gives the angle at the centre acb. The half 
of this gives the angle \Ci.; and tliis taken from 90°, leaves the 
angleCAD. Then it will be, as radius is to ad, so U tang, angle 
Cad, to the perpendicular en. This perpendiGnlar, tnuitipljed by 
the half base Ai>, gives the area of the triangle .i.bc ; which be- 
ing multiplied by the number of the triangles, r- ' 
the polygon, sives its whole area, a- =" ''"' "'■'® 
the figures, ^ 

Vol. II B . l».0*\-tW 



.■ B — ',°^ the sides of 

a the table, lot every one of 
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PROBLEM VII. 

To find the Diameter and Circumference of any Circle^ the 

one from the other* 

This may be done nearly by either of the two following 
proportions, 

viz. As 7 is to 22, so is the diameter to the circumference. 
Or, As 1 is to 3-1416, so is the diameter to the circum-, 
ference *. 

Ex. 1. To find the circumference of the circle whose dia- ' 
meter is 20. 

By the first rule, as 7 : 22 : : 20 . 62|., the answer. 

Ex. 2. 




* For, let ABC D be any circle, whose centre 
is E, and Jet ab, bc be any two equal arcs. 
Draw the several chords as in the ii%\MG, and 
join be; also draw the diameter d.x, which 
produce to f, till bf be equal to the chord bd. 

Then the two isosceles triangles deb, dbf, 
are equiangular, because they have the angle at 
D common; consequently de : db : : db : df. 
But the two triangles afb, dcb are identical, 
or equal in all respects, because they have the 
angle f •=. the atigle bdc, being each equal to 
the angle adb, these being subtended by the 
equal arcs ad, bc ; also the exterior angle fab of the quadrangle 
a BCD, is equal to the opposite interior angle at c \ and the two 
triangles have also the side bf := the side Iid j therefore the side 
af is^also equal to the ft^de dc. Hence the pr6portion above, viz. 
de: DB : : DB : df = da<|-af, becomes de : db : : DB: 2DE-f dc. 
Then, by taking the rectangle^ of the extremes and means, it is 
DB^=: 2de*+ DE. DC. 

Now, if the radius de be taken =: 1, this expression becomes 

DR-zr 2 4- DC, and hence the root db =1^/2 + dc. That 
is, if the measure of the Supplemental chord of any arc be in- 
creased by the number 2, the square root of the sum will be the 
supplemental chord of half that arc. 

Now, to apply this to the calculation of the circumference of 
the cfrcle, let the arc ac be taken equal to \ of the circum- 
ference, and be successively bisected by the above theorem : thus, 
the chord ac of i of the circumference, is the side, of the in- 
scribed regular hexagon, and is therefore equal to the radius ae 
or 1 : hence, in the right-angled triangle ACD,^it will be oczr 

^AD^— AC 



"Ex. 2.' If the circumference of the earth be 25000 miles, 
■what is its diameter ? 

B7 the 2d rule, as 3-1416 : 1 : : 25000 7951} nearly 
the diameter. 



^^ad' - ACS _ ^2' — 1' = V" 3 =J'73205DeO?(5, the supple- 
meotal chord of ^ of the peripherj. ' 

Then, by the foregoing theorem, by always bisecting the arcs, 
and adding; 2 lo the last square root, there will be fonod the sup- 
plemental chords of the 12th, the 24tb, the 48ih, the Q6tb, ice, 
parts of the peripbery; thus, 

*/373205O8O76 = 1-93185165251 i f 

v'3-93i85i65a5 — rp828e97a27 | g,^ I 
*/3 -9628897227 =r 1 9957178465 Li ° | 
V39357178465 = 1-9989291743 I £5 J 
^3-99892(H743 = i-9y97322757 f S -g 1 . 
V3-9997322/57 := 1-9999331)678 L^-q „. , _ 
^^■9999330678 = V9999S32669 ] Z " ] rh \ C ' 

V^-9999S32669 = J ■^ Lti*ibJ'= 

Since then it is found that 3-99fJ983?669 is the square of the 
suppleinental chord of the I53flth part of the peripbery, let ihis 
number be talten from +, which ia the square of the diameter, and 
the remainder 0-0000167331 will be" the square of the chord of 
the said 1536th part of the periphery, and consequently the root 
^00000167331 = ()'O04C9t;6] 12 is the length of that chord; 
this number then t)eing multiplied by 1536 gives 0-283 178a for 
the perimeter of a regular polygon of 1S36 sides inscribed in the 
circle ; which, as the sides of the polygon nearly coincide willi 
the circumference of the circle, mnsi also express tlie length of ' 
the circumference itself, very ocarly. 

But now, to show bow near this determination 
is to the truth, let aqp = 0-DOiogo6l 12 represent 
one side of sucb a regular polygon of 1536 sides, 
and BUT a side of another similar polygon do- 
scribed about the circle ; and from the centre b 
let the perpendicular fqr be drawn, bisecting af 
and ST in « and it. Then since ao is — ^ ap = 
0002045305(5, and ea = I, therefore f.q* =ea» 
— A(i''=:9i)99958lfi7, and consequently its root 
irives eq = ■ooq,)Q79084 ; then because of tbe ., , 

|.r.lleh AP. .^t" M , A::.,: « ■■ ■■ " •!'' -hol» in.cnbed 
perimeter : to the circumscribed one, that is, as ■999997L<>a-l • 1 ■ ■ 
6-2831788:6-2831930 the perimeter of the circumscribed poly- 
gon. Now, the circnraference of the circle bftin^ siw«t t"^^ 
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PROBLEM VIII. 

To find the Length of any Arc of a Circle. 

Multiply the decimal '01745 by the degrees in the givem . 
arc, and that product by the radius of the circle, for the 
length of the arc *. 

Ex. 1. To find the length of an arc of 30 degrees, the 
Radius being 9 feet. Ans. 4-7115. 

Ex. 2. To find the length of an arc of 12**- 10', or 12«^, 
the radius being 10 feet. Ans. 2* 1231. 

PROBLEM IX. 

To find the Area of a Circle f . 

Rule I. Multiply half the circumference by half the 
diameter. Or multiply the whole circumference by the 
whole diameter, and take \ of the product. 

Rule 

the perimeter of the inner polygon, but less than that of the 
outer, it must consequently be greater than 6*2831788, 

but less than 6*283 J 920, 
and must therefore be nearly equal to \ their sum, or 6*2831854, 
which in fact is true to the last figure, which should be a 3, in- 
stead of the 4. 

Hence the circumference being 6*2831854 when the diameter 
IS 2, it will be the half of that, or 3*1415927, when the diameter 
is 1, to which the ratio in the rule, viz. 1 to 3'J4l6 is very near. 
Also the other ratio in the rule, 7 to 22 or 1 to 3| zz 3*1428 &c, 
is another near approximation. 

* It having been found, in the demonstration of the foregoing 
problem, that when the radius of a circle is 1, the length of the 
whole circumference is 6*283 1 854, which consists of 360 degrees j 
therefore as 36o° : 6*283 IB54 : : 1° : -01/45 &c, the length of 
the arc of 1 degree. Hence the decimal *0 1 74 5 multiplied by 
any number of degrees, will give the length of the arc of those 
di^grees. And because the circumferences and arcs are in propor- 
tion as the diameters, or as the radii of the circles, therefore as 
the radius 1 is to any other radius r, so is the length of the arc 
above mentioned, to '01745 X degrees in the arc X r, which is 
the length of that arc, as in the rule. 

f The ikst rule is proved in the Geom. theor. 94. 
And the 2d and 3d rules are deauced from the first rule, in 
this manner'. — By chat rule, c/c -r 4 is the area, when d denotes 

the 



or PLANES. 37 

Rule IL Square the diameter, and multiply that square 
by the decimal '7854, for the area. 

Rule III. Square the circumference, and multiply that 
square by the decimal '01958. 

Ex. I. To find the area of a circle whose diameter is 10, 
and its circumference 3 1*4 1 6. 

By Rule 1. By Rule 2. By Rule 3. 

31-416 •7a54 31-416 

10 J0*= 100 31-416 



4)314-16 *7fi.r. 986-96^ 

78-54 ^^^* -07958 



78-54 



So that the area is 78*54 by all the three rules. 

Ex. 2. To find the area of a circle, whose diameter is 7, 
and circumference 22. Ans. 38^. 

Ex. 3. How many square yards are in a circle whose dia- 
meter is 3 J feet.? Ans. 1-069 

E^. 4. To find the area of a circle whose circumference is 
12 feet. Ans. 11-4395. 

PROBLEM X. 

To find the Area of a Circular Ringy or of the Space included 
between the Circumferences of ttuo Circles ; the one bang 
contained ivithin the other. 

Take the difference between the areas of the two circles, 
as found by the last problem, for the area of the ring, — Or, 

^^■^^^—M ^i^i— ^— *—^i— I ■■ ■ M ill ■■»ilBli II ■■■ 

\ * 

the diameter, and c the circumference. But, by prob. 7, c is = 
3-1416 rf; therefore the said area dc^4, becomes d x 3'\4\Qd 
-7-4 = 'ZSM^i*, which gives the 2d rule.— Also by the same 
prob. 7, rf is == c -i- 3-1416 ; therefore again the same first area 
rfc*i-4, becomes c^ 3-1416' x c -i- 4 = c'^ -i- 12-566-1, which is 
= c^ X -07958, by taking the reciprocal of 12-5664, or changing 
that divisor into the multiplier 07958 5 which gives the 3d rule. 
Carol. Hence the areas of different circles are in proportion to 
one another, as the square of their diameters or as the square of 
their circumferences j as before proved in the Qeom. theor. 93. 
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which is the same thing, subtract the square of the less dia- 
meter from the square of the greater, and multiply their dif- 
ference by '7S54f^ — Or lastly, muhiply the sum of the dia- 
meters by the difference of the same, and that product by 
•7854 ; which is still the same thing, because the pf oduct of 
the sum and difference of any two quailtities, is equal to the 
difference of their squares. 

Ex. I . The diameters of two concentric circles being 1 
and 6, required the area of the ring contained between their 
circumferences. 

Here 10 + 6 = 16 the sum, and 10 - 6 = 4 the diff. 
Therefore *7S54f x 16 x 4 = -7854 x 6*4 = 50*2656, 
the area. 

Ex. 2. What is the area of the ring, the diameters of 
TChose bounding circles are 10 and 20 ? Ans. 235 '62. 



PROBLEM XI. 

To find the Area of the Sector of a CtrJe. 

Rule I. Multiply the radius, or half the diameter, by 
half the arc of the sector, for the area. Or, multiply the 
whole diameter by the whole arc of the sector, and take ^ 
.of the product. The reason of which is the same as for the 
first rule to problem 9, for the whole circle. 

Rule II. Compute the area of the whole cirde : then say, 
as 360 is to the degrees in the arc of the sector, so is the 
area of the whole circle, to the area of the sector. 

This is evident, because the sector is proportional to the 
length of the arc, or to the degrees contained in it. 

Ex. 1 . To find the area of a circular sector, whose arc con- 
tains 18 degrees ; the diameter being 3 feet ? 

1. By the 1st Rule. 

First, 3'1416 x 3 = 9*4248, the circumference. 

And 360 : 18 : : 9*4248 : : -47124, the length of the arc. 

Then •47l24x 3 ~ 4 = 1-41372 -i- 4 = -35343, the area. 

2. By the 2d Rule. 

First, -7854 x 3* = 7-0686, the area of the whole circle. 
Then, as 360. : 18 :: 7'0686 : -35343, the area of the 
sector. I 

Ex. 2. 
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•Tlx. ^. To find the area of a sector, whose radius is 10, 
and arc 20. Ans. 1 00. 

\Ex. 3. Required the area of a sector, whose radius is 25, 
and its arc containing 147** 29'. Ans. 804?-3986. 



PROBLEM XII. 

To find tBe Area of a Segment of a Circle. 

1R.ULK I. Find the area of the sector having the same arc 
^th the segment, by the last problem. 

Find also the area of the triangle, formed by the chord of 
the segment and the two radii of the sector. 

Then add these two together for the answer, when the 
segment is greater than a semicircle :, or subtract them 
when it is less than a semicircle.-^ As is evident bv in- 

spection. 

« ^^ • 

Ex. 1. To find the area of the segment acbda, its chord 
AB being 12, and the radius ae or ce 10. 

First, As AE : sin. /. d 90"* ; ; ad : sin. 
36" 52'4 = 36-87 degrees, the degrees in the ^ 



E 



^ AEG or arc ac. Their double, 73*74, 
are the degrees in the whole arc acb. 

Now -7854? X 400 = 314-16, the area of " '\t 

the whole circle. 
Therefore 360"^ : 73*74 :: 314*16 : 64*3504^ area of the 

sector AcBE. 

Again, v^ae*-ad* = x/ 100-36 — V64 = 8 = de. 
Theref. ad x de = 6 x 8 = 48, the area of the tri- 
angle AEB. 
Hence sector acbe — triangle aeb = 16'3504,- area of 

seg. ACBDA. 

Rule II. Divide the height of the segment by the dia- 
rneter, and find the quotient in the column of heights in the 
/oUowiug tablet : Take out the corresponding area in the next 
column on the right hand ; and multiply it by the square of 
the circle's diameter, for the area of the segment *. 

X Note. 



* The truth of this rule depends on the principle of sknilar 
plane figi:Tes, which are to one another as the square of their 
like linea idimensions. The segments in the table are those of a 



V 



42 MENSURATION 

Ex. 2. The length of an irregular figure being 84, and the 
breadths at six equidistant places 17 4, 20*6, 14-2, 16'5,20-1, 
24*4 ; whiit is the area ? Ans. 1550*64. 

PROBLEM XIV. 

\ • 

To find the Area of an Ellipsis or Oval, 

Multiply the longest diameter, or axis, by the shortest ; 
then multiply the product by the decimal '7854, for the 
area. As appears fi-om cor. 2, theor. 3, of the Ellipse, in 
the Conic Sections. 

Ex. 1. Required the area of an ellipse whose two axes 
are 7o and 50. Ans. 2748-9. 

Ex. 2. To find the area of the oval whose two axes are 
24 and 18. Ans. 339-2928. 



PROBLEM XV. 

To find the Area of an Elliptic Segments 

Find the area of a corresponding circular segment, having 
the same height and the same vertical axis or diameter. Then 
say, as the said vertical axis is to the other axis, parallel to 
the segment's base, so is the area of the circular segment 
before found, to the area of the elliptic segment sought. 
This riile also comes from cor. 2, theor. 3, of the Ellipse. 

Otherwise thus. Divide the height of tl^e segment by the 
vertical axis of the ellipse ; and find, in the table of circular 
segments to prob. 1 2, the circular segment having the above 
quotient for its versed sine : then multiply 41 together, this 
segment and the two axes of the ellipse, for the area. 

Ex. 1. To find the area of the elliptic segment, wliose 
height is 20, the vertical axis being 70, and the parallel 
axis 50. 



which is the whole area, agreeing with the rule : m being the 
arithmetical mean between the extremes, or half the sum of them 
buth, and 4 the number of the parts. i\nd the same for any other 
number of parts whatever. 

Here 
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I 

Here 20 -r,70 gives '28^ the quotient or versed sine ; to 
which in the table answers the seg. * 185 18 

then 70 



12-96260 
50 



648-13000 the area. 

Ex. 2. Required the area of an elliptic segment, cut off 
parallel to the shorter axis; the height being 10, and the 
two axes 25 and S5. - Ans. 16203. 

Ex. 3. To find the area of the elliptic segment, cut off 
parallel to the longer axis ; the height being 5, and the axes 
25 and 35. Ans. 97*8425. 



PROBLEM XVI. 
To find the Area of a Parabola ^ or its Segment* 

Multiply the base by the perpendicular height; then 
take two-thirds of the product for the area. As is proved 
in theorem 17 of the Parabola, in the Conic Sections. 

Ex. 1*. To find the area of a parabola ; the height being 2, 
and the base 1 2. 

Here 2 x 12 = 24. Then f of 24 = 16, is the area. 

Ex. 2. Required the area of the parabola, whose height is 
10, and its base 16. Ans. 106|. 



MENSURAifbN op SOLIDS. 

BY the Mensuration of Solids are determined the spaces 
included by contiguous surfaces; and the sum of the niea- 
lures of these including surfaces, is the whole surface or su- 
perficies of the body. 

Tl^e measure of a solid, is called its solidity, capacity, or 
content. 

Solids are measured by cubes, whose sides are inches, or 
feet, or yards, &c. And hence the solidity of a body is said 
to be so many cubic inches, feet,- yards, &c, as will fill its 
capacity or space, or another of an equal magnitude. 
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The least solid measure is the cubic inch,, other cubes 
being taken from it according to the proportion in the fol- 
lowing table, which is formed by cubing the linear pro- 
portio^is. 

Tahh of Cubic or Solid Measures* 

1728 cubic inches make 1 cubic foot 

27 cubic feet - 1 cubic yard 

166|- cubic yards - 1 cubic pole 

64-000 cubic poles - 1 cubic furlong 

512 cubic furlongs - 1 cubic mile. 



PROBLEM i; 
To find the Superficies of a Prism or Cylinder. 

s 

Multiply the perimeter of one end of the prism by the 
length or height of the solid, and the product will be the 
surfece of all its sides. To which add also the area of the two 
ends of the prism, when required *. 

Or, compute the areas of all the sides and ends separately, 

and add them all together. 

« 

Ex. I, To find the surface of a cube, the length of each 
side being 20 feet. Ans. 2400 feet. 

Ex. 2. To find the whole surface, of a triangular prism, 
whose length is 20 feet, and each side of its end or base 
18 inches. Ans. 91 -948 feet. 

Ex. 3. To find the convex surface of a round prism, or 
cylinder, whose length is 20 feet, and the diameter of its 
base is 2 feet. Ans. 125'664. 

Ex. 4. What must be paid for lining a rectangular cistern 
with lead, at 3^. a pound weight, the thickness of the lead 
being such as to weigh 71b. for each square foot of surface ; 
the inside dimensions of the cistern being as follow, viz. the 
length 3 feet 2 inches, the breaclth 2 feet 8 inches, and depth 
2 feet 6 inches ? ^ Ans. 3/. 5j. 9|^. 



* The truth of this will easily appear, by considering that the 
sides of any prism are parallelograms^ whole common length is 
the same as the length of the solkl^ and their breadths taken all 
together make up the perimeter of the ends ofthe same. • 

And the rule is evidently the same for the surface of a cylinder. 

PROBLEM 
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PROBLEM It* 

To find the Surface ofa Pyramid or Cone. 

Multiply the perimeter of the base by the slant height^ 
or length of the side, and half the product will evidently be 
the surface of the sides, or the sum, of the areas of all the 
triangles which form it. To which add the area of the end 
or base, if requisite. 

Ex. 1 . What is the upright surface of a triangular pyra- 
mid, the^slant height being 20 feet, and each side of the ^ 
base 3 feet ? Ans. 90 feet. 

Ex. 2. Required the convex surface of a cone, or circular 
pyramid, the slant height being 50 feet, and the diameter of 
its ba^e 8^ feet. Ans. 667*59. 

PROBLEM III. 

To find the Surface of the Frustum of a Pyramid or Coney being 
the lower part, when the top is cut off by a plane parallel to the 
base. 

Add together the perimeters of the two ends, and multi- 
ply their isum by the slant height, taking half the product for 
the answer.— As is evident, because the sides of the solid are 
trapezoids, having the opposite sides parallel. 

Ex. 1. How many square feet are in the surface of the. 
frustum of a square pyramid, whose slant height is 10 feet ; 
also each side of the base or greater end being 3 feet 4 inches, 
and each side of the less end 2 feet 2 inches ? Ans. 110 feet* 

Ex^ 2. To find the convex surface of the frustum of a cone, 
the slant height of the frustum being 1 2^ feet, and the cir- 
cumferences of the two ends 6 and 8*4 feet. Ans. 90 feet- 

PROBLEM ir. 

To find the Solid Content of any Prism or Cylinder. 

Find the area of the base, or end, whatever the figure 
of it may be ; and multiply it by the length df the prism or 
cylinder, for the solid content *. 

Note. 

* This rule appears from the Geom. theor. lio, cor. 2. Thfe 
same is more particularly shown as follows : Let the annexed 

rectangular 
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Note, For a cube, take the cube of its side by multiplying 
th^is twice by itself ; and for a parallelopipedon, multiply the 
length, breadth, and depth all together, for the content. 

Ex. 1 • To find the solid content of a cube, whose side is 
24 inches. Ans* 13824. 

Ex. 2. How many cubic feet are in a block of marble, its 
length being 3 feet 2 inches,' breadth 2 feet 8 inches, and 
thickness 2 feet 6 inches ? Ans. 21^. 

Ex. 3. How many gallons of water will the cistern con- 
tain, whose dimensions are. the same as in the last example^ 
when 282 cubic inches are contained in one gallon ? 

Ans. 129^. 

Ex. 4. Required the solidity of a triangular prism, whose 

length is 1 feet, and th6 three sides of its triangular end or 

^^base are 3, 4, 5 feet. Ans. 60. 

Ex. 5. Required the content of a round pillar, or cylinder, 
whose length is 20 feet, and circumference 5 feet 6 inches. 

Ans. 48*1459 feet. 




'nm 



A 



L^ 



\i 




rectangular parallelopipedon be the 

solid to be measured^ and the cube 

p the solid measuring unit, its side 

being 1 inch, or 1 foot, &c ; also, let 

the length and breadth of the base 

A BCD, and also the height aii, be each 

divided into spaces equal to the length 

of the base of the cube p, namely, 

here 3 in the length and 2 in the 

breadth, making 3 times 2 or 6 

squares in the base a c, each equal 

to the base of the cube p. Hence it 

is manifest that the parallelopipedon will contain the cube p, as 

many times as the base ac contains the base of the cube, repeated 

as often as the height ah contains the height of the cube. That 

is, the content of any parallelopipedon is founds by multiplying the 

area of the base by the altitude of that solid. 

And because all prisms and cylinders are equal to parallelopipe- 
dons of equal bases and altitudes, by Geom. theor. 103, it fol- 
lows that the rule is general for all such solids, whatever the 
figure of the base may be. 

PROBLEM 
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PROBLEM v. 

To find the Content of'Wij Pyramid or Cone. 

Find the area of the base, and multiply that area by the 
perpendicular height ; then take \ of the product for the 
content *. 

Ex. 1 .. Required the solidity of a square pyramid, each 
side of its base being 30^ and its perpendicular height 25. 

Ans. 7500. 

Ex. 2. To find the content of a triangular pyramid, whose 
perpendicular height is SO, and each side of the base 3. 

Ans. 38-97117. 

Ex. 3. To find the content of a triangular pyramid, its 
height being 14 feet 6 inches, and the three sides of its base 
5y 6y 7 feet. Ans. 71*0352. 

I Ex. 4. What is the content of a pentagonal pyramid, its 
height being 12 feet, and each side of its base 2 feet i 

Ans. 27-5276. 

Ex. 5. V/hat is the content of the hexagonal pyramid, 
whose height is 6-4? feet, and each side of its base 6 inches? 

Ans. 1-38564 feet. 

Ex. 6. Required the content pf a cone, its height being 
\0i feet, and the circumference of its base 9 feet. 

Ans. 22-56093. 



PROBLEM VI. 
To find the Solidity of the Frustum of a Cone or Pyramid. 

Add into one sum, the areas of the. two ends, and the 
mean proportional between them : and take -y of that sum 
for a mean area ; which being multiplied by the perpendicu- 
lar height, or length of the fi-ustiun, will give its content f . 

Note. 



* This rule follows from that of the prism, because any py- 
ramid is j. of a prism of equal base and altitude 5 by Geom. 
theor. 115, cor. 1 and 2. 

t Let ABCD be any pyramid, of which bcdgfe is a fru8tum. 
And put a« for the area of the base bcd, 6 the area of ihe to^? 
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Note* This general rule may be otherwise expressec^, is 
follows, when the ends of the frustum are circles or regular 
polygons. In this latter case, square one side of each poly- 
gon, and also multiply the one side by the other j add all 
these three products together ; then multiply their sum by^ 
the tabular area proper to the polygon, and take one-third of 
the product for the mean area, to be multiplied by the length, 
to give the solid content. And in the case of the frustum 
of a cone, the ends being circle^, square the diameter or the 
circumference of each end, and also multiply the same two 
dimensions together ; then take the sum of the tliree pro- 
ducts, and multiply it by the proper tabular number, viz. by 
•7854 when, the diameters are used, or by '07958 in using 
the circumferences ; then taking one-third of the product^ 
to multiply by the length, for the content. 

Ex. 1 . To find the number of solid feet m a piece of tim- 
ber, whose bases are squares, each side of the greater end 
being 15 inches, and each side of the less end 6 inches ; also, 
the length or the perpendicular altitude 24 feet. Ans. 19^-^ 

Ex. 2. Required the content of a pentagonal frustum y 
whose height is 5 feet, each side of the base 18 inches ; and 
each side of the top or less end 6 inches. Ans. 9*31925 feet- 




KFG, h the height ih of the frustum, and c the 
height A I of the top part above it. Then 
c+A = AH is the height of the whole pyra- 
mid. 

Hence, by the last prob. fa^ {c+h) is the 
content of the whole pyramid aucd, and ^hrc 
the content of the top part aefg ; therefore 
the difference f a^ (c+^) — ^b^c is the content 
of the frustum bcdgfe. But the quantity c 
being no dimension of the frustum, it must be expelled froml 
this formula, by substituting its value, found in the fdlowin^j 
manner. By Geom. theor. 112, a^ : 6* : : (c-J-^)* : c% or 
« : 6 : : c -r ^^ '- c, hence (Geom. th. 69) a — b i b : : h : c, and 

a—b :a:: h: c '\- hi lience therefore cz= 7-, and c+A zi r; 

a—b a^b 

then these values of c and c -{- h being substituted for thenot 
in the expression for the content of the frustum, gives that con- 
tent =ia« X ^-—- -f^« X — r=f^* X -^ =i-A X (a«4- 
^ a—b ^ a^b ^ a — ^ ^ v » 

ab-\-W) ; which is the rule above given j ab being the mean be> 
"-vften d^ and 6^. 

Ex. 3. 



o* SOLIDS. 49 

TEjx, 3. To find the content of a conic frustum, the alti- 
tude bemg 18, the greatest diameter 8, and the least dia- 
meter 4. Ans. 527-7888. 

Ex. 4. What is the solidity of the frustum of a cone, the 
altitude being 25, also the cn-cumfer6nce at the greater end 
being 20, and at the less end 10? Ans. 464-216. 

Ex. 5. If a cask, which is two equal conic frustums joined 
together at the bases, have its bung diameter 28 inches, the 
head diameter 20 inches, and length 40 inches ; how many 
gallons of win.e will it hold? Ans. 79*06 1 3. 



PROBLEM VII. 

To find the Surface of a Sphere^ or any Segment. 

Rule I. Multiply the circumference of the sphere 
by its diameter, and the product will be the whole surface 
of it *. 

Rule II. 



* These rules come from the following theorems for the sur- 
face of a sphere, viz. That the said surface is eqyial to the curve 
surface of its circumscribing cylinder; or that it is equal to 4 
great circles of the same sphere^ or of the same diajxieter : which 
are thus proved. 

Let ABCD be a cylinder, circumscribing 
the sphere efgh ; the former generated 
by the rotation of the rectangle fbch 
about the axis or diameter fh ; and the 
latter by the rotation of the semicircle 
FGH about the same diameter fh. Draw 
two lines kl, mn, perpendicular to the 
axis, intetxrepting the pans ln>'op, of the 
cylinder and sphere j then will the ring 
or cylindric surface generated by the ro- 
tation of LN, be equal to the ring or spherical surface generated 
by the arc op. For first, suppose the parallels kl and mn to 
be indefinitely near together; drawing lo, and also OQ parallel 
to LN. Iben, the two triangles IKO, oqp, being equiangular, it 
is, as OP : o^^ or t,N : : io or KL ; Ko : : clrcumlerence, described 
by KL : circumf. described .by KOj therefore the rectangle op X 
circumf. of ko is equal to the rectangle LN X circumf. of kl; 
that is, the ring desc.ibed by op on the sphere, is equal to th# 
ring described by ln on the cylinder. 
Vol. XL & And 
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» 

Rule II. Square the diameter and multiply that square 
by 3*14?16, for the surface. 

Rule III. Square the circumference; then either multi- 
ply that square by the deci|»al '3183, or divide it by 3'1416, 
for the surface. 

Note. For the surface of a segment or frustum, multiply 
the whole circumference of the sphere by the height of the 
part required. 

Ex. I . Required the convex superficies of a sphere, whose 
diameter is 7, and circumference 22, Ans. 154^ 

Ex. 2', Required the superficies of a globe, whose diameter 
is 24 inches. Ans. 1809-5616. 

Ex. 3. Required the area of the whole surface of the 
earth, its diameter being 795V|- miles, and its circumference 
25000 miles. Ans. 198943750 sq. miles. 

Ex. 4. The axis of a sphere being 42 inches, what is the 
convex superficies of the segment whose height is 9 inches? 

Ans. 1187-5248 inches. 

Ex. 5. Required the convex surface of a spherical zone, 
whose breadth or height is 2 feet, and cut from a sphere of 
12 J feet diameter. Ans. 78*54 feet.. 



And as this is every where the case, therefore the sums of any 
corresp\)nding number of these. are also equal j that is, the whole 
surface of the sphere, described by the whole semicircle fgh, is^ 
equal to the whole curve surface of the cylinder, described by 
the height BC -, as well as the surface of any segment described 
by FO, equal to the surface of the corresponding segment described 
by BL. 

CoroL 1 . Hence, the surface of the sphere is equal to 4 of it* 
great circled, or equal to the circumference efgh, or of DC, mul- 
tiplied by the height bc, or by the diameter fh. 

Carol, 2, Hence also, the surface of any such part as' a segment 
or frustum, or zone,, is equal to the same circumferonce of the 
sphere, multiplied by the height of the said part. And con- 
sequently such spherical curve surfaces are to one another in the 
same proportion as their altitudes. 
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To find the SoUdky <fa Sphere or iSobe. . 

. kuLC i. Multiply the surfeccby the diameter, and take -J 
tS the product for the content*. Or, which is the same 
thing, multiply the Square of the diameter by the circum- 
ference, and take |- of the product. 

Rut IE II.' Tak<B th,e cube, of .the 4i9fl»e^er, ^ njiul^ly it 
by the decimal "5236, for jhe conte;it. 

ilui^ JJI. Cubie the circumference, and multiply by 
-01688. 

Ex* 1, To find the content of a sphere whose ai^is is 12. 

Ans. 904*7 808. 

Ex. 2. To find the solid content of the globe of the earth, 
suppo^ng its circumferenc-e-to -be 25000 miles. 

Ans- 263750000000 miles. 

pitofijL^M ;[?:• . 
To find the Sdid Content of a Spherical Segment • 

f4luLE I. From S times -the diameter of -the sphere 

take 



* For, put d =z the diameter, c = the circumference, .snd » ss 
ihe surface of the sphere, or of its circumscribing cylinder; ^alsp^ 
a z= the number 3* J 41 6. 

Then, \ s is :z: the base of the cylinder, or one great circle of 
the sphere J and i/ is the height of the cylinder; therefore -j</* is 
the content of the cylinder. But |. of the cylinder is the sphere, 
by th. 1 17> Geom. that is, | of iA, or lis is tbe.^phejje^VwJiich 
is the first rule. 

Again, because the surface s is = flrf'; therefore ^ds zz -Jflrf* 
=•5236^3, is the content, as in the 2d rule. Also, c? being i=c -57 «' 
therefore .|fl«P = 4€^ rf-ii^zzrOiesS^ the Sd rule,for the content 

t By corol. 3, of theor. 117^ Qepm. it 
appears that the ^spheric segment ffn, is 
equal to the difference between the €fylinder 
ABLO, and the conic frustum abmq. 

. But, putting d zz ab or fh the dianaejt^r 
of the sphere or cylinder, h zr-FK the height 
of the segment, r zz PK the radius of its 
base, and a — 3* 141 5 ; then the content of 
the cone abi is = ^ad* x -|^fi = ^V^*; 
2nd by the similar cones abi, qmi, as 

E 2 - ^^' 
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take double the height of -the segment ; then multiply the 
remainder by the sauare of the height, and the product by 
the decimal '9tS6, tor the content. 

Rule II. To 3 times the square of the radius of the 
segment's base^ add the square of its height; then multij^y 
the sum by the height, and the product by '5236, for the 
content. 

Ex. 1. To find the content of a spherical segment^ of 2 
feet in height, cut from a sphere of 8 feet diameter. 

Ans. 41-8:88. 

Ex. 2. What is the solidity of the segment of 'a sphere, 
its height being 9> and the diameter of its base 20 ? 

■ Ans. 1795-4244. 



Note. The general rules for measuring all sorts of figures 
having been now delivered, we may next proceed to apply 
them to the several practical uses in life, as follows. 



Fl' : Kl' : : ^^ad^ : ^W X i^^J^)^ = ^^« cone QMi ; . 
tlierefore the cone abi — the cone qmi = ^^ad^ — T^\ad^ x 
^1_— )t— iac^A— ^adA^+fflA^ is =: the conic frustum abmq. 

And ^ad^h is = the cylinder ablo. 

Then the difference of these two is iadh*-^^ah^ = ^aA» x 
(J^d — 2^)^ for the spheric segn^ent pfn ; which is the first rule. 

Again, because pk* =: fk X kh (cor. to theor. S?, Geom.) 
or r* ^h (J — h), therefore rf = — ^4- A, and 3d — 2k n 

-p- 4- A r: r ; which being substituted in the former 

rule, it become^-JoA^ x — j^ — = -JaA- x (3r* + h"), which 

is the 2d rule. 

-^^dee. By subtracting a segment from a half sphere, or fi-om 
another segment, the content of any frustum or zone may be 
found* 
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LAND SURVEYING. 



SECTION I. 
BESCRIFnON AND USE of the INSTRUMENTS. 

1 . OF THE CHAIN. 

LAND is measured with a chain^ ^^ed Gunter's Chains 
'irom its inventor, the length of which b 4 poles, or 2f yards, 
or 66 feet. It consists of 100 equal links; and the length 
of each link is therefore -^ of a yard, or ^-^ of a foot, or 
7*92 inches. 

Land is estimated in atres, roods, and perches. An acre 
is equal to 10 square chains, or as much as 10 chains in length 
and 1 chain in breadth* Or, in yards, it b 220 x 82:= 4840 
square yards. Or, in poles, it is 40 X 4 = 1 60 square poles. 
Ob-, in Unks, it is 1000 x 100 =: 100000 square Imks : these 
being all the same quantity. 

Also, an acre is divided into 4 parts called roods, and a 
JTO'od into 40 parts called perches, which are square poles, or 
the square of a pole of 54 yards long, or the square of j- of a 
chain, or of 25 links, which is 626 square linl^. So that>the 
divisions of land measure, will be thus: 

625 sq. links zz 1 pole or perch 
40 perches = 1 rood 
4 roods = 1 acre. 

The length of lines, measured vdth a chain, are best set 
down in Unks as integers, every ch\in in length being 100 
links ; a;fid not in chains and decimals. Therefore, after the 
content is £sund, it will be in square links; then cut off five 
of the figures- on the right-hand for decimals, and the rest 
will be acres. These decimals are then multiplied by 4 for 
roods, and the decimals of these again by 40 for perches. 

Exam. Suppose the length of a. rectangular piece of ground 
be 792 links, and its breadth 385 ; to find the area in acres, 
roods, and perches. 

792 S -04920 

385 4 



3960 -49680 

6336 40 

2376 

7 87200 



304920 — - cj..^^ 

Aus, 3 acres, O roods, 7 perches* 
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2. PF THE PLAIN TABLE. 

This instrument consists of a plain recfaflgiilar board, of 
any convenient size : the centre or which, when used, is fixed 
by means of screws to a three-legged stand, having a ball 
and socket, or other joiiit, tt the topi by means of which, 
when the legs are fixed on the ground, the table is inclined 
jn any direction. 

To the table belong Virioli^ piarts, as follow. 

I. A frame of WQod> PPI^dc^ to fit round its edgesj and to 
be taken off, for the convenience of putting a sheet of paper 
on the table. One side of this frame is usuallv divided into 
e^al parts^ for drawing lines aeross the table, parallel or 
perpendicular to the sides; and the other side of the frame 
18 divided into 360. degrees, to a centre in the middle of the 
t^blei^ by means of which the table may be used as a theo-^ 
dolite^ &c. , 

. 2. A magnetic needle and compass, either screwed into the 
side of the table, or fixed beneath its centre, to point out the 
directions, and to be a check on the sights. 

i. An inde'stj ^hich rs a brass two^foot scale, with either a 
sfftall telescope^ or open sights set perpendicularly on the 
efhdd. These sights and one edge of the index are in the sam* 
p[«A&^ Aiid ttat is called the fiducial ^dge of the index. 

To use this instrument, take a sh6et of p^per which will 
cover it, and wet it td mak* it expand; then iSpread it flat on 
the table, pressing dowh the frame on the ^dges, to stretch 
it and keep it fixed there} and when the paper is become 
di-y, it wifl, by contractitig again, stretch itself smobth and 
flat from aiiy.cf5imp$ lihd tmevenness. On this paper is to 
hti (Jrk^ii the flan or form of the thing measured, 

fhbs, begin at anjr prdper part of the gf bund, and mate§ a 
point on a.conTenieiit p^rt of the jpapei* or table, to repre- 
sent that ^lat^'.on tTie gi-oiind; then fix in that point one 
leg of the coWpasses, or a fine steel pi^i dhd apply to it 
the fiducial pdge of the index, moving it found till through 
the s?ghts ybtr perceive some remarkable object j as the corner 
of a field, &c; and from the station-point draw a line with 
the point of the cortipasses along the fiducial edge of the in-^ 
dex, which is called setting or taking the object: then set 
another object or corner, and draw its line.; do the same by 
another; and so on, till as many objects are taken as may be 
thought fit. Then taieasure from the station towards as many 
of the objects as may be necessary, but not more, taking the 
requisite offsets to corners or crooks in the hedges, laying 
the measures down on "their respective lines on the table, 
^ • '■ Then 



SURVEYING. 55 

Then at any convenient place nreasured to, fix the table in 
the same position, and set the objects which appear from that 
places and so on, as before. And thus continue till the 
work is finished, measuring such lines only as are necessary, 
and determining as many as may be by intersecting lines of 
<iirection drawn from different stations. 

Of shifting the Paper on the Plain Table, 

When one paper is full, and there is occasion for more ; 
draw a line in any manner through the farthest point of the 
last station line, to which the work can be conveniently laid 
down \ then take the sheet off the table, arid Bx another 
oh, drawing a line over it, in a part the most convenient for 
the rest of the work ; then fold or cut the old sheet by the 
line drawn on it, applying the edge to the line on the new 
sheet, and, as they lie in that position, continue the last sta- 
tion line on the new paper, placing on it the rest of the mea- 
sure, beginning at where the old sheet left off. And so on 
from sheet to sheet. 

When the work is done, and you would fasten all the 
sheets together into one piece, or rough plan, the aforesaid 
lines are to be accurately joined together, in the same^man- 
ner as when the lines were transferred from the old sheets 
to the new ones. But it is to be noted, that if the said join- 
ing lines, on the old and new sheets, have not tne same in- 
clination to the side of the table, the needle will not point to 
the original degree when the table is rectified-; and if the 
needle be required to respect still the same degree of the 
compass, the easiest way of drawing the line in the same 
position, is to draw them both parallel to the same sides of 
the table, by means of the equal divisions marked on the 
other two sidas, 

3. OF THE THEODOLITE. 

The theodolite is a brazen circular ring, divided into 360 
degrees, &c, and having an index with sights, or a telescope, 
placed on the centre, about which the index is moveable ; 
also a compass fixed to tlie centre, to point out courses and 
check the sights j the whole being fixed by the centre on a 
stand of a convenient height for use. 

In using this instrument, an exact account, or field-book, 
of all measures and things necessary to be remarked in the 
plan^ must be kept, from which to make out the plan on re- 
turning home from the ground. 

Begin at such part of the ground, and measure in such 
directions as are judged most convenient *, taking angles or 
directions to objects, and measuring such distances as appear 

necessai 
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necessary, under the same restrictions as in the u^e of the 
plain table. And it is safest to fix the theodolite in the ori* 
ginal position at every station, by means of fore and back 
objects, and the compass, exactly as in using the plain table ; 
registering the number of degrees cut off by the index when 
directed to each object; and, at any station, placing the 
index at the same degree as when the direction towards that 
station was taken from the last preceding one, to fix th^ 
theodolite there in the original position. 

The best method of laying down the aforesaid lines of 
direction, is to describe a pretty large circle ; then quarter 
It, and lay on it the several numbers of degrees cut off by' 
the index in each direction, and drawing lines from the 
centre to all these marked points in the circle. Then, by 
means of a parallel ruler, draw from station 'to station, lines 
parallel to the aforesaid Unes dra^n from the centre to the 
respective points in the circumference. 

^ 4. OF THh CROSS. 

The cross consists of two pair of sights set at right angles 
to each other, on a staff having a sharp point at the bottom, 
to fix in the ground. 

The cross is very useful to measure small and crooked 
pieces of pf ound. The method is, to measure a base or chief 
line, usually in t*he longest direction of the piece, from corner 
to corner ; and while measuring it, finding the places where 
perpendiculars would fall on this line, from the several cor- 
ners and bends in the boundary of the piece, with the cross, 
by fixing it, by trials, on such parts of the line, as that 
through one pair of the sights both ends of the line may 
appear, and through the other pair the corresponding bends 
or corners ; and then measuring the lengths of the said per^ . 
pendiculars. 

REMARKS. 

Besides the fore-mentioned instruments, which are most 
rommonly used, there are some others ; as. 

The perambulator, used for measuring roads, and other 
great distances, level ground, and' by the sides of rivers. 
It has a wheel of 8 ^ feet, or half a pole, in circumference, 
by the turning of which the machine goes forward : and the 
distance measured is pointed out by an index, which is moved 
round by clock work. 

Levels, with telescopic or other sights, are used to find the 
level between place and place, or how much one place is 
higher or lower than another. And in measuring any slop- 
iij^ or obliquf line, either ascending or descending, a small 

pocket 
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pocket level Is useful for showing how many links for each 
chain are to be deducted^ to reduce the line to the horizon- 
tal length. 

An ofiset-staff is a very useful instrument^ for measuring 
the offsets and other short distances. It is 10 links in length, 
being divided and marked at each of the lOlinks. 

Ten small arrows, or rods of iron 6r wood, are used to 
mark the end of every chain length, in measuring lines; 
And sometimes pickets, or staves with flags, are set up as 
marks or objects of direction. 

Various scales are also used in protracting^ and measuring 
on the plan or paper j such as plane scales, line or chords^ 
protractor, compasses, reducing scale, parallel and perpen- 
dicular rules, &c. Of ^plane scales, there should be several 
sizes, as a chain in 1 inch, a chain in |- of an inch, a chain 
in 4- an inch, &c. And of these, the best for use are those 
jthat are laid on the very edges of the ivory sc.ile, to mark off 
distances, without compasses. 

SECTION n. 

THE PRACTICE OF SURVEYING. 

This part contains the several works proper to be done in 
the field, or the ways of measiuring by all the instruments, 
;and in all situations. 

PROBLEM I. 

To Measure a Line or Distance. 

To measure a line on the ground with the chain : Having 
provided a chain, with 10 small arrows, or rods, to fix one 
into the ground, as a mark, at the end of every chain; two 
persons take hold of the chain, \)ne at each end of it ; and 
all the 10 arrows are taken by one of them, who goes fore- 
most, and is called the leader ; the other being called the 
follower, for distinction's sake. 

A picket, or station-staff, being set up in the direction of 
the line to be measured, if there do not appear some marks 
naturally in that direction, they measure straight towards it, 
the leader fixing down an arrow at the end of every chain, 
which the follower always takes up, as he comes at it, till 
all the ten arrows are used- They arc then all returned to 
thie leader, to use over again. And thus the arrows are 
changed from the one to the other at every 10 chains length, 
rill the whole line is finished ; then the number of chang 
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of the arrows shows the number o£ tons, to which the fbl- 
iower adds the arrows he holds in hia hand^ and the number 
of links of another chain over to the mark^ or end of the 
Ime. -So, if there liave been 3 changes of the arrows, and 
the follower hold 6 arrows, and the end of the line cut off 
45 links more, the ^vhole length of the line is. set down in 
links thus, 3645. 

"When the ground is not level, but either ascending or de- 
scending ; at every chain length, lay the offset-staff, or link- 
staff, down in the slope of the chain, on which lay the small 
pocket level,, to show how many links or parts the slope line 
is longer than the true level one ; then draw the chain for- 
ward so many links or parts,, which reduces the line to the 
horizontal direction* 



'^ PROBLEM II. 

To take Angles and Bearings. 

Let b and c be two objects, or two 
pickets set up perpendicular ; and let it 
be required to take their bearings, or 
the angles formed between them at any 
station a. 

/ 1. With the PMn Table. 

The table being covered with a paper, and fixed on its 
standyplant it at the station A, and fix a fine pin, or a foot 
of the compasses, in a proper point of the paper, to repre- 
sent the place A : Close by the side of this pin lay the fiducial 
edge of the index, and turn it about, still touching the pin, 
till one object b can be seen through the sights : then by the 
fiducial edge of the index draw a line. In the same manner 
draw another line in the direction of the other object c. 
And it is done. 

2. With the Theodolite^ isfc. 

Direct the fixed sights along one of the lines, as ab, by 
turning the instrument about till the mark b is seen through 
these sights; and there screw the instrument fast. Then 
turn the moveable index round, till through its sights the 
other mark c is seen. Then the degrees cut by the index, 
on the graduated limb or ring .of the instrument, show the 
gvanthv of the angle. 

S. With 
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3. With tie Magftiik Needk and Compass. 

Turn the instrument or compass so, that the north end 
of the needle point to the flower-de-luce. Then direct the 
sights to one mark as b, and note the degrees cut by the 
needle. Next direct the sights to the other mark c, and 
note again the degrees cut by the needle. Then their sum 
or difference, as the case may be, will give the quantity of 
the angle bag. 

4. By Measurement with the Chain^ is^c. 

Measure one chain length, or any other length, along 
both directions, as to b and c. Then measure the distance 
b c, and it is done.— This is easily transferred to paper, by 
xnaldng a triangle Abe with these three lengths, and then 
me^^ming the angle a . 

PROBLEM III. 

To Survey a Triangular Field ABC. 
1. By the Chain, 

AP 794 
AB 1321 
fc 826 

Having set up marks at the corners, which is to be done 
in all cases where there are not marks naturally ; measure 
with the chain from A to p, where a perpendicular would 
fall from the angle c, and set op a mark at p, noting down 
the distance a P. Then complete the distance ab, by mea- 
suring from p to B. Having set down this measure, return 
to p, and measure the perpendicular PC. And thus, having 
the base and perpendicular, the area from them is easily 
found. Or having the place P of the perpendicular, the 
triangle is easily constructed. 

Or, measure all tlie three sides with the chain, and note 
them down. From. which the content is easily found, or the 
figure is constructed. 

2, By taking some of the Angles. 

. Measure two sides ab, ac, and the angle a between them. 
Or measure one side ab, and the two adjacent angles a and 
B. From either of these ways the figure is easily planned ; 
then by measuring the perpendicular cp on the plan, and 
multiplying it by half ab, the content is found. 
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AE 214 

AF 362 
AC 592 



PROBLEM IV. 

To Measure a Four-sided Field- 

1. By the Chaw. 

210 DE 
S06 BF 




Measure along one of the diagonals^ as AC ^ and either 
the two perpendiculars de, bf, as in the last problem ; or 
else the sides ab, bc, cd, da. From either of which the 
figure may be planned and computed as before directed. 

Otherwise^ by the Chain. 



AP 110 


352 PC 


AQ^ 745 


595 QD 


AB 1110 


, 




Measure, on the longest side, the distances ap, a% ab ; 
and the perpendiculars PC, qd. 

2. By taking some of the Angles. 

Measure the diagonal ac (see the last fig. but one), and 
the angles cab, cad, acb, acd. — Or measure the four sides, 
and any one of the angles, as bad. 



Thus. 
AC 591 
cab 31^ SO' 
CAD 41 15 
acb 72 25 
acd 54 40 



Or thus. 
ab 486 
BC 394 
CD 410 
DA 462 
bad 78° 35' 



PROBLEM V. ' 
> To Survey any Field hyf the Chain only. 

Having set up marks at the corners, where necessary, of 
the proposed field abcdepg, walk over the ground, and con- 
sider how it can best be divided in triangles and trapeziums; 
and measure them separately, as in the last two problems. 
Thus, the following figure is divided into the two trapeziums 
abcg, gdrf, and the triangle gcd. Then, in the first tra- 
jMyeium, beginning at a, measure the diagonal ac, and the 



SURVEYING. 



61 



two perpendiculars cm, sn. Then the base Gc, and the 
perpendicular Dq. Lastly, the diagonal df, and the two 
perpendiculars pE, oG. All which measures write against 
the corresponding parts of a rough figure drawn to resemble 
the figure surveyed, or set them down in any other form 
yoii choose. 



Thus. 



Am 


135 


130 


mc 


An 


410 


180 


ns 


AC 


550 






• cq 

CG 


152 
. 440 


250 


qD 


FO 


237 


120 


OG 


Fp 
FD 


288 
520 


80 


pE 




Or thus. 

Measure all the sides ab, bc, cd, de, ef, pg, ga ; and 
, the diagonals ac, cg^ gd, dp. 

Otherivise. 

Many pieces of land may be very well surveyed, by mea- 
suring any base line, either within or without them, with 
the perpendiculars let fall on it from every corner. For 
they are by those means divided into several triangles and 
trepezoids, all whose parallel sides are perpendicular to the 
base line ; and the sum t)f these triangles and trapeziums will 
be equal to the figure proposed if the base line fall within 
it ; if noT, the sum of the parts which are without being 
taken from the sum of the whole which are both within and 
without, willjeave the area of the figure proposed. 

In pieces that are not - very large, it will be sufficiently 
exact to find the points, in the base line, where the several 
perpendiculars will fall, by means of the cross^ or even by 
judging by the eye only, and from thence measuring to the 
corners for the lengths of the perpendiculars. — And it will 
be most convenient to draw the line so as that all the pet- 
pentliculars may fall within the figure. 

Thus, in the following figure, beginning at A, and mea- 
suring along the line AG, the distances and perpendiculars on 

the right and left are as below. 

* Ab 
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Ab S15 


350 bB 


AC 440 


70 cc 


Jid 385 


320 do 


(Ae 610 


50 eE ^ 


Af 990 


470 fp 


AG 1020 
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To Measure the Offsets, 

Ahiklmn being a crooked hedge, or brook, Zccr From 
A measure in a straight direction along the side of it to B» 
And in measuring along this line AB, observe when you are 
directly opposite any bends or comers of the boundary, as at 
c, d, e, &c ; and from these measure the perpendicular 
offsets ch, di, &c, with the offset-staff> if they are not very 
large, otherwise with the chain itself; and the work is done. 
The register, or field-book^ may be as follows : 



Offs.left. 


Base line AB 





O A 


ch 62 


, 45 AC 


di 84 


^ 220 Ad 


ek 70 


340 Ae 


fl 98 


510 Af 


gm .57 


634 Ag 


Bn 91 


785 AB . 




At ^ ^ 7 



cr 



PROBLEM VII. 

91? Survey any Fuld with the Plain Table* 

!• From one. Station* 

•Plant the table at any angle as 
c, 'from which all the other angles, 
or marks 5et up, can be seenj 
turn the table about till the needle 
point to the flower-de-luce ; and 
there screw it fast. Make a point 
for c on the paper on the table, 
and lay the edgeofthe index to- c, 
turning it about c till throiigh the 
sights you see the mark-D : and by the edge of the index 
draw a dry or obscure line : then measure the distance cd, 
and lay that distance down on the line CD. Then turn the 
index about the point c, till the mark £ be seen through the 

sights, 
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sights, by which draw a line, and measure the distance to e, 
laying it on the line from c to e. In like manner determine 
the positions of CA and CB, by turning the sights Tucces- 
sively to a and B; and lay the lengths of those lines down. 
Then connect the ppints, by -drawing the black lines CD, de, 
BA, AB, Bc, f6r the boundaries of the fidd. 

2. Fram a Station Within the Field. 
When all the other parts cannot 
he seen from one angle, cfhoose some 
place within, or even without, if 
more ccmvenient, from which the 
other parts can be seen. Want the 
table at 0, then.iix it with the needle 
north, and mark the point on it. 
Apply the index successively to O, 
turning it round with the sights to 
each angle. A, B, c^ D, E, drawing dry lines to them by flie 
edge -of the index ; then measmiQg the (distances OA, ob, &c, 
and laying them down on those lines. Lastly, draw the 
boundaries ab, bc, cs), D£, ea. 

3. Ey going Round the Figure. 
When the figure is a wood, or water, or when/from some 
other obstruction you cannot measure lines across it ; begin 
at any point A, and measure around it, either within or 
without the figure, and draw the directions of all the sides, 
thus : Plant the table at A ; turn it with the needle to the 
north or flower-de-luce ; GlJl it, and mark the point A. Apply 
the index to-A, turning it till you can see the point E, and 
there draw a line : then the point b, and there draw a line : 
then measure these lines, and lay tjiem down from A to E and 
b. Next move the table to b, lay th^ index along the line 
AB, and turn the table about till you can see the mark a, and 
screw fast the table ; in which position also the needle will 
again point to the flower-de-luce, as it will do indeed at every 
station when the table is in the right position. Here turn 
the index about Btill through the sights you see the mark c j 
there draw a line, measure bc, and lay the distance on that 
line after yoii have set down the table at c. Turn it then 
again into its proper position, and in like manner find the 
next line cd. And so on quite around by e, to A again. 
Then the proof of the work will be the joining at A : for if 
the work be all right, the last direction jea on the ground, 
will pass exactly through the point a on the. paper ; and the 
measured distance will also reach exactly to A. If these do 
not coincide, or nearly so, some error has been committed, 
and the work must be examined over again. 

PROBLEM 
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PROBLEM VIII. 

7!? Survey a Field loitb tie Theodotite^ JsiV. 
I . From One Point or Station. 

When all the angles can be seen from one point, as thrf 
^ngle c (first fig. to last prob.) place the instrument at c, and 
turh it about, till through the fixed sights you see the mark 
B, and there fix it. Then turn the moveable index about 
till the iTlark A be seen though the sights, and note the de- 
grees cut on the instrument. Next turn the index succes- 
sively to E and D, noting the degrees cut ofiF at each ; which 
gives all the angles bca, bce, bcd. Lastly measure the 
lines CB, ca, ce, cdj and enter the measures in a field-book, 
or rather against the corresponding parts of a rough figure 
drawn by guess to resemble the field. 

2. From a Point Within or Without. 

Plant the instrument at (last, fig.), and turn it about till 
the fixed sights point to any object, as A ; and there screw it 
fast. Then turn the moveable index round till the sights 
point successively to the other points E, o, c, b, noting the 
degrees cut oflF at each of them ; which gives all the angles 
round the point 0. Lastly measure the distances oa, ob, oc, 
OD, OE, noting them down as before, and the work is done. 

3. By going Round the Field, 

. By measuring round, either 
within or without the field, pro- 
ceed thus. Having set up marks 
at b, c, &c, near the corners as 
usual, plant the instrument at 
any point a, and turn it till the 
fixed index be in the direction 
ab, and there screw ft fast : then 
turn the moveable index to the 

direction af j and the degrees cut ofi^ will be the angle A. 
Measure the line ab, and plant the instrument at b, and 
there in the same manner observe the angle a. Then mea- 
sure Bc, and observe the angle c. Then measure the di- 
stance CD, and take the angle d. Then measure de, and 
take the angle E. Then measure ef, and take the angle F. 
And lastly measure the distance fa. 

To prove the work ; add all the inward angles a, b, c, 
&c, together ; for when the work is right, their sum will be 
equal to twice as many right angles as the figure has sides, 
wanting 4 right angles. But when there Is an angle, as p, 
that bends inwards, and you measure the external angle, 

which, 
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\^luch is less than two rigSt angles, subtract it from 4 right 
angles, or S60 degrees, to give the internal angle' greater 
than a semicircle or 180 degrees* 

Otherwise* % 

Instead of observing the internal angles, we may take the 
external angles, formed without the figure by producing the 
sides £uther out. And in this case, when the work is right» 
their sum altogether will be equal to 360 degrees. But when 
one of them, as f, runs inwards, subtract it from the sum of 
the rest, to leave 360 degrees. 

PROBLEM tx. 

To Survey a Field ivith Crboked Hedges^ iffc* 

Vlftm iny 6( the instrhments, measure the lengths and 
positions of imaginary lines i'unhing as hear the sides of the 
field as you can; and, iii going along them, measure the 
6fisets in the manher before taught ; then you will have the 
plan on the paper in using the plain table, drawing the 
crooked hedges through the ends of the offsets ; but in sur- 
veying with the theodolite, or other instrument, set down 
tlie measures properly in a^ field-book, or memorandum- 
book, and plan them after returning from the field, by lay- 
ing down all the lines and angles. 




So, iri surveying the piece abode, set up marks, a, b, c, d, 
dividing it so as to have as few sides as may be. Then begin 
at any station, a, and measure the lines ab, be, cd, da, taking 
their positions, or-the angles, a^ b, c, d ; and, in going along 
the lines, measure all the offsets, as at m, n, o, p, Sec, along 
every station-line. 

And this is done either within the field, or without, as 
may be most convenient, ^hen there are obstructions 
within, as wood, water,:hills, &c, then measure withduc^'as 
in the next following figure. . *i*-' 
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PROBLEM X. 

3> Survej a Fields or any other liifig, fy Two Nations-, 

Tms is performed by choosing two stations from ^rfucbs 
all the marks and objects can be seen ; then measuring ther 
distance between the stations,, and at each station taking the- 
angles formed by every object from the station line or dU 
stance. 

The two stations may be taken either wkhin the bounds^, 
or in one of the sides, or in the direction of two of the 6b*^ 
jects, or quite at a distance and without the bounds of the 
objects or part to be surveyed. 

In this manner, not only grounds may be surveyed, with- 
out even entering them, but a map may be taken of the 
principal parts oi a county, or the chief places of a town^ 
or any part of a river or coast surveyed, or any other inac- 
cessible objects; by taking two stations, on two towers^ or 
two hillsi or such4ike« 




PlbOBLEM XI. 

To Survey a Large Estate* 

Jp the estate be ^iry large, and contain a great number ol^ 
&Jdsj it caanot weU be done by survcymf^ aU the fields^ 
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singly, an4 then putting them together ; nor can It be done 
by taking all the angles and boundaries that enclose it. For 
in these cases, any small errors will be so much increased, as 
to render it very much distorted. But proceed as below. 

|. Walk over the estate two or three times, in order to 
get a perfect idea of it, or till you can keep the figure of it 
pretty well in mind. And to help your memory, draw an 
eye-draught of it on paper, or at least of the principal parts 
of it, to guide you ; setting the names within the fields in 
that draught. 

2. Choose two or more eminent places in the estate, for 
stations, from which all the principal parts of it can be seen : 
selecting these stations as far distant from one another as 
convenient. 

3. Take such angles, between the stations, as you think 
necessary, and measure the distances from station to station^ 
always in a right line : these things must be done, till you 
get as numy, angles and lines as are sufficient for determining 
all the points of station. And in measuring any of these ^ 
station-distances, mark accurately where these lines meet 
wnth any hedges, ditches, roads, lanes, paths, rivulets, 8cc ; 
and where any remarkable object is placed, by measuring 
its distance from the station-line; and where a perpendicular 
from it cuts that line. And thus as you go along any main 
station-line, take offsets to the ends of all hedges, and to any 
pond, house, mill, bridge, &c, noting every thing down that 
js remarkable. 

4. As to the inner parts of the estate, they must be deter- 
mined, in like manner, by new station-lrnes : for, after the 
main stations are determined, and every thing adjoining to 
them, then the estate must be subdivided into two or three 
parts by new station^lines ; taking inner stations at proper 
places, where you can have the best view. Measure the^e 
station-lines as you did the first, and all their intersections 
with hedges, and offsets to such objects as appear, ^fhen 
proceed to survey the adjoining fields, by t-aking the angles 
that the sides make with the station-line, at the intersections, 
and measuring the distances to each corner, from the inter- 
sections. For the station-lines will be the bases to all the 
future operations j the situation of all parts being entirely 
depenident on them ; and therefore they should be taken of 
as great length as possible ; and it is best for them to run . 
along some of the hedges or boundaries of one or more fields, 
or to pass through some of their angles. All things being 
determined for these stations, you must take more inner 
stations, and continue to divide and subdivide uW^lVast-^^u . 
€ome to single £eids : repeating the same work tot AVv(iVJ^^«^ 
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stations ^s for tHe outer ones, till all is done ; and close tte 
work as often as you can, and in as few lines as possible. 

5. An estate may be so situated that the whole cannot b^ 
surveyed together; because one part of the estate cannot be 
seen from another. In this case, you may divide it into 
three or four parts, and survey the parts separately, as if 
they were lands belonging to different persons ; and at test 
join them together. 

6.1 As it is necessary to protract or lay down the work a'i 
you proceed in it, you must have a scale of a due length to 
do it by. To get such a scale, measure the whole length of 
the estate in chains •, then consider how many inches long 
the map is to be ; and from these will be known how many 
chains you must have in an inch ; then make the scale ac- 
cordingly, or choose* one already made. 

PROBLEM XII. 

To Survey a County^ or large Tract of La/id, 

1 . Choosk two,, three, or four eminent places, for stations ; 
such as the tops of high hills or mountains, towers, or 
church steeples, which may be seen from one another ; from 
which most of the towns and other places of note may also 
be seen j and so as to be as far distant from one another as 
possible. On these places raise beacons, or long poles, with 
flags of different colours flying at them, so as to be visible 
from all the other stations. 

2. At all the places which you would set down in the map, 
plant long poles, with flags at them of several colours, to 
distinguish the places from one another ; fixing them on the 
tops of churcli steeples, or the tops of houses ; or in tne 
centres of smaller towns and villages. 

These marks then being set up at a convenient number of 
places, and such as may be seen from both stations ; go to 
one of these stations, and, with an instrument to take angles, 
standing at that station, take all the angles between the other 
station and each of these marks. Then go to the other 
station, and take all the angles between the first station and 
each of the former marks, setting them down with the 
others, each against its fellow with the same colour. You 
may, if convenient, also take the angles at some third station, 
which may serve to prove the .work, if the three lines inter- 
sect in that point where any mark stands. The marks must 

^ stand till the observations are finished at both stations ; and 
Aen they may be taken down, and set up at new places. 
The same operations must be performed at both stations, for 

' these new places; and the like for others. The instrument 
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Tor taking angles must be an exceeding good one, made on 
purpose with telescopic sights^ and of a good length of ra- 
dius. 

3. Ana though it be nt)t absolutely necessary to measure 
any distance, because, a stationary line being laid down Froqi 
any scale, all the other lines will be proportional to it j yet 
it is better to measure some of the lines, to^ ascertain the 
distances of places in miles, and to know how many geome- 
trical miles there are in any length 5 as also from thence to^ 
make a scale to measure any distance in miles. In measuring 
any distance, it \^ill not be exact enough to go along the 
high roads; which, by reason of their turnings and windings, 
hardly ever lie in a right line between the stations 5 which 
must cause endless reductions, knd require great trouble to 
make it a right line ; for which reason it can never be exact- 
But a better way is to measure in a straight line with a chain^ 
between station and station, over hills and dales, or level 
£elds and all obstacles. Only in case of water, woods, 
towns, rocKS, banks, &c, where we cannot pass, such parts 
of the line must be measured by the methods of inaccessible 
distanced; and besides, allowing for ascents and descents^ 
when they are met with. A good compass^ that shows the 
bearing of the two stations, will always direct us to go 
straight, when the two stations cannot be seen ; and in the 
progress, if we can go straight, offsets may be taken to any 
remarkable places, likewise noting the intersection of the 
station-line with all roads, rivers, &c. 

4. From all the stations, and in the whole progress, we 
must.be very particular in observing sea- coasts, river-mouths, 
towns, castles, houses, churches, mills, trees, rocks, sands, 
roads, bridges, fords, ferries, woods, hills, mountains, rillsj 
brooks, parks, beacons, sluices, floodgates, locks, &c, and in 
general every thing that is remarkable, i 

5. After we have done with the first and main station- 
lines, which, command the whole county; we must then 
take inner stations, at some places already determined ; which 
will divide the whole into several partitions : and from these 
stations we muse determine the places of as many of the 
remaining towns as we can. And if any remain in that 
part, we must take more stations, at some places already 
determined^ from which we may determine the rest. And 
thus go through all the parts of ' the county, .taking station 
after station, till we have determined the wjiole. And in 
j;eneral the station-distances must always pass through such 
remarkable points as have been determined before, by th.e 
former stations. 

" ' - FROJDLEM 
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7<? Survey a Town or Cify. 

This may be done with any of the instruments for takinjp 
togleS) but best of all with the pbin table, where every mi- 
nute part is drawn while in sight. Instead of the common 
surveying or Gunter*s chain, it will be best, for this purpose^ 
to have a chain 50 feet long, divided into 50 links of one 
foot each, and an offset-staff of 10 feet long. 

Begin at the meeting of two or more of the principal 
streets, through which we can have the longest prospects^- 
to get the longest station-lines : there having fixed the in- 
strument, draw lines of direction along those streets, using 
two men as mark's;, or poles set in wooden pedestals, or per- 
haps some remarkable places in the houses at the fartji^r 
ends, as windows, doors, corners, &c. Measure these lines, 
with the chain, taking offsets with the staff, at all corners of 
streets, bepdipg^ or windings, and to all remarkable thitigs^ 
as churches, markets, halls, colleges, eminent houses, &c. 
Then remove the instrument to another station, along 6ne of 
these lines ; and- there repeat the same process as before^ 
And so on till the whole, is fini^ed. 




Thus, fix the instrument at a, and draw lines in the 
direction of all the streets meeting there; then measure A b, 
noting the street on the left at jti. At the second station b^ 
draw the directions of the streets meeting there ; and mea- 
sure from, b to c, noting the places of the streets at nand o as 
. you pass by them. At the third station c, take the direction 
of all the streets meeting there, and measure cd. At d do 
the same, and measure de, noting the place of the cross 
streets at p. And in this manner go through all the prin- 
cipal streets. This done, proceed to the smaller and inter- 
mediate streets ; and lastly to the lanes, alleys, courts, yards, 
^d every part that it may be thought proper to represent in 
plan Y^^%\x^ 
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PROBLEM aur. 

To lay down tie fkn of any Survey 

fr the survey was taken with the plain tables we hare a 
-rough plan of it already on the ps^per which covered the 
table. But if the survey was with any other instrument, a 
|>lan of it is to be drawn from the measures that were tak^n 
u the survey ; and first of all a roughplan on paper. 

To do this, you must have a set oT proper instruments^ 
for laying down.both lines and angles, &c ^ as scales of va* 
rious sizes, the more of them, and the more accurate, the 
better, scales of chords, protractors, perpendicular and pa- 
nllei rulers, &c« Diagonal scales are best for the lines^ 
because they extend to three figures, or chains, and links^ 
which are IM parts of chains. But in using the diagonal 
•scale, a pair of compasses must be employed, to take on the 
lengdis of the principal lines very accurately. But a scale 
with a thin edge divided, is much readier for laying down 
the perpendicular ofisets to crooked hedges, and for marking 
the places of those ofisets on the station-line ;' which is done 
at only one application of the edge of the scale to that line, 
' and then pricking off all at once the distances along it. 
Angles are to be laid down, either with a good scale of 
chords, which is perhaps the most accurate way, or with a 
large protractor, which is much readier when many angles 
are to be laid down at ene pointy as they are pricked off all 
at once round the edge of the protractor. 

In general) all lines and angles must be laid down on the 
plan in the same order in which they were measured in the 
£eld, and in which they are written in the field-book; lay- 
ing down first the angles for the position of lines, next the 
lengths of the lines, with the places of the offsets, and then 
the lengths of the offsets themselves, all with dry or obscure 
lines; then a black line drawn through the extremities of 
all the ofisets, will be the edge or boimding line of the field, 
&c. After the principal bounds and lines are laid down, 
and made to fit or close properly, proceed next to the smaller 
objects, till, you have entered every thing that ought to ap- 
pear in the plan, as houses, brooks, trees, hills, gates, utiles, 
roads, lanes, mills, bridges, woodkmds, &c, &c. 

The north side of a map or plan is commonly placed 
uppermost, and a meridian is somewhere drawn, with the 
compass or flower-de-luce pointing north. Also, in a vacant 
part, a scale of equal parts or chains is drawn, with the title 
-of the map in conspicuous characters, and embellished with 
a compartment. Hills are shadowed, to distinguish them i» 
the map. Colour the hedges with differenx ^Qus^s t^^ter 
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sent hilly grounds by broken hills ^and vallejs ; draw single 
dotted lines for foot-paths, and double ones for horse or car- 
nage roads. Write the name of each field and remarkable 
place within it, and, if you choose, its cbntents in acres, 
roods, and perches. ^ 

In a very large estate, or a county, draw vertical and ho- 
rizontal lines through the map, denoting the spaces between 
them by letters placed at the top, and bottom, and sides, for 
readily finding any field or 6ther object mentioned in a 
table. 

In mapping counties, and estates that have uneven grounds 
of hills and valleys, reduce all oblique lines, measured up- 
hill and down-hill, to horizontal straight lines, if that wa$ 
not done during the survey, before they were entered in the 
field-book, by making a proper allowance to shorten them. 
For which purpose there is commonly a small table engravea 
on some of the instruments for surveying. 

THE NEW METHOD OF SURVEYING. 

PROBLEM XV. 
To Survey and Plan by the New Method* . 

In the former method of measuring a large estate, the ac** 
curacy of it depends both on the correctness of the instru- 
ments, and on the care in taking the angles. To avoid the 
errors incident to such a multitude of angles, other methods 
have of late years been used by some few skilful surveyors: 
the most practical, expeditious, and correct, seems to be the 
following, which is performed, without taking angles, by 
measuring with the chain only. 

Choose two or more eminences, as grand stations, and 
measure a principal base line from one station to another \ 
noting every hedge, brook, or other remarkable object, as you 
pass by it ; measuring also such short perpendicular lines to 
the bends of hedges as may be near at hand. From the ex- 
tremities of this base line, or from any convenient parts of 
the same, go off with other lines to some remarkable object 
situated towards the sides of the estate, witliout regarding 
the angles they make with the base line or with one another; 
still remembering to note every hedge, brook, or other ob-^ 
ject, that you pass by. These lines, when laid down by in- 
tersections, will, with the base line, form a grand triangle on 
the estate ; several of which, if need be, being thus mea- 
sured and laid down, you may proceed to form other smaller 
triangles acd trapezoids on the sides of the former : and so 
fill till you finish with the enclosures individually. By which 
i}ieiws a kind of skeleton of the estate may first ibe obtained. 
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«nd the chief lines serve as the bases of such triangles and 
trapezoids as are necessary to fill up all the interior parts. 

The field-book is ruled into three columns, as usual. In 
the middle one are set down the distances on the chain-line, 
at which any mark, ofiset, or other observation, is made ; 
^71 in the right and left hand columns are entered the off- 
sets and observations made on the right and left hand respec- 
tively of the chain-line ; sketching on the sides the shape or 
resemblance of the fences or boundaries. 

It is of great advantage, both for brevity and perspicuity, 
to begin at the bottom of the leaf, and write upwards ; de- 
noting the crossing of fences, by lines drawn across the mid- 
dle column, or only a part of such a lin^ on the right and 
left opposite the figures, to avoid confusion; and the corners 
of fields, and other remarkable turns in the fences where off- 
sets are taken to, by lines joining in the manner the fences 
do ; as will be best seen by comparing the book with the 
plan annexed to the field-book following, p. 74. 

The letter in the left-hand corner at the beginning of every 
line, is the mark or place measured yrow ; and that at the 
right-hand corner at the end, is the mark measured to : But 
when it is not convenient to go exactly from a mark, the 
place measured from is described sucb a distance from one 
mark towards another ; an^ where a former mark is not mea- 
sured to, the exact place is ascertained by saying, turn to the 
right or left hand, such a distance to such a mark^ it being al-. 
ways understoodthat thosedistances are taken in the chain-line. 

The characters used are, f for turn to the right handy "] for 
turn to the left handy and -^ placed over an offset, to show 
tliat it is not taken at right angles with the chain-line, but ' 
in the direction of some straight fence ; being chiefly used 
when crossing their directions; which is a better way of ob- 
taining their true places than by offsets at right angles. 

When a line is measured whose position is determined, 
either by former vvork (as in the case of producing a given 
line, or measuring from one known place or mark to another) 
or by itself (as in the third side of the triangle), it is called 
2, fast lincy and a double line across the book is drawn at the 
conclusion of it ; but if its position is not determined (as in 
the second side of the triangle), it is called a loose lincy and a 
single Une is drawn across tlie' book. When a line becomes 
determined in position, and is afterwards continued farther, 
ji double line half through the book is drawn. 

When a loose line is measured, it becomes absolutely ne- 
cessary to measure some other line that will determine its 
position. Thus, the first line ah or bhy being the base of' 
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triangle, is alwaTs dMermined ; but the position of the sew 
side hj, does not become determined, till the third sidey'i is 
neasured ; then the position of both is determined, and the 
triangle may be constructed. 

At the beginning of a line, to fin a loose line to the mark 
or place measured from, the sign of turning to the right or 
left hand mu« be added, as at h in the second, andy in the 
third line; otherwise a stranger, when laying down the 
Tork, may as easily construct the triangle hjb on the wrong 
side of the line ah, as on the right one : but this error cannot 
be fallen into, if the sign above named be carefully observed. 

In choosing a line to fix a loose one, care must be taken 
fliat it does not make a very acute or obtuse angle ; as in the 
triangle /Br, by the angle at B being very obtuse, a small de- 
viation from truth, even the breadth of a point at j) or r, 
would make the error at b, when constructed, very consi- 
derable ; but by constructing the triangle /By, such 3 devia- 
tion is of no consequence. 

Where the words have offire written in the field-book, it 
signifies that the taking of offsets is from thence disconti- 
nued ; and of course something is wanting between that and 
the next offset, to be afterwards determined by measuring 
some other line. 

The field-book for this method, and the plan drawn from 
it, are contained in the four following pages, engraven on 
copperplates; answerable to which the pupi! is to draw a 
plan from the measures in the iield-book, of a larger size, 
viz. to a scale of a double size will be convenient, such a scale 
feeing also found on most instruments. In doing this, begin 
at the commencement of the field-book, or bottom of the first 
page, and draw the first line ah in any direction at pleasure, 
and then the neit two sides of the first triangle thj by sweep- 
ing intersected arcs ; and so all the triangles in the same 
manner, after each other in their order j and afterwards set- 
ting the perpendicular and other offsets at their proper places, 
and through the ends of them drawing the bounding fences. 

Naif. That the field-book begins at the bottom of the first 
page, and reads up to the top ; hence it goes to the bottom 
of the next page, and to the top ; and thence it passes from 
the bottom of the third page to the top, which is the end of 
the field-book. The several marks measured to or from, 
are here denoted by the letters of the alphabet, first the small 
ones, o, b, c, d, &c, and after them the capitals A, B, C, D, 
&c. But, instead of these letters, some surveyors use the 
■umbers in order, 1, 2, 3, 4^ &e. 
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OF THE OLD KIND OF FIBLD-BOOK. 

In suh^eying with the plain table, a field-book is not lised, 
as eve^ thing is drawn on the taMe immediately when it is 
measured. But in surveying with the theodolite, or any 
other instrument, some kind of a jcld-book must be used, to 
write down in it a register oi account of all that is done and 
occurs relative to the survey in hand. • 

This book every one contrives and rules as he thinks fittest 
for himself. The following is a specimen of a form which 
has been formerly used. It is ruled in three columnsj as 
below. 

Here 1 is the first station, where the angle or bearing 
is 105** 25'- On the left, at 73 links in the distance or prin- 
cipal line, is an offset of 92 ; and at 610 an offset of 24 to a 
cross hedge. On the right, at 0, or the beginning, an ofiTs^ 
25 to the comer of the field ; at 248 Brown's boundary 
li6dge commences ; at 610 an offset 35 ; and at 954, the end 
of the first line, the O denotes its terminating in the hedge. 
And so on for the other stations. 

A line is drawn under the work, at the end of erery sta- 
iion line, to prevent confusion. 

Torm of this Field^Booh. 
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Then the plan, on a small scale drawn from the above 
field-book, will be as in the following figure. But the pupil 
may draw a plan of 3 or 4 times the size on his paper book. 
The dotted lines denote. the 3 chain or measured lines, and 
ihe black lines the boundaries on the right and left. 




But some skilful surveyors now make use of a different 
method for the field-book, namely, beginning at the bottom 
of the page and writing upwards; sketching also a neat 
^boundary on either hand, resembling the parts near the 
measured lines as they pass along ; an example of which was 
given in the new method of surveying, in the preceding 
pages. 

In smaller surveys and measurements, a good way of set- 
ting down the work, is to draw by the eye, on a piece, of 
paper, a figure resembling that which is to be measured $ 
and sp writing the dimensions, as they are found, against 
the corresponding parts of the figure. And this method 
may be practised to a considerable extent, even in the larger 
surveys. 

Another specimen of a field-book, with its plan, is as fol- 
lows ; being a single field, surveyed with the chain, and the 
theodolite for taking angles ; which the pupil will likewise 
draw of a larger size. 
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SECTION m. 

OF COMPUTING AND DIVIDING. 

PROBLEM XVI. 

To Compute the Contents of Fields* 

1. Compute the contents of the figures as divided into 
triangles, pr trapeziums, by the proper rules for these figures 
laid down in measuring; muhiplying the perpendiculars by 
the diagonals or bases, both in links, and divide by 2 ; the 
quotient is acres, after having cut off five figures on the right 
for decimals. Then bring these decimals to roods and perches, 
' by multiplying first by 4, and then by 40. An example of 
which is given in the description of the chain, pag. 53. ' 
f 2. In small and separate piefces, it is usual to compute their 
contents from the measures of the lines taken in surveying 
them, without making a correct plan of them. 

3. In pieces bounded by very crooked and winding hedges, 
measured by. offsets, all the parts between the offsets are 
most accurately measured separately as small trapezoids. 

4. Sometimes such pieces as that last mentioned, are com- 
puted by finding a mean breadth, by adding all the offsets 
together, and dividing the sum by the number of them, ac- 
counting that for one of them where the boundary meets 
the station-line, (which increases the number of them by 1 ^^ 
for the divisor, though it does not increase the sum or quan- 
tity to be divided); then multiply the length by that mean 
breadth. 

5. But in larger pieces and whole estates, consisting of 
many fields, it is the common practice to make a rough plan 
of the whole, and from it compute the contents, quite inde- 
pendent of the measures of the lines and angles that were 
taken in surveyincr. Tor then new line^ ^te dtuwii vaxJaft^ 
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fields on the plafis, %6 as to divide them into trapeziums and 
triangles, the bases and perpendiculars of which are measured 
on the plan by means of the scale from which it was drawn, 
iind so multiplied together for the Contents* In this way, 
the work is very expeditiously done, and sufficiently correct j 
for such dimensions are taken as affi)rd the most easy method 
of calculation ; and among a number of parts, thus taken 
and applied to a scale, though it be likely that some of the 
parts will be taken a small matter too little, and others too 
great, yet they will, on the whole > in all probability, very 
nearly balance one another, and give a sufficiently accurate 
iresult. After all the fields and particular parts are thus com*- 
pUted separately, and added all together into one sum ; cal«* 
tulate the whole estate independent of the fields, by dividing 
it into large and arbitrary triangles and trapeziums, and add. 
these also together. Then if this sum be equal to the formert 
or nearly so, the work is right) but if the sums have any 
considerable difi^ence, it is wrong, and they must be ex- 
amined, and re-computed, till they nearly agree. 

6. But the chief art in computing, consists in finding the 
contents of pieces bounded by curved or very irregular linesj 
or in reducing such crooked sides of fields or boundaries to 
straight lines, that shall inclose the same or equal area with 
those crooked sides, and so obtain the area of the curved 
figure by means of the fightJined one, which will commonly 
be a trapezium. Now this reducing the crooked sides to 
straight ones, is very easily and accurately performed in this 
inanner t-—* Apply th6 straight edge of a thin, clear piece of 
lanthorn-hom to the crooked line, which is to be reduced, 
\n. such a manner, that the small parts cut off from the 
crooked figure by it, may be equal to those which are taken 
}n : which equality of the parts, included and excluded you 
will presently be able to judge of very nicely by a little prac- 
tice : then with a pencil, or point of a tracer, draw a line by 
the straight edge of the horn. Do the same by the other 
sides of the field or figure. So shall you have a straight- 
sided figure equal to the curved one ; the content of which, 
being computed as before directed, will be the content of the 
croo'ked figure proposed. 

Or, instead of the straight edge of the born, a horse-hair, 
tor fine thread, may be applied across the crooked sides in 
the same manner ; and the easiest way of using the thread, is 
to string a small slender bow with it, either of wire, or cane^ 
or whale-bone, or such-like slender elastic matter ; for, the 
bow keeping it always- stretched, it can be easily and neatly 
;ippIJed with one hand, while the other is at liberty to make 
tn-o marks by the sid^ of it, to draw the sXraigbt Une\rj. 
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EXAMPLE* 

Hu^ let it be required to find the contents of the tame 
figure as in Prob. iMp page Q5, to a scale of i chains lo aa 



Draw the 4 dotted straight lines JkM, bc, cdi dA| cutdng 
off equal quantities on both sides of thein> which they do as 
near as the eye can judge : so is the crooked figure reduced 
to an equivalent right-lined one of 4 sides> abco* Then 
draw the diagonal bd, which, by applying a proper scale to 
it, measures suppose 1256. Also the perpendicular, or near* 
est distance from A to this diagonal, measures 456s and thfi 
distance of c from it, is 428. 

Then, half the sum of 456 and 428, multiplied by the 
diagonal 1256, gives 555152 square links, or 5 acres, 
2 rpods, 8 perches, the content of the trapezium^ or of the 
irregular crooked piece. 

As a genend exampte of this practice, let the contents be 
computed of ail the fields separately in the foregoing plan 
£u:ing page 75, and, by adding the contents altogether, the 
whole sum or content of the estate will be found nearly 
equal to 103^ acres. Then, to prove the work, divide the 
whole plan into two parts, by a pencil line drawn a^oss it 
$my way near the middle, as from the corner / on the right, 
to the comer near / on the left j then, by computing these 
two large parts separately, their sum must bp nearly equal to 
the former sum, when the work is all right. 

PROBLEM XVII. 

To Transfer a Plan to Another Paper, isfc. 

ApTSie the rou^Ji plsui is completed, and ^ {i\t o«^^ y^ 

wsmtcd; this maj be done by any of the foWow vm m^^^^^ 

'^ FWsl 
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First MfthoJ.'^LzY the rough plan on the clean pap^/v 
keeping them always pressed flat and close together, by 
weights laid on them. Then, with the point of a fine pixi 
or pricker, prick through all the comers of the plan to :be 
copied. Take them asunder, and connect the pricked points 
on the dean paper, with hnes ; and it is done. This method 
is only to be practised in plans of such figures as are small 
and tolerably regular, or bounded by right lines. 

Second MethpeL-^Ruh the back of the rough plan over with 
black«lead powder ; and lay this blacked part on the clean 
paper on which the plan is to be copied, and in the proper 
position. Then, with the blunt point of some hard sub- 
stance, as brass, or such-like, trace over the lines of the whole 
plan } pressing the tracer so much, as that the black lead 
under the lines may be transferred to the clean paper : after 
which, takeoff the rough plan, and trace over the leaden 
marks with common ink, or with Indian ink— Or, instead of 
blacking the rough plan, we may keep constantly a blacked 
paper to lay between the plans. 

Third 'Method. — Another method of copymg plans, is by 
means of squares. This is performed by dividing both ends 
and sides of the plan which is to be copied into any conve- 
nient number of equal parts, and connecting the correspond- 
ing points of division with lines : which will divide the plan 
Into a number of small squares. Then divide the paper, 
on which the plan is to be copied, into the same number 
of squares, each equal to the former when the plan is to be 
copied of the same size, but greater or less than the others, 
in the proportion in which the plan is to be increased or 
diminished, when of a different size. Lastly, copy into the 
clean squares the parts contained in the corresponding squares 
of the old plan; and you will have the topy, either of the 
same size, or greater or less in any proportion. 

Fourth Method. — A fourth method is by the instrument 
called a pentagraph, which also copies the plan in any size 
required. 

Fifth Method, — ^But the ileatest method of any, at least in 
copying fi"om a fair plan, is this. Procure a copying frame 
or glass, made in this manner ; namely, a large square of the 
best window glass, set in a broad frame of wood, which can 
be raised up to any angle, when the lower side of it rests on 
a table. Set this frame up to any angle before you, facing a 
strong light j fix the pld plan and clean paper together, with 
9/ pins auite around, to keep them together, the clean 
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paper being laid uppermost, and over the face of the plan to 
be copied. Lay th^m^ with the back df the old plan, on the 
glass; namely, that part which you intend to begin at to 
copy fir^t ; and by means of the light shining thrpugh the 
papers, yoii will vary distinctly perceive every line of the plan 
through the clean paper. In this state then trace all the 
lines on the paper with a pencil. Having drawn that part 
which covers the glass^ slide another part over the glass, and 
copy it in the same manner* Then another part. And so 
on, till the whole is copied. Then take them asxmder, and 
trace all the pencil lines over with a fine pen and Indian 
ink, ot with common ink. And thus you may copy theJ 
finest plan^ without injui'ing it in the least. 



OF ARTIFICERS' WORKS^ 

AND 

tlMBER MEASURING. ' 

t. Of the GARPENTER^S or SLIDING RULE. 

THE Carpenter's or Sliding Rule, is an instrument mucK 
iised in measilring of timber and artificei*s' works, both for 
taking the dimensions, aiid cdniputmg the contents. 

The instrument consists of two equal pieces, e^ch a foot 
in length, which are connected together by a folding joint. 

One side dr face of the rule is divided into inches, and 
feighths, or half-quarters. On the same face also are several 
plane scaks, divided into twelfth parts by diagona:l lines ; 
tvhich are used in planning dimensions that are taken in feet 
and inches. TheJ edge ofthe rule is commonly divided de- 
cimally, or into tenths j namely, each foot into ten equal 
parts, and each of these into ten parts again : so that by 
means of this last scale, dimensions are taken in feet, tenths, 
and hundredths, and multiplied as common decimal numbers, 
which is the best way. 

On the one part of the other face are four lines, marked 
Ai B, c, D ; the two middle ones b and c being on a slider^ 
which runs in a gropve made in the stock. The same num- 
bers servef for both these two middle Hnes^ the one being 
above the numbers^ and the other below. 

Vol. II. G Thes* 
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• Th«se four lines are logarithmic onei, and the three Aj w, 
Cf which are all equal to one another, are double lines^ af 
thej proceed twice over from I to 10. The other or lowes| 
line, o, is a single one> proceeding from 4 to 40* It is also 
called the girt line, from its use in computing the contentf 
of trees and timber; and on it are marked wg at IC7*15» 
and AG at 18*9^5, the wine and ale gage points, to make thie 
instrument serve the pupose of a gaging rule. 

On the other part of this face, there is a table of the value 
of a load, or 50 cubic feet of timber, at all prices^ frota 
6 pence to 2 shillings a foot. 

When 1 at the beginning of any line is accounted 1, then 
the 1 in the middle will be 10, and the 10 at the end 100; 
but when 1 at the beginning is counted 10, then the 1 in 
the middle is 100, and the 10 at the end 1000; and so on. 
And all the smaller divisions are altered proportionally. 



11. ARTIFICERS' WORK. 

Artificers compute the contents of their works by seve- 
ral different measures. As, 

Glazing and masonry, by the foot ; Painting, plastering, 
paving, &c, by the yard, of 9 square feet : Flooring, 
partitioning, roofing, tiling, &c, by the square of lOQ 

- square feet : 

And brickwork, either by the yard of 9 square feet, or by 
the perch, or square rod or pole, containing 272^ square 
feet, or 30^ square yards, being the square of the rod 
or pole of 1 6^ feet or 5^ yards long. 

As this number 272|- is troublesome to divide by, the ^ is 
often omitted in practice, and the content in feet divided 
only by the 272. 

All works, whether superficial or solid, are computed by 
the rules proper to the figure of them, whether it be a tri** 
angle,'or rectangle, a parallelopiped, or any other figure. 



III. BRICKLAYERS' WORK. 

Brickwork is^ estimated at the rate of a brick and a half 
thick. So that if a wall be more or less than this standard 
thickness, it must be reduced to it, as follows : 

Multiply the superficial content of the wail by the number 
olhzM bricks in the thickness, and divide the product-by 3, 

The 
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The dimensions of a building may be taken by measuring 
lialf round on the outside and half round it on the inside ; the 
sum of these two gives the compass of the wall^ to be muhi« 
plied by the height, for the content of the materials. 

Chimneys are commonly measured as if they were solidj^ 
deducting only the vacuity from the hearth to the mantle, 
on ai;;count of the trouble of them. All ¥dndows» doors, &c, 
are tfyhe deducted out of the contents of the walb in which 
they are placed. 

EXAMPLES. 

Exam. 1. How many yards and rods of standard brick- 
work are in a wall whose length or compass is 57 feet 3 
inches, and height 24 feet 6 inches; the wall beii:g iig 
bricks or ^ half bricks thick ? Ans* 8 rods, 17|. y.irds* 

Exam. 2. Required the content of a wall 62 feet € inches 
long, and 14 feet 8 inches high, and 2^ bricks thick ? 

Ans 169-753 yards. 

Exam. 3. A triangular gable is raised 17^ feet high, on 
an end wall whose length is 24 feet 9 inches, tlie thickness 
being 2 bricks : requir^ the reduced content ? 

Ans. 32-08| yards. 

Exam. 4. The end wall of a house is 28 feet 10 inches 
long, and 55 feet 8 inches high, to the eaves ; 20 feet hi'^h is 
2y bricks thick, other 20 feet high is 2 bricks thick, and the 
remaining 15 feet S inches is li brick thick; above which 
is a triangular gable, of 1 brick thick, wliich rises 42 courses 
of bricks, of which every 4 courses make a foot. What is the 
whole content in standard measure ? Ans. 253*626 yards. 



IV. MASONS' WORK. 

To Masonry belong all sorts of stone-work ; and the mea- 
sure made use of is a foot, either superficial or solid. 

Walls, columns, blocks of stone or marble, &c, are mea- 
sured by the cubic foot ; and pavements, slabs, chimney- 
pieces, &c, by the .superficial or square foot. 

Cubic or solid measure is used for the materials, and square 
measure for the workmanship. 

In the solid measure, the true length, breadth, and thick- 
ness are taken and multiplied continually together. In the 
superficial, there must be taken the length and bi^adth ot 
every part of the projection which is seen without the general 
upright face of the building. 
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9i CARPENTERS' And JOINERS' WORK. 

EXAMPIES. 

Exam. 1. Required the solid content of a wall, 55 Cttt 
6 inche;3 long, 12 feet 3 inches highj and 2 feet thick.? 

Ans» 13l6f feet. 

Exam. 2. What is the solid content of a wall, the length 
being 24 feet 3 inches, height 10 feet 9 inches, and 2 feet 
thkk? r ' Ans. 521-375 feet. 

Exam. 3. Required the value of a marble slab, a| 8x. p^r 
foot ; the length being 5 feet 7 inches, and breadth 1 foot 
10 inches ? Ans. 4/. 1/. lOidL 

Exam. 4. In -a chimney piece, suppose the 
length of the mantle and slab, each 4 feet 6 inches 
breadth of both together - 3 2 

length of each jamb - - 4 '4 .. : 

breadth of both together - 1 9 

Required the superficial content ? Ans» 21 feet 10 inchcs^j 



V. CARPENTERS^ and JOINERS' WORK. 

To this branch belongs all the wood-work of a h'ousCi 
such as flooring, partitioning, roofing, 8cc, 

Lai'ge ^and plain articles are usually 'measured by the 
square foot or yard, &c ; but enriched mouldings, and some 
other articles, are ofcen estimated by running or lineal mea- 
sure ; and some things are rated by the piece. 

In measuring of Joists, take the dimensions of one joFst, 
and multiply its content by the number of them ; consider- 
ing that each end is let into the wall about f of the thick- 
ness, as it ought to be. 

PrArtitions are measured from wall- to wall for one di- 
mension, and from floor tofloor^as far as they extend, for 
the other. 

The measure of Centering for Cellars is found by making a 
string pass over the surface of the arch for the breadth, and 
-taking the length of the cellar for the length : but in groih. 
centering,;it is usual to allow double measure, on account of 
dieir extraordinary trouble. 

In Ropfng^ the dimensions, as to length, breadth, and 
depth, are talgen as in flooring joists, and the contents com- 
.puted the same way. 

In Flqor'^oardifigi take the length of the room for one 
. dimension, and the breadth for the other, to multiply to- 
gether for the content. 

Fcr Sialr-cascSi take the breadth of all the steps, by making 

• a line 
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^Une ply close over them, from the top to the bottom, and 
multiply the length of this line^by th^ length of a step, for 
the whole area. — By the lenjjrth of a s:ep is meant the length 
of the front and the returns at the two ends ; and by the 
breadth is to be understood the girts of its two outer sur- 
faces, or th^ tread and riser. 

For the Balustrade^ take the whole length of the upper part 
of the hand-rail, and girt over its end till it meet the top of 
the newel-post, for the one dimension ; and twice the length 
of the baluster on the landing, with the girt of the hand- 
rail, for the other dimension. 

For Wainscoting^ take the compass of the room for the 
one dimension ; and the height from the floor to the ceiling, 
making the string ply close into all the mouldings, for the 
other. 

For DoorSi take the height and the breadth, to multiply 
them together for the area.— If the door be pannel^ on 
both sides, take double its measure for the workmanship ; 
but if one side only be panneled, take the area and its half 
for the workmanship. — For the Surrounding Architravey girt 
it a:bout the uttermost part for its length 5 and measure over 
it| as far as it can be seen when the door is open, for the 
breadth. 

IVindow^shutterSy Bases, &c, are measured in like manner. 

In measuring of Joiners' work, the string i» made to ply 
close into all mouldings, and to every part of the work over 
which it passes. 

/ EXAMPLES. 

Exam. 1 . Required the content of a floor, 48 feet 6 inches 
long, and 24- feet 3 inches broad ? Ans. M sq. 16\ feet. 

Exam. 2. A floor being 36 feet 3 inches long, and 4 6 feet 
€ inches broad, how many squares are in it ? 

Ans. 5 sq. 9S J feet. 

Exam. 3. How many squares are there in 173 feet 10 
inches in length, and 10 feet 7 inches height, of partition- 
ing? Ans. 18-3973 squares. 

Exam. 4. What cost the roofing of a house at lOs.Gd. 
a square ; the length within the walls being \52 feef 8 inches, 
and the breadth 30 feet 6 inches j reckoning the roof -1^ of 
the flat? Ans. 12/. 12/. \'i}J. 



W SLATERS* 4ND TILERff WORK. 

Exam. 5. To how niucfa, at 6s. per square yarcJ, amonntf 
the wainscoting of a room ; the height, taking in thecornict 
and moulJings, being 12 feet 6 inches, and the whole com* 
pass 83 feet 8 inches ; also the three window-shutters are 
each 1 feet 8 inches by 3 feet 6 inches, and the door 7 feet 
by S feet 6 inches ; the doors and shutters, being worjted on 
both sides> ar^ reckoned work and half work ? 

An$. 36/. 12/. 2^, 



VI. SLATERS' AND TILERS' WORK. 

In these articles, the content of a roof is found by mtil^ 
tiplying the length of the ridge by the girt over from eave» 
to eaves ; making allowance in this girt for the double row 
of slates at the bottom, or for how much one row of slates 
or tiles is laid over another. 

When the roof is of a true pitch, that is, forming a right 
angle at top j then the breadth of the building, with its half 
added, is the girt oyer both sides nearly/ 

In angles formed in a roof, running from the ridge to the 
eaves, when the angle bends inwards, it is called a valleys 
but when outwards, it is called a hip. 

Deductions are made for chimney shafts or window holes* 

9 

\ 

» EXAMPLES. 

Exam. 1. Required the content of a slated roof, the length 
being 45 feet; 9 inches, and the whole girt 34 feet 3 inches ? 

Ans. 174;^'^ yards. 

Exam. 2. To how much amounts the tiling of a house, 
at 25s, 6d. per square; the length being 43 feet 10 inches^.' 
and the breadth on the flat 27 feet 5 inches ; also the eaves 
projecting 16 inches on each side^ and the roof of a true 
pitch i Ans. 24A 9s. &\d^ 



VIL PLASTERERS' WORK. 

Plasterers' work is of two kinds ; namely, ceiling, which 
is plastering on lat}is ; 'and rendering, which is plastering 
on walk : which are; measured separately. 

The 
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The contents are estimated either by the foot or the yard, 
or the squarei of 100 feet. Inriched xnouldings, &c, sur« 
rated hy running or lineal meature. 

Deductions are made for chimneys, doors, windowf^ &c» 

EXAMPLES. 

Exam. 1. How many yards contains the ceiling which it 
43 feet S inches long, and 25 feet 6 inches broad ? 

Ans. 1 221. 

Exam. 2: To how much amounts the ceiling of a roonty 
at 10^. per yard ; the length being 21 feet 8 inches, and the 
breadth 14 feet 10 inches? - Ans. lA 9s. S^J. 

Exam. 3. The length of a room is 18 feet 6 inches, the 
breadth 12 feet 3 inches, and height 10 feet 6 inches; to 
how much amounts the ceiling and rendering, the former at 
8^. and the latter at 3 J. per yard j allowing for the door of 
7 feet by 3 feet 8, and a tire-place of 5 feet square ? 

- . Ans. 1/. 13/. 3i^. 

Exam. 4. Required the quantity of plastering in a room, 
the length being 14 feet 5 inches, breadth 13 feet 2 inches, 
and height 9 feet 3 inches to The under side of the cornice, 
which girts 84 inches, and projects 5 inches from the wall 
on the upper part next the ceiling $ dediKting only for a 
dcror 7 feet by 4 ? 

Ans. 53 yank 5 feet ^ inches of tendering 
18 5 6 of ceiling 

39 0|1 of cornice. 



Vni. PAINTERS' WORK. 

Painters* w'ork is computed in square yards. Every part 
is measured where the colour lies ; and the measuring line is 
forced' into all the* mouldings and Corners. 

Windows are done at so much a piece. And it is usual tq 
allow doable measure for carved laouldings, &c. 

EXAMPLES. 

Exam. 1 . How many yards of painting contains the robm 
which is 65 feet 6 inches in compass, and 1 2 feet 4 inches 
high? Ans. 89 ji yards. 

Exam. 3. The length of a room being 20 feet, its breadth 
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14 feet 6 .inches, and height 10 feet 4? inches;- how many 
yard^ of painting are in it, deducting a idire-place of 4 feet 
by 4 feet 4 inches^ and two windows each 6 feet by 3 feet 

2 inches ? Ans. 73^ yar4s. 

Exam. 3. What cost the paint Jng of a room, at 6d. pep 
yard; its length being 24 feet 6 inches, its breadth 16 feet 

3 inches, and height 1? feet 9 inches j also the door is 7 feet 
by 3 feet 6, and the window-shutters to two windows each 
7 feet 9 by 3 feet 6 ; but the breaks of the windows themr 
^Ives ar^ 8 feet 6 inches high, and 1 foot 3 inches deep ; in- 
cluding also the window cills or seats, and the soSits above, 
the dimensions of which are known from the other dimen- 
sions : h]it deducting the fire-place of 5 feet by- 5 feet 6 ? 

' '. * ' Ans. 3/. 3x.- 10^- 



IX. GLAZIERS' WORK, 

' Glaziers take their dimensions, either in feet, inchesy 
and parts, or feet, tenths, and hundredths* And they c6m«^ 
pute their work in square feet. 

In taking the length and breadth of a window, the cross 
bars between the square^ are included. Also windows of 
round or oval forms are measured as square, measuring them 
to their greatest length and breadth, on account of the waste 
in cutting the glass. 

EXAMPLES. 

Exam. 1. How many square feet contains the window 
which is 4*25 feet long, and 2*75 feet broad ? Ans. 1 1|. 

Exam. 2. What will the glazing a triangular sky-light 
come to, at IQJ, per foot; the base being 12 feet 6 inches, 
and the perpendicular height 6 feet 9 inches ? 

' - Ans. 1/. 15^. l^d. 

Exam. 3. There is a house with three tiers of windows, 
three windows in each tier, their common breadth 3 feet 1 1 
inches: 

now the height of the first tier is .7 feet 10 inches 

of the second 6 8 

of the third 5 4 

Required the expence of glazing at 14^. per foot ? 

Ans. i3/. U/. lOiJ. 

Exam. 
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Exam. 4. Required the expense^ of glazing the windows 
cf a house at 13^. a foot; there being t&ee stories»and three 
vindows in each story : 

the height of the lower tier is 7 feet 9 inches 
of the middle 6 6 

of the upper 5 S^ 

and of an oval window over the door 1 lOJ 

the common breadth of all the windows being 3 feet 
finches? Ans. i2L 5s. 6d. 



X. PAVERS* WORK. 

Pavers' work is done by the square yard. And the 
content is found by multiplying the length by the breadth. 

EXAMPLES. 

Exam. 1. What cost the paving a foot pJath, at 3.?. 4J. 
a yard; the length being 35 feet 4 inches^and breadth 
«feet 3 inches? Ans. 5i. Is. il{d. 

Exam. 2. What cost the paving a court, at 3s, 2d. per 
yard; the length being 27 feet 10 inches, and the breadth 
14 feet 9 inches ? Ans. 7/. 4/. 5\d. 

Exam. 3. What will be the expenseof paving a rectangu- 
lar court -yard, whose length is €>i feet, and breadth 45 feet ; 
Jn which there is laid a foot-path of 5 feet 3 inches broad, 
running the whole length, with broad stones, at 3j. a yard ; 
^e rest being paved with pebbles at 2s. 6d. a yard ? 
' Ans. 40/. 5s. lOVd. 



XI. PLUMBERS' WORK. 

Plumbers' work is rated at so much a pound, or else by 
jthe hundred weight of II 2 pounds. 

Sheet lead, used in rdp^ng, guttering, &c, is from 6 to 
j[ 01b. to the square foot. And a pipe of an inch^ bore is 
commonly 13 or 141b. to the yard in length. 

examples. 
Exam. I. How tnuch weighs the lead which is 39 feet 
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6 inches long, and 3 feet 3 inches broad» at S^lb. to >the 
square foot ? Ans. ' 1 09 1 ^Vl • 

Exam. 2. What cost the covering and guttering a roof 
with lead, at 18/. the cwt ; the length of the roof being 43 
feet, and breadth or girt over it 32 feet ; the guttering 57 
feet long, and 2 feet widej the former 9*831 lb. and the 
latter 7-373 lb. to the square foot ? Ans. 115/. 9s. l^d. 



XII. TIMBER MEASURING. 

PROBLEM I. 

To find the Area^ or Superficial Content y of a Beard or Planh 

Multiply the length by the mean breadth. 

Note, When the board is tapering, add the breadths at 
the two ends together, and take half the sum for the mean . 
breadth. Or eke take the mean breadth in the middle. 

By the SMng Rule, 

Set 12 on B to the breadth in inches on A ; then against 
the length in feet on B, is the content on. A^ in feet and 
fractional parts. 

EXAMPLES. 

Exam. 1. What is the value of a plank, at \\d, per foot, 
whose length is 12 feet 6 inches, and mean breadth II 
inches ? Ans. 1/. 5d. 

Exam. 2. Required the content of a board, whose length 
is 11 feet 2 inches, and breadth 1 foot 10 inches ? 

Ans. J20 feet 5 inches S". 

Exam. 3. What is the value of a piank, which is 12 feet 
9 inches long, and 1 foot 3 inches broad, at 2\dK a foot. 

Ans. 3i. 3|^ 

Exam. 4. Required the value of 5 oaken planks at Zd, 
per foot, each of them being 17 J^ feet long ; and their several 
breadths as follows, namely, two erf 13f inches in the middle, 
one of 14^ inches in the middle, and the two remaining 
"ones, each 18 inches at the broader end, and 11^ at the nar- 
rower? Ans. 1/. 5s, 9id, 

PROBLEM 
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PROBLEM II. 



To find the Sclld Content of Squared or Four^stded TtmbeTj 

Multiply the mean breadth by the mean tluckness, and 
fhe product again by the lengthy for the content nearly. 



By. the Sliding Rule. 

C D D C 

As length : 12 or IQ : : quarter girt : soiidkj* 

That is, as the length in feet on c, is to 12 on D, when 
the quarter girt is^ in inches> or to 10 on D, when it is in 
tenths of feet i so i» the quarter girt on p, to the content 
on c. 

Note 1. If the tree taper regularly from the one end to 
the other ; either take the mean breadth and thickness in 
the middle, or take the dimensio;is at the two ends, and half 
their sum will be the mean dimensions : which muhipUed as 
above, will give the content nearly. 

2. If the piece do not taper regularly, but be unequally 
thick in some parts and small in^ others ; take several dif- 
ferent dimensions, add them all together, and divide their 
sum by the number of them, for the mean dimensions. 



EXAMPLES. 

Exam. 1. The length of a piece of timber is 18 feet 
6 inches, the breadths at the greater and less end 1 foot 
6 inches and 1 foot '3 inches, and the thickness at the greater 
and less end 1 foot 3 inches and 1 foot j required the solid 
content ? Ans. 28 feet 1 inches. 

Exam. 2 What is the content of the piece of timber, 
whose length is 24^ feet, and the mean breadth and thick- 
ness each 1 G4 fefet ? Ans. 26t feet. 

Exam. S. Required the content of a piece of timber, 
whose length is 20*98 fecft, and its ends unequal squares, the 
sides of the greater bekig 19f inchesi and the side of the lesf 
9i inches ? An9. 29*75^2 feet. 

Exam* 



92 TIMBER MEASURING. 

Exam. 4. Required the content of the piece of timber, 
^hose length is 27*36 feet ; at the greater end the breadth 
is 1*78, and thickness 1*23 ; and at the less end the breadth 
is 1*04, and thickness 0*91 feet ? Ans. 41*278 feet. 

PROBLEM III. 

To find the Solidity of Round or Umquared Timber. 

Multiply the square of the quarter girt, or of ^ of the 
mean circumference, by the length, for the content. 

By the Sliding Rule. 

As the length upon c : 12 or 10 upon d : : 
quarter girt, in 1 2ths or lOths, on d : content on c. 

Note 1. When the tree is taperingj take the mean dimen- 
sions as in the former problems, either by girting it in the 
middle, for the mean girt, or at the two ends, and taking^half 
the sum of the two ; or by girting it in several places, then 
abiding all the girts together^ and dividing the sum by the 
number of them, for the mean girt. But when the tree is 
very irregular, divide it into several lengths, and find the 
concent of each part separately. 

2. This rule, which is commonly used, gives the answer 
about ^ less than the true quantity in the tree, or nearly 
what the quantity would be, after the tree is hewed square 
in the usual way : so that it seems intended to make an aU 
lowance for the squaring of the tree. 

EXAMPLES. 

Exam. 1 . A piece of round timber being 9 feet 6 Inches 
long, and its mean quarter ^irt 42 inches \ what is the 
content ? Ans. \i6\ feet. 

Exam. 2. The length of a tree is 24 feet, its girt at the 
thicker end 1 4 feet, and at the smaller end 2 feet ; required 
the content ? - Ans. 96 feett 

Exam. 3. What is the content of a tree, whos^ m^an 
girt is 3*15 feet, and length 14 feet 6 inches ? 

X Ans. 8 -9922 feet. 

Exam. 4. Required the content of a tree j whose length is 
1 7^ feet, which girts in five different places as follows, name- 
ly, in the first place 9*43 feet, in the second 7^9?, in the 
third 6*15, in the fourth 4*74, and in the fifth 3*16 ? 

Ans, 42 -.5 19525, 

CONIC 
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CONIC SECTIONS. 

DEPIMITIONS* 

1. Comic Sections are the figures made by a plane cut- 
ting a cone.^ 

2» According to the diderent positions of the cutting plane» 
there arise five different figures or sections^ namely^ a tri- 
angle, a circle, an ellipsis, an hyperbola^ and a parabola: the 
three last of which only are peculiarly called Conic Sections* 



3. If the cutting plane pass through 
the vertex of the cone, and any part of 
the base, the section will evidently be a 
tviangle ; as vab. 




4. If the plane cut the cone parallel to 
the bas^, or make 'no angle with it, the 
section will be a circle j as abd. 



5, The section dab is an ellipse 
when the Cone is cut obliquely through 
both sides, or when the plane is in- 
clined to the base in a less angle than 
the side of the cone is. 




6. The section is a parabola, when 
the cone is cut by a plane parallel to . 
the side, or when the cutting plane and 
the side of the cone make equal angles 

with the base. rru^ 

7. The 




9i 



CONIC SECTIONS. 



^■. The section is an hyperbola, when 
the catting plane makes a greater angle 
with the base than the side of the cone 
makes. 



8. And. if all the rides of the cone 
be continued through tlie vertex, form- 
ing an opposite equal ioncy and the 
plane be also continued to cut the op- 
posite cone, this latter section will be 
the opposite hyperbola to the former; 
asdBe; 

And further, if there be four cones 
CMH, Cop, CMP, cNo, having all the 
same vertex c, and dl their axes in the 
same plane, and their sides touching or 
coinciding in the common intersecting 
liqes MCo, NCP ; then if these four 
cbnei be all cut by one plane, parallel 
tp the common plane of their axesi 
there will be formed the four hyper- 
bolas GQR, rsT, vKL, WH[, of which 
each two opposites are equal, and 
the other two are conjugates to them ; 
as here in the annexed figure, and the 
same as represented in the two follow- 
ing pages. 

9- The Vertices of any section, are the points where the 
cutting plane meets the opposite sides of the cone, or the 
sides of the vertical trianguUr section ; as a and b> 

Hence the ellipse and the opposite hyperbolas, have each 
two vertices ; but the parabola only one ; unless we coBsider 
Uie Other as at an infinite distance. 

10. The Axis, or Transverse Diameter, of a conic section^ 
is the line or distance ab between the vertices. 

Hence the axis of a parabola is infinite in length, Ah be- 
ing only a part of it. 




ElUpse. 



Ellipse. 
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Parabola* 






11. The Centre c is the middle of the axis. 

Hence the centre of a parabola is infinitely distant from 
^he vertex. And of an ellipse, the axis and centre lie within 
nhe curve ; but of an hyperbola, without. 

12. A Diameter is any right line, as ab or de,' drawn 
through the centre, and terminated on each side by the 
curve; and the extremities of the diameter, or its intersec- 
tions with the curve, are its vertices. 

Hence all the diameters of a parabola are parallel to the 
axis, and infinite in length. And hence also every diameter 
of the ellipse and hyperbola have two vertices j but of the 
parabola, only one ; unless we consider the other as at an in- 
finite distance. 

13. The Conjugate to any diameter, is the line drawn 
through the centre, and parallel to the tangent of the curve 
at the vertex of the diameter. So, fg, parallel to the tan- 
gent at D, is 'the conjugate to de ; and hi, parallel to the 
tangent at a, is the conjugate to ab. 

Hence the conjugate hi, of the axis ab, is nerpendicular 
to it. 

14. An Ordinate to any diameter, is a line parallel to its 
conjugate, or to the tangent at its vertex, and terminated by 
the diameter and curve. So dk, el, are ordinates to the 
axis ab; and mn, no, ordinates to the diameter de. ^ 

Hence the ordinates of the axis are perpendicular to it. 

15. An Absciss is a part of' any diameter contained be- 
tween its vertex and an ordinate .to it ; as ak or bk, or dm 
or EN. 

Hence, in the ellipse and hyperbola, every ordinate has 
two determinate abscisses; but in the parabola, only one i 
the other vertex of the diameter being infinitely distant. 

16. The Parameter of any diameter, is a third proportional 
to that diameter and its conjugate. - 

17. The 
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17. The Focus is the point in the axis where the^ ordinatcr 
IS equal to half the parameter. As k and L, where dk or el 
is equal to the semi-parameter. The name focus being given 
to this point from the peculiar property of it mentiolied in 
the corol. to theor. 9 in the Ellipse and Hyperbola follow-^ 
ing, and to theor. 6 in the Parabola. 

Hence, the ellipse and hyperbola have each two foci; huH 
the parabola only one. 





18. If DAE, FBG, be two Opposite hyperbolas, having Ai^ 
for their first or transverse axis, and ab for their second oi^ 
conjugate axis. And if dae, fbg, be two other opposite -hy-« 
perbolas having the same axes, but in the contrary order^ 
namely, ab their first axis, and ab their second; then thestfT 
two latter curves dae, fbg, are called the conjugate hyper- 
bolas to the two former dae, fbg ; and each pair of oppo- 
site curves mutually conjugate to the other ; being all cut by 
one plane,- from four conjugate cones, as in page 94, def. 8. 

19. And if tangents be drawn to the four vertices of the 
curves, or extremities of the axes, forming the inscribed 
rectangle hikl ; the diagonals hck, icL, otthis rectangles- 
are called the asymptotes of the curves. And if these asyni^ 
ptotes intersect at right angles, or the inscribed rectangle be 
a square, or the two axes ab and ab be equal, then the hy- 
perbolas are said to be right-angled, or equilateral. 

SCHOLIUM. 

The rectangle inscribed between the four conjugate hy-^ 
ferbolas, is similar to a rectangle circumscribed about an 
ellipse, by drawing tangents, in like manner, to the four ex-^ 
tremities of the two axes; and the asymptotes or diagonals 
in the hyperbola, are analogous to those in the ellipse, cut- 
ting this; curve in similar points, and making that pair of 
conjugate diamet^s which are equal to each other. Also, 
the whole figure fqrmed by the four hyperbolas, is, as it 
were, an ellipse turned inside out, cut open at the extre* 
mities d, e, f, g, of the said equal conjugate diameters, and 
those four points drawn out to an infinite' distance ; the cur- 
vature being turned the contrary way, but the axes, and the 
rectangle passing through their extremities, continuing fixed, 

^ Of 
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Of the ellipse. 



THEOREM I. 




The Sqtiares of the Ordinates of the Axis are to each other 
as the Rectangles of their Abscisses. 

Let avb be a plane passing through 
the axis of the cone ; agih another 
section of the cone perpendicular to 
the plane of the former; ab the axis ^ 
of this elliptic section ; and fg^ hi, or- 
dinates perpendicular to it. Then it Tf{/^^::::;/!fif.}^ 
will be, as fg^ : hi^ : : af • fb : ah . hb. 

For, through the ordinates fg, hi> 
draw the circular sections KGL, min, 
parallel to the base of the cone, having KL, MN, for their 
diameters, to which FG, hi, are ordinates^ as well as to the 
axis of the ellipse. 

Now, by the similar triangles afL, ahn, and bfk, bhm, 

it is af : ah : : FL : hn, 
and FB : HB : : KF : mh ; 

hence, taking the rectangles of the corresponding terms, 
it is, the rect. af . fb : ah • hb : : kf . fl : mh . hn. 

But, by the circle, kf . fl = fg% and mh . hn =: hi* ; 
Therefore the rect. af • fb : ah • j^b : : fg* : hi*, q. £. d. 



THEOREM II. 

As the Square of the Transverse Axis : 
Is to the Square of the Conjugate : : 
So is the Rectangle of the Abscisses : 
To the Square oF their Ordinate. 

Vol, IJ. H 
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That IS, AB* : ab* or 
AC* : ac* : : AD . DB : de*. 




For, by theor. 1,* Ac • cB : ad . db : : ca* : de* ; 

But, if c be the centre, then ac . cb := ac*, and ca is the 

semi-conjugate. 

Therefore ac* : ad . db : : ac* : de* ; 

or, by permutation, Ac* : ac* : : ad . db : de* ; 

or, by doubling, ab* : ab* : : ad . db : de*. qJ e. d* 

^ ab* 

Corgf. Or, by div. AB : — : : ad . db or CA* — cd* : Di?, 



AB 



»«. 



that is, AB :/ : I AD • db or ca* — cd* : de*; 

ab* 
where^ is the parameter — , by the definition of it» 

AB 

That is. As the transverse, 
Is to its parameter. 
So is the rectangle of the abscisses, 
To the square of their ordinate. 

THEOREM III. 

As the Square of the Conjugate Axis : 

Is to the Square of the Transverse Axis : : . 

So is the Rectangle of the Abscisses of the Conjugate, or 
the Difference of the Squares of the Semi-conjugate and 
Distance of the Centre from any Ordinate of that Axis : 

Te.the Square of their Ordinate. 



That is, A 

ca* : CB* : : ad . db or ca* — cd* : dz*. 




For, draw the ordinate ed to the transverse AB. 

Then, by theor. 1, ca* : ca* : : de* : ad . db or ca* — CD*, 

or ----- ca* : ca* : : cd* : ca* — dE*. 

But - - . - ca* : CA* : : ca* : ca*, 

theref. by subtr. ca* : ca* : : ca* - cd* or ad . db : dE*. 

O: E. D. 
Carol* 
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CoroLl. If two circles be described on the two axes as 
diameters, the one insc'ribed within the ellipse, and the other 
circumscribed about it ; then an ordinate in the circle will 
be to the corresponding ordinate in the ellipse, as the axb of 
this ordinate, is to the other axis. 

That is, CA : ca : : DG : de^ 
and ca : cA : : dg : dE. 

For, by the nature of the circle, ad . db = dg*; theref. 
by the nature of the ellipse, c a* : ca^ : : At) . db or dg* : de% 

or CA : ca : : dg : de. 
In like manner - ca : ca : : dg : dE. 

Also, by equality, - dg : de or cd : : dE or DC : dg. 
Therefore cgG is a continued straight line. 

CoroL 2. Hence also, as the ellipse and circle are made up 
of the same number of corresponding ordinates, which are 
all in the same proportion of the two axes, it follows that 
the areas of the whole circle and ellipse, as also of any like 
parts of them, are in the same proportion of the two axes, 
or as the square of the diameter to the rectangle of the two 
axes ; that is, the areas of the two circles, and of the ellipse, 
are as the square of each axis and the rectangle of the two ; 
and therefore the ellipse is a mean proportional between the 
two circles. 

THEOREM IV. 

The Square of the Distance of the Focus from the Centre, 
is equal to the Difference of the Squares of the Semi- 
axes; 

Or, the Square of the Distance between the Foci, is equal to 
the Difference of the Squares of the two Axes. 



That is, CF* = ca* — ca% 
or Ff * = AB* — ab*. 




For, to the focus f draw the ordinate fe ; which, by the 
definition, will be the semi-parameter. Then, by the nature 
of the curve - - ca* : ca* : : ca* -^ cf* : fe^ ; 
and by the def. of the para, ca* ; ca^ : : ca^ : fe*^ ; 

therefore - - ca^ = ca* — cp*; 

and by addit. and subtr. cf* = ca* — ca* ; 
or, bv doubling, - fP = ab* — ab*. q^ e. d. 

H2 C9rol. 
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CWv/. 1. The two semi-axes, and the focal distance from 
the centres are the sides of a right-angled triangle cFa ; and 
the distance Fa from the focus to the extremity of the con-^ 
jugate axisy is c: ao the semi-transverse. 

CoroL 2. The conjugate semi-axis ca is a mean pr(^>Qr- 
tional between aF| fb, or between Af| fs^ the distances of 
either focus from the t^rro vertices. 

s 

For ca^ =i ca* — cf* = ca + cf . ca — cf 5= af ..fb^ 



THEOREM r. 



The Sum of two Lines drawn from the two Foci to meet 
at any.Point in the Curvci is equal to the Transverse 
Axis. 



That is, 

FE + fe = AB» 




For, draw AC parallel and equal to ca the semi-conjugate; 
and join CG meeting the ordinate de in h ; also take ci a 
4th proportional to CA, cf, cd. 

Then, by theor.^ 2y ca* : AG* : : ca* — cd* : de* ; 

and, by sim- trL* ca* : AG* : : ca* — cd* : ag* — dh*;. 

consequently de* = AG* - dh* = ca* — dh*. 

Also FD == cF CO CD, and fd* = cf* — 2cf . cb + cd* ;. 
And, by right-angled triangles,, fe* =: fd* + de*; 
therefore fe* = cf* -|- ca* — 2cf . cd + cd* — dh*. 

But by theor. 4^ cf* + ca* = ca*, 
and by supposition, 2cf . cd = 2ca . ci ; 
therct. FE* = ca* — 2ca . ci + cd* — dk*. 

Again, by supp. ca* : cd* : : cf* or ca* — ag* : ci*; 
and, by sim. tri. cA* : CD* : : c a* t- ag* : cp* — dh* ; 
therefore - ci* = cd* — dh" ; 
consequently *•£* = ca* — 2ca . ci + ci*. 

And the root or side of this square is fe = ca — ci = at. 

In the same manner it is found that fs = ca + ci = ar. 
Conseq. by addit. fe + fE = ai + Bi = ab. - q. e. i>, 

CcroL 
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ZIorol. 1/ Hence ci or ca - fe is a 4th proportional to CA, 

VSP, CD. 

C^rol. 2. And ft — fe = 2ci ; that is, the diflPerence be- 
tpvreen two lines drawn from the foci, to any point in the 
curve, is double the 4th proportional to ca, cf, cD. 

Cor^i, 3. Hence is derived the common method of de- 
scribing this curv« mechanically by points, or with a thread, 
thus? 

In the transverse take the foci f, f, 
and any point i. Then with the radii 
A I, Bi, and centres f, f, describe hrcs 
intersecting in e, which will be a 
point in the ciu*v)e. In like manner, 
assuming other points i, as many 
other points will be found in the 
curve. Then with a steady hand, the curve line may be 
drawn through all the points of intersection s. 

Or, take a thread of the length ab of the transverse axis, 
and fix its two ends in th^ foci f, f, by two pins. Then 
carry a pen or pencil round by the thread, keeping it always 
stretched, and its point will trace out the curve line. 

THEOREM VI, 

If from any Point i in the Axis produced, a Line IL be 
drawn touching the Curve in one Point L ; and the Ordi- 
nate LM be drawn j and if c be the Centre or Middle of 
AB : Then shall cm be to ci as the Square of am to the 
Square of Ai. 

That is, 
CM : CI : : am* : ai\ 



For, from the point i draw any other line ieh to cut the 
curve in two points E and h j from which let fall the perpen- 
diculars £D and HG; and bisect dg in K. 

Then, by theo. 1, ad • db : aq . gb: d e* : c h*, 
and by sim. triangles, id' : ig* : : de* : gh* ; 
therer. by equality, ad . db : AG . gb : ; id* . ig*. 

But db = CB + CD = AC + CD = AG + DC ~ CG = 2CK + AG, 

and GB = CB — CG zi: AC — CG 3= AD 4- i>c — CG z= 2ck;+ ad; 
tlieref. ad . 2cK + ad . ag : ag . 2ck + ad . ag : : id* : ig*, 
and, by div. dg . 2ck : IG* - id* or dg . 2ik : 2 ad . 2cK + 
ad • AG : id*, 
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or - 2cK : 2ik : : ad . 2cK + ad . AG : iD% 

or AD . 2CK : AD . 2iK : : AD . 2ck + ad . ag : id^ j 

thercf. by div. CK : iK : : ad . AG : id* — ad . giK, 



and, by comp. ck : ic i : ad • ag : id* — ad . id -^ lA, 
or - CK : CI : : AD . AG : Ai*. 

But, when the line ih, by revolving about the point i, 
comes into the position of the tangent IL, then the points e 
and H meet in the point L, and the points d, k, g, coincide 
with the point m; and then the last proportion becomes 
CM : CI : : am* : ai*. (^ e. d. 



THEOREM VII. 



If a Tangent and Ordinate be drawn from any Point in the 
Curve, meeting the Transverse Axis ^ the Semi-transverse 
will be a Mean Proportional between the Distances of the 
said Two Intersections from the Centre. 



That is, 

CA is a mean proportional 
between cd and ct j 

or CD, CA, CT, are conti- 
nued proportionals. 




For, by theor. 6, cd : ct : : ad* : AT^ 
that is, 
or - < 

and 
or 
or 

hence - 
and 



CD : CT : : (ca — cd)* : (cT — ca)-, 

CD : CT : : cd* + ca* : ca* + ct*, 

CD : DT : : cd* + cA*.: ct* — cd*, 

CD : DT : : CD* + CA* : (ct + cd) DT, 

CD* : CD . CT : : cd* + ca* : cd . dt + ct . dt, 

CD . DT : CT . dt. 



CD* : CA* : : 



CD* : CA* : : CD : ct. 



therefore (th. 78, Geom.) cd : ca : : ca : ct. 



Q. E. D. 



Ccrol. Siilce cT is always a third proportional to cd, ca ; 
if the points d, A, remain constant, then will the point t be 
constant also; and therefore all the tangents will meet in 
this point t, which are drawn from the point e, of every 
ellipse described on the same axis ab, where they are cut by 
the cominon ordinate dee drawn from ^he point d. 
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THEOREM VII I. 



If there be any Tangent meeting Four Perpendiculars to the 
Axis drawn from these four roints, namely, the Centre, 
the two Extremities of the Axis, and the Point of Contact; 
those Four Perpendiculars will be Proportionals. 



That is, 
AG : D£ : : CH : Bi« 




For, by theor. 7, Tc : AC : : AC : do, 
theref. by div. ta : ad : : tc : ac or cb, 

and by comp. ta : td : : tc : tb, 

and by sim. tri. AG : de : : ch : hi. <^^E. d. 

C^r(?/. Hence ta, TD, TC, tb7 ^ • i 

Vor these are as AG, de, ch, bi, by similar triangles. 



theorem IX. 



If there be any Tangent, and two Lines drawn from the 
Foci to the Point of Contact ; these two Lines will make 
equal Angles with the Tangent. 



That is, 
the 2LFET = Z.fEe. 




For, draw the ordinate de, and fe parallel to ve. 
By cor. 1, theor. 5, ca : cd : : gf : ca — fe, 
and by theor. 7, CA : CD : : CT : ca ; 
therefore cT : cf : : CA : ca — fe ; 

and by add. and sub. tf : Tf : : fe : 2ca - F£ or xe by tb, &* 
But by sim. tri. tf : Tf : : Fe : fe ; ^ 

fE =: fe, and conseq. -^e — ^f^e. 

fe is parallel to fe, the ^ e =^ -^ X^ET i 

^FET= ilfEe. ^. E. P- 



therefore 
But, because 
therefore the 



Orf^' 
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Conl. As opticians find that the angle of incidence is equal 
to the angle of reflexion, it appears from this theorem^ that 
rays of light issuing from the one focus, and meeting the 
Gunre in every point, will be reflected into lines drawn from 
those points to the other focus. So the ray fE is reflected 
into FE. ' And this is the reason why the points Fj f^ are 
called the^^i or burning points. 



THEOREM X. 

All the Parallelograms circumscribed about an Ellipse are 
equal to one another^ and each equal to the Rectangle of 
the two Ax<^f 



That is; 
the parallelogram P(^s = 
iht rectangle ab . ^b 




Let pG, eg, be two conjugate diameters parallel to the 
sides of the parallelogram, and dividing it into four less ^nd 
equal parallelograms. Also, draw the ordinates de, de, and 
CK perpendicular to pq^; and let the axis ga produced ineet 
the sides of the par?illelogram, produced if necessary, in t 
and t. 

Then,by theor 7, 

and 

thereff by equality, 

but, by sim. triangles, 

theref. by equality, 

and the rectangle 

Again, by thebr. 7, 

or, by divisipn, 

and by composition, cd : db : : ad : dt ; 

conseq. the rectangle cd . dt = cd^ == ad . db*. 

But, by theor. 1, CA* : ca* : : (ad . db or) cd* : DE^ 

therefore ca : ca : : c J : de j 



CT : CA : : ca : cd, 

ct : CA : : ca : cd; 

CT : ct : : cd : cd ; 

CT : ct : : td : ci, 

TD : cd : : cd : cd, 

TD . DC is = the square cd*% 

CD : CA : : -ca : ct, 

CD : CA : : DA ! at. 



* CoroU Because cd' = ad . db =z ca'* 

therefore ca' = cd« + cd*. 
Jb like manner^ ca"^ = de* + de"". 



— CD' 



in 
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In like manner, 
or 

\3ut, by theor. 7, 
tlieref. by equality. 
But, bv Sim. tri. 
theref. by equality^ 
and the rectangle CK 



CA : ca : : CD : de, 
ca : de : : ca : cd. 
CT : CA : : CA 
CT : CA : : ca 
CT,: CK l: ce 

CBl • v/A • • V/M 



qd; 
de. 
de; 
ce. 



ce = CA . ca. 
But the rect. CK . ce = the parallelogram CEPe, 

tlieref. the rect. ca . ca = the parallelogram CEPe, 
conseq. the rect. ab . ab = the parallelogram pqrs. <^ e. d« 



theoHem xr. 



The Sum of the Squares of every Pair of Conjugate Dia- 
meters, is equal to the same constant Quantity, namely, 
the Sum of the Squares of the two Axes. 



That Is, 
AJB^ + ab* = EG- -I- eg* ; 
where eg, eg, are any pair of con- 
jugate diameters. 




For, draw the ordinates ed, ed. 
Tlien, by cor. to theor. 10, ca* = cd^ + cd% 
land - - - ca* s= de- + de*; 

therefore the sum ca* + ca* = cd* + db* + cd* + de*. 
But, by right-angled As, ce* = cd* + de*, 
and - - - ce* = cd* -f de*; 

therefore the sum cE* + ce* = cd* + de* + cd* + de*. 
consequently - - ca* + ca* = ce* + ce* ; 
or, by doubling, ab* + ab* = eg* + eg*. q. e. d. 

Note,^ All these theoriems in the Ellipse, and their demon- 
strations, are the very same, word for word, as the corre- 
sponding number of those in the Hyperbola, next following, 
having only sometimes the word sum changed for the word 
4'rfferencen 



Or 
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CONIC SECTIONS. 



Of the hyperbola. 



THEOREM I. 



The Squares of the Ordinates of the Axis are to each other 
as the Rectangles* of their Abscisses* 

Let atb be a plane passing 
through the vertex and axis of 
the opposite cones; agih an- 
other section of them perpendi- 
cular to the plane of the former; 
AB the axis of the hyperbolic 
sections ; and fg, hi, ordinates 

Crpendicular to it. Then it will 
9 as fg"^: hi^: : af . fb : ah .he. 

For, through the ordinates 
V6> HI, draw the circular sections 
CGL, MiN, parallel to the base of 
the cone, having kl, mn, for their diameters, to which fg,. 
211, are ordinates, as well as to the axis of the hyperbola. 

Now> by the similar triangles afl, ahn, and efk, bhm, 

it is af : ah : : fl : hn, 

and FB : HB : : KF : mh ; 
hence,, taking the rectangles of the corresponding terms, 
it is, the rect. af . fb : ah . hb : : kf , fl : mh . hn. 

J^ut, by the circle, kf . fl = fg% and mh . hn == hi* ; 
Therefore the rect. af . fb : ah . hb : : fg* : hi*. 

0^ E. D. 



THEOREM II. 




As the Square of the Transverse Axis 
Is to the Square of the Conjugate : 
So is the Rectangle of the Abscisses 
To the Square of their Ordinate. 



That is, ab* : ab* or 
AaE* :: ac* : : ad . db : de*. 
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T'or, by theor. 1, ac . cb : ad • db : : ca* r db* ; 

But, ire be the centre, then ac • cb = AC*, and ca is the 

semi-conj. 

Therefore - Ac* : ad • db : : ac* : de* ; 
or, by permutation, AC* : ac* : : ad . db : de* ; 
or, by doubling, ab* : ab* : : ad • db : Di*. <^£. ]x 

ab* 
Coroi, Or, by div. ab : — : : ad . db or CD* — CA* : oe\ 

"^ AB * 

that is, AB : / : : AD . DB or CD* — CA* : de* ; 

ab* 
where/ is the parameter — by the definition of it, 

AB 

That is, As the transverse. 
Is to its parameter, 
So is the rectangle of the abscisses, 
To the square of their ordinate. 

THEOREM III. 

As the Square of the Conjugate Axis : 

To the Square of the Transverse Axis : : 

The Sum of the Squares of the Semi-conjugate, and 

Distance of the Centre from any Ordinate of the Axis : 

The Square of their Ordinate, 



That is, 
^ca* : CA* : : ca* + cd* : dE*. 




For, draw the ordinate ed to the transverse ab. 



Then, by theor. 1. ca* 

ca^ 



or 



But - - ca* 

theref. by compos, ca* 
In like manner, ca* 



CA* 
CA* 
CA* 
CA* 



DE* : AD . DB or CD* — CA*, 

cd* : dE* - CA*. 



ca* : CA*. 



ca' 



: ca* + cd* : dE*. 

: CA* + CD* : De*. q:.E, D. 

Corol. By tlie last theor. CA* : ca* : : cd* - ca* : de*, 
and by this theor. CA* : ca* : : cd* + ca* : De*, 
therefore - de* : oe* : : cd* - ca* : cd*+ c \\ 
In like manner, de* : dE* : : cd* - ca* : cd* + ca*. 



1Hl.O'«w%'^ 
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CONIC SECTIONS. 



THEOREM IV. 



Tlie Square of the Distance of the Focus from the CentrCiis 
equal to the Sum of the Squares of the Semi^axes. 

Or, the Square of the Distance between the Focij is equal to 
the Sum of the Squares of the two A^i^es. 



Ff* 



That 



— ^A» 



.«. IS, 

CA* + ca% or 

AB* + ab* 




For, to the focus F draw the ordinate fe j which, by the 
definition, will be the semi-parameter. Then, by the nature 
of the curve - CA* : ca* : : cf* — cA* : fe* j 

and by the def. of the para, ca* : ca* : : ca* : fe* ; 
therefore - - ca* = cf* — CA* ; 

and by addition, - CF*=CA* + ca*; 

OTy by doubling, - if * = ab* + ab*. q. e. d. 

Coro/. 1 . The two semi-axes, and the focal distance from 
the centre, are the sides of a ri^ht-angled triangle CAa ; and 
the distance Aa is =: cf the focal distance. 

Coro/, 2. The conjugate semi-axis ca is a mean proportional 
between ap, fb, or between Af, ffi, the distances of either 
focus from the two vertices. 

For Ca* = cf* — ca* =;cf + ca . cf — ca = af . fb. 



THEOREM V. 



The DifFerence of two Lines drawn from the two Foci, to 
meet at any Point in the Curve, is ^qual to the Transverse 

Axis« 



That is, 

fE -- FE = AB. 




' For, draw ag parallel and equal to ca the semi- conjugate j 
and join CG, meeting the ordinate de produced in h j also 
take CI a 4th proportional to ca, cf, CD. 

' Then> 



Op the hyperbola. lOt 



/ 



Then, by th. 2, ca* : ag* : : cd* — ca* : de* ; 
and, bj sim. As, ca* : ag* : : cd* *- ca* : dh* — AG* ; 
consequently de* = dh* — ag* = dh* — ca*. 

Also, FD == CF cc CD, and fd* = cf* — 2cf . cd + cd* ; 
and, by right-angled triangles, fe* = fd* + de*« 
therefore fb* x= cp* — ca* — 2cf . cd + cd* + dh*. 
Butjby theor. 4, cf* — ca* = CA*, 
and, by supposition, 2CF • cd = 2cA . ci ; 
theref. fe* = ca* —" 2ca . ci + cd* -f dh* ; 
Again, by suppos. ca* : .cd* : : cf* or c a* + ag* : ci* ; 
and, bysim.'tri. ca* : cd* f: ca* + ag* : ct)* + i^h*; 
therefore - ci* = cd* + dh* = ch* ; 
consequently fe* = ca* — 2ca . ci + ci*. 

And the root or side of this square is fe = ci — CA =x ai. 
In the same manner, it is fo\md that f£ = ci -|- ca =^'BU 
Conseq. by subtract. fE — fe = bi — Ai = ab. q^ e. d. 

Coroi. 1. Hence ch = ci is a 4th proportional to CA, cf, 

CD. 

CoTff/. £. And fE + fe = 2ch or 2ci •, or fe, ch, fs, are 
in continued arithmetical progression, the common difference 
being C/Jl the semi-transverse, 

CoroL 3. Hence is derived the common method of describ- 
ing this curve mechanically by points, thus : 

In the transverse ab, produced, take the foci P, f, and 
any point i. Then with the radii ai, bi, and cientres f, f, 
describe arcs intersecting in E, which will be a point in the 
curve. In like manner, assuming other points i, as many 
other points will be found in the curve. 

Then, with a steady hand, the curve line may be drawn 
through all the points of intersection E. 

In the same manfier are constructed the other two or con- 
jugate hyperbolas, using the axis ab instead of ab. 

THEOREM VI. 

If from any Point i in the Axis, a Line il be drawn touching 
the Curve in one Point l'; and the Ordinate lm be drawn ; 
and if c be the Centre or the Middle of ab : Then shall 
CM be to ci as the Square of AM to the Square of ai. 

That is, 
CM : ci : : am* : ai*. 
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For, from the point i draw any line ieh to cut the curve 
in two points E and h; from which let fall the perps. ed, hg; 
and bisect pG in k. 

Then, by theor. I , AD . db : AG . GB : : de* : gh% 
and by sim. triangles, id* : jg* : : de* : gh* ; 
theref, by equality, ad . db : AG . gb : : id* : ig*. 

But db = CB -t- CD = CA + CD = CG + CD — AG = 2CK — AC, 

and gb = CB + CG =: CA + CG = CG -f CD ~ AD = 2cK — ad; 
theref. ad • 2ck — ad . ag : ag . 2ck — ad . ag : : id? : ig% 
and, by div. do . 2ck : ig* — id* or dg . 2ik : : ad . 2CK, 

— AD . AG : ID*. 

or - 2CK : 2iK : : ad . 2ck — ad . ag : id*; 

or AD . 2cK : AD . 2iK : : AD . 2ck — ad . ag : id*; 

theref. by div. ck : ik :: ad • ag : ad . 2ik — id*, 

and, by div. CK : ci : : ad . AG : id* — ad . id + ia, 
or - CK : ci : : ad • ag : ai*. 

But, when the line ih, by revolving about the point i, 
xomes into the position of the tangent il, then the points e 
and H meet in the point l, and the points d, k, g, coincide 
with the point m; and then the last proportion becomes 
CM : CI : : am* : Ai*. q* b. ix 



THEOREM VIU 

If a Tangent and Ordinate be drawn from any Point in the 
Curve, meeting the Transverse Axis; the Semi-transverse 
^ill be a Mean Proportional between the Distances of the 
said Two Intersections from the Centre, 

That is, 
CA is a mean proportional between _ 

€D and CT ; or CD, ca, ct, are con- /;B C 

tinued proportionals. 



For, by th. 6, CD : ct : : ad* : at*, 
that is, - CD : CT : : (cd - ca)* : (cA - ct)*, 
cr - - CD : CT : : cd* + ca* : ca* + cr*, 
and - - CD : DT : : cd* + ca* : cd* — ct% 
or - - CD : DT : : cd* + ca* : (cd + ct) dt, 
or CD* : CD . DT : : cd* + ca* : cd . dt + ct . td; 
hence CD* : ca* : : cd . dt : ct . td, - 
and CD* : ca* : : cd : cT, 
tlieref. (th. 78, Geom.) cd : ca : : ca : cd. q. e. d. 

CoroL 






Of the hyperbola. 



Ill 



CoroL Since ct is always a third proportional to CD^ CAj 
if ths points D, a, remain constant, then will the point T he 
constant also; and therefore all the tangents will meetiB 
this point t, which are drawn from the point E, of everj 
hyperbola described on the same axis ab, where they are «iit 
by the common ordinate dee drawn from the point d. 



THEOREM VllU 



^f there be any Tangent meeting Four Ferpendicnlars t» 
the Axis drawn from these four Points, namely, the Cen- 
tre, the two Extremities of the Axis, and the Point of Gbn- 
tact ; those Four Perpendiculars will be Proportioiuds* 



That Is, 
AG : DE :: ch : bi. 

For, by theor. 7, tc : Ac : : AC : 
•theref by div. ta : ad : : tc : 

and by comp. ta : td : : TC : 

and by sim, tri. AG : d£ : : CH : ei. ^e.tl 

CoroL Hence TA, td, tc, tb 1 , -^- i 

and TG, TE, TH, Ti /="■* »''° proportionals.. 

For these are as AG, de, ch, bi, by similar triangles. 




THEOREM IX. 



If there be any Tangent, and two Lines drawn from flie 
Foci to the Point of Contact ; these two Lines will make 
equal Angles with the Tangent. 



That is, 
the Z.FET= Z.f£e. 




For, draw the ordinate de, and fe parallel to TE. 
By cor. I, theor. 5, ca : cd : : cf : ca + ^e, 
and by th. 7, ca : cd : 



cT : ca 



vVeteSo"^ 
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therefore - ct : cr : : ca : ca + fe ; 

and by add. and sub, tf : Tf : : fb : 2ca + fe or Fe by th. S. 

But by sim. tri. tf : rf : : fe : Fe ; 

therefore - f e a= fe, and conseq. JL^^=^ C fEe» 

But, because fe is parallel to fe, the ^e =^ fet ; 

therefore the zfet = zfBe. q. b. p. 

CoroL As opticians find that the angle of incidence is equal 
to the angle of reflexion, it appears, from this proposition^ 
that rays of light issuing from the one focus, and meeting the 
curve in every point, will be reflected into lines drawn firom 
the other focus. So the ray £e is reflected into fe. And 
this is the reason why the points f, f, are called ^^j or 
burning points. 

THEOREM X. 

AH the Parallelograms inscribed between the four Conjugate 
Hyperbolas are equal ' to one another, and each equal 
to the Rectangle of the two Axes. 



That is, 
the parallelogram pqrs = 
the rectangle ab . ab. 



Let BOi eg be two conjugate diameters parallel to the sides 
of the parallelogram, and dividing it into four less and equal 
parallelograms. Also, draw the ordinates de, de, and CK- 
perpendicular to pqj and let the axis produced meet the sides 
of the parallelograms, produced, if necessary, in T and t. : 

Then, by thcor. 7, ct : ca : : CA : cd, 
and - - ct : CA : : CA : cd; 

thcref. by equality, cr : ct : : ed : cd ; 
but, by sim. triangles, ct : ct : : td : cd, 
theref. by equality, td : cd :: cd : cd, 
and the rectangle td . dc is = the square c J*. 

Again, by theor. 7, cd : ca : : ca : cr, 
or, by division, cd : ca : : da : at, 

and, by composition, cd : db : : da : dt ; 
conseq. the rectangle cd . dt = cd* = ad . db*. 




* CoroL Because cd* == ad . db = cd' — ca'. 

therefore ca« =: cd' — cd*. 
In likt manner ca« = de' - De"*. 

But, 



Oi THE^ HYPERBOLA. 



113 



Butiby theor. 1, 
tlierefoi:e 
tn like manner, 
or - 

But, by theor. 7, 
theref. by equality, 
But-, by sim. tri. 
theref. by equality, 
and the rectangle 
But the rect. 
theref. the rect. 
conseq. the rect. 



CA* : ca* : : (ad 
CA : ca :: cd 
CA : ca : : CD 
ca : de : :. ca 
CT : QA : : cA 
cr : ca : : ca 
cT : cK : : ce 



. DB or) cd* : de% 

DB; 

de ; 

CD. 

<?D-, 

de. 
de; 
ce. 



CK . ce 
CK . ce 
CA . ce 
1b . ab 



=,qA . ca. 



the parallelogram CEPe, 
the parallelogratn CEPe, 
the paral. fqrs. q. e. D. 



THEOREM XI. 



The Difference of the Squares of every Pair of Conjugate 
Diameters, is equal to the same constant Quantity, namely 
the Difference ot the Squares of the two Axes. 



That is, 
AB* — ab*= EG* - 
Where eg, eg are any conjugate 
diameters. 



eg% 




For, draw the ordihat'es Eii, ed. 
Then, by cor. to theor. 10, ca* = cif - cd*, 
and - - - - ca* = de* — De^ ; 
theref. the differetlce ca* - ca* = cD* + de* - cd* -^ de*. 
But, by right-angled As, ce* = cd* + de*, 
and - - - - ce* = cd* -f de^; 
theref. the difference ce* — ce* == cd* + de* - cd* -de*, 
consequently 7 c a^ — ca* = ge* — ce* ; , ^ 

or, by doubling, ab* - ab* = eg* - eg*. q. e. d^ 

THEOREM XU. 

All the Parallelograms are equal which are formed between 
the Asymptotes and Curve, by Linies drawn Parallel to 
the Asymptotes. 



. Tliat is, the lines ge, ek, ap, aq, 
being parallel to the asymptotes ch, cl ; 
then the paral. cgek =* paral. cpaq^ 



Vol. II. 




1 14. CQNiC SBCnONSr 

For, let A be the vertex of the cur«re> or extremity 6t Am^ 
semi-transverse axis ilC| perp* to which draw al or aI, which 
will be equal to the semi-cotijugate^ by definition 1 9« Al^Oy^ 
draw HEDeh parallel to l1. 

Then, by theor-2. cji^ : ab* :: ci>* -* CA* : i>«% 
and, by parallels, ca* : al* : : cd^ : dh* ; 
theref. by subtract, ca* : AL* : : ca* : dh* — iwe* off- 
^ rect. H E . Bh ; 

conseq. the square al* = the rect. he • bIu 

But, by sim* tri. PA : al : : ge : eh, 
and, by the same, qa. : Al : : £K : Eh ; 
theref. by comp. pa . a<^: al* : : ge • ek : HB- . Bh;. 
and, because ' al* = he • eJi, theref. pa . A(^=s ge • bk« 

But the parallelograms cgek, cpac> being equiangular^', 

i^e as the rectangles G£ . ek and ta • Aq. 

Therefore the parallelogram GK = theparaLpQ^ 

That is, all the inscribed parallelograms^ are equal to one 

another. q.E.Dsi 

Corol, 1. Because the rectangle gek or cge is constant,, 
rfierefore ge is reciprocally as CG, or cg : cp : : pa : ge.. 
And hence the asymptote continually approaches towards the 
curve, but never meets it r for ge decreases continually as 
CG increases; and k is always of some magnitude, except 
when CG is supposed to be infinitely great, for then ge is 
infinitely smaUj pr nothing. So that the asymptote cg may. 
be considered as a tangent to>the curve at a point infinitely 
distant from c« 

CoroL 2. If the abscisses cD, ce,. 
6G, &c, taken on the one asymp- 
tote, be in geometrical progression 
increasing ; then shall the ordi- 
iiates DH, EI, GK, &c, parallel to- 
the other asymptote, be a decrease 
ihg geometrical progression, hav- 
ing the same ratio. For, all the 

rectangles cdh, cei, cgk, &c, being equal, the ordinates 
DH, El, GK, &c, are reciprocally as the abscisses cD, ce, cg» 
&c, which are geometricals. And the reciprocals of geome- 
tricals are also geometricals, and in the same ratio, but de- 
creasing, or in converse order. 
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tUEOKEU Xtlt. 

The three following SpaceSf between the Asymptotes and 
the Curve, are equal} namely, the Sector or Trilinear 
Space contained by an Arc of the Curve and two Radii, 
or Lines drawn from its Extremities to the Centre ; and 
each of the two Quadrilaterals^ contahitd by the said Arc, 
and two Lines drawn from its Extremities parallel to on^ 
Asymptbte, and the intercepted Part of the other Asymp- 
tote. 



That is. 
The sector cae =s pa£6 =: (litEJLf 
all standing on the same arc ae. 



For, by theor. 12, cpaq^=: cgbk j 
subtract tlie common space CGiq, 
there remains the paral. Pi = the par. IK ; ^ 
to each add the trilineal i ae, then 
the simi is the quadr. paeg = QAJtK:. 

Again, from the quadrilateral CASK 
take the equal triangles caq, cek, 
and there remains the sector eA£ s^ ^ek. 
Therefore CAfi ak <^a£K ^s pasg^ <^ i. m. 




Ot the parabola. 



THEOREM i. 

The Abscisses are Proportional to the Squares of theit" 

Ordinates. 

Let avm be a section through 
the axis of the cone, and agih a 
parabolic section by a plane per- 
pendicular to the fonper, and 
parallel to; the side VU of the 
cone; also let afh be the com^ 
tnon intersection of the two 

E lanes, or the axis of the para- 
ola, and fg, Ht ordinates per« 

pendicular to it. 

, I 2 
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Then it will be, as af : ah : : fg* : Hi*. 

For, through the ordinates fg, hi draw the circular sec- 
tions, KGL, MiN, parallel to the base of the coiie,haTing itt, 
MH for their diameters, to which fg, hi are ordinates, as 
well as to the axis of the parabola. 

Theny by similar triangles, af : ah : : fl : Hiii ( 
but, because of the parallels, * kf =x mh 9 

therefore - - - . af : ah : : kf . fl : mh • hn« 

But, by the circle, kf . fl = fg*, and mh . hn = hi* 5 
Therefore - - - * af : ah : : fg* : hi*, q. e. d. 

Kr** HI* 
Corol. Hfence the third proportional - — or — is a con- 

'^ '^ AF ah 

stant quantity, and is equal to the parameter of the axis by 
defin. 16. 

Or AF : FG : : fg : p the parameter. 
Or the rectangle p . af =: fg*. 



THEOREM II. 

As the Parameter of the Axis : 
Is to the Sum of any Two Ordinates : : 
So is the Difference of those Ordinates ? 
To the Difference of their Abscisses : 



That is, 
p : GH + DE : : GH — DE : dg, 
Or, p : Ki : : IH ! IE. 




For, by cor. theor. 1, p . AG t=i gh*, 
and _ - - p 
theref. by subtraction, p 
Or, - - - P 



AD = DE* ; 
DG = GH* - 



BE*. 



DG = KI . IH, 

p : KI : : IH : DG or ei. q. E. d. 



therefore 

CoroL Hence, because p . ei = ki . m, 
and, by cor. theor. 1 , p 
therefore. 

So that any diameter Ei is as the rectangle of the seg- 
ments KI, IH of the double ordinate kh. 



AG = GH*, 

AG : El : : gh* ; ki . ih. 



THEOREM 
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THEORKSi III. 



The Di^ance from tlie Vertex to the Focus is equal to -J of 
the Parameter, or to Half the Ordinate at the Focus, 



AF 



That is, 
= 4fE =: 



.T*'» 



where f is the focus. 




. a 



For, the general property is af : fe 
But, by definition IT, - fE = 4^^ > 
therefore also - - af = Jfe =r |^P. 



F£ : F. 



q. £• D. 



THEOREM IV. 



A Line drawn from the Focus to any Point in the Curve, is 
equal to the Sum of the Focal Distance and the Absciss 
of the Ordinate to that Point. 



That is, 

rE = FA + AD = GDj 

taking AG = af. 




For, since fd = ad cO AF, 



tberef, by squaring, 
But, by cor. theor. 1 , 
theref. by addition. 
But, by right-ang. tri. 
therefore - - 
and the root or side is 
or - - - 



FD* = AF* — 2AF . AD + AD% 

DE* = P . AD = 4«AF . AD ; 

FD* + DE* = AF* + 2AF . AD + AD*, 

FD* + DE* = FE*; 

FE* = AF* + 2aF . AD + AD*, 

FE = AF + ADi 

FE = GD, by taking AC = af. 

Q.£. n* 



Corol. 1 .. If, through the point G, the . JJHIj O J^jy^I 

line GH be drawn perpendicular to the 
axis, it. is called the directrix of the 
parabola. The property of which, 
from this theoreip, it appears, is this : 
That drawing any lines he parallel to 
the axis, he is always equal to fe the 
distance of the focus from the point E. 




lis CONIC SECTIONS. 

Cord. 2. Hence also the curve is easSy described by pointy 
Namely, in the axis produced take AG = af the foal dis- 
tance^ and draw a nuqiber of lines ee perpendicular to the 
axis ad; then with the distances QD, cp, Gi>, &C) as radu^ 
and the centre Vf draw arcs crossing t]^e parallel ordiiuite$ 
in E, E, £y &c. Then draw the curve through all the points 



£• £• £• 



T|f£0REM V. 



If a Tangent be drawn to any Point of the Parabola, meet- 
ing the Axis produced ; and if an Ordinate to the Aw 
be drawn from the Point of Contact ; then the Absciss of 
that Ordinate will be equal to the External Part of the 
Axis. 



That is, y^j 

if Tc touch the curve >/^^] 

9t the point c ; Q/!., 

then is at = am. / ^ 

' tZ_ — 

For, from the point T, draw any line cutting the curve iq 
the two points E, H : to which draw the prdinates DE, gh ; 
also draw the ordinate mc to the point of contact c. 

Then, by th. 1, ad : AG : : DE* : gh*; 
and, by sim. tri. td* : tg* : : de* : gh* ; 
theref. by equality, ad : ag : : td* : tg* ; 
and, by division, ad : dg : : td* : tg*— td* or pG . (td +TG), 
or - - AD : td : : td : TD + TG ; , 

and, by division, ad : at : : td : tg, 
and again by div. ad : AT : : at : AG ; 
pr - - AT is a mean propbr. between ad, AG. 

Now, if the line Ttf be supposed to revolve about the 
point T ; then, as it recedes farther from the axis, the points 
1e and h approach towards each other, th^ point b descend*: 
ing, and the point h ascending, tilUat last they meet in the 
point c, when the line becomes a tangent to the curve at c. 
And then the points d and g meet in the point m, and tlie 
ordinates DB, gh in the ordinate cm. Consequently ad, ag, 
becoming each equal to am, their mean proportional at will 
be equal to the absciss am. That is, the external part of th^ 
axis, cut offby a tangent, is equal to the absciss of the ordi- 
nate to the point of contact, q: £• I). 

T^EORElf 



H9f th£ parabola. 
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THEOREM VI. 



9BraTaii|Mt to the Ctuhre meet the A3& {Mrodaced ; then 
tlie Line drawn from the Fools to the Point of Contact ^ 
will be equal to the Distance of the Fde^s firom the Inters, 
^5ection of the Tangent and Asis. 




That is, 

^PC = FT. 



X «:: 

For, draw the ordinate ®c to the point of contact c. 

Then, by theor. 5, at = ad ; 
therefore ' - ft = af + ad. 
But, by theor. 4, jfc = af + m^', - 
theref. by equsdity, fc = ft. q. «. «p. 

■Coro/. I. If CG, be drawn perpendicular" to the curve, or to 
the tangent, at c 5 then shall fg = FC = ft. 

For, draw 9H perpendicular to tc, which wiH also bisect 
TC, because ft = fc ; and therefore, by the nature of the 
parallels, fh also bisects tg in f. And consequently fg s 

*T = FC 

So that Y is the centre of a circle passing through T, c, G. 

Coroi. 2. The tangent at the vertex A'H, is a mean prqpor* 

tiond between af and ap. 

For, because s^ht is a right angle, 
therefore - ah is a mean between at, at, 
€Mr between « af, ixs because ad = at. 
Likewise;, - fh is a mean between <fa, ft, 

or between »a, lee. 

Carol. 3. The tangent TC makes equal angles with fc and 

the axis ift. 

F<w, because ft = fc, 
therefore the Z. fct = jL ftc. 
Also, the angle gcf = the angle gck^ 
drawing ick parallel to the axis AG. 
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CONIC SECTIONS. 



Corol. 4. And because the angle of incidence Gc^ is =5 
the angle of reflection gcf ; therefore a ray of light falling 
on the curve in the direction kg, will be reflected to th< 
focus F. That is, all rays parallel to the axis, are reflected 
to the focus, or burning point. 



THEOREM VII. 



If there be any Tangent, and a Double Ordinate drawn frod^ 
the Point oiF Contact, ind also any Line parallel to thq 
Axis, limited by the Tangent and Double Ordinate : then 

- shall the Curve divide that Line in the same Ratio, as th^ 
Line divides the Double Ordinate. 



IE 



That is, 
EK : : CK 



KL. 




For, by slm. triangles, ck : ki : : cp 
but, by the def. the param. p : cl : : CD 
therefore, by equality, p 

But, by theor. 2, - - p 
therefore, by equality, cl 

and, by division, - ck 



CK 
CK 
KL 
KL 



• * 



CL 
KL 
KI 
IE 



DT or 2d A ^ 

2da 5 

KI. 

KE*, 
KEJ 
EK. 



Q. E. D. 



THEOREM VIII. 



The same being supppsed as \n thepr. 7 ; then shall the Ex-* 
ternal Part of the Line between the Curve and Tangent, 
be proportional to the Square of the intercepted Part of^ 
the Tangent, or to the Square of the intercepted Part of 
the Double Ordinate. 



That is, IB is as ci* or as ck*. 
and IE, TA, ON, PL, &c, 
are as ci% ctS co% cp% &c, 
or as ck*, cd*, CiM% cl*, &c. 




Gf the parabola, 



in 



For, by Aeor. 7, ie : ek : : ck : kl, ♦ 
or, byeqn^iijr ie : ek : : CK* : cK . kl. 
But, by cor. th. 2, bk is as the rect. CK • KL, 
therefore - - ie is as CK% or as ci*. 



<^E. p. 



CoroL As this property is pomipipn to every position of 
the tangent, if the lines ie, ta, on, &c, be appended on the 
points If T, o, &c, and moveable about then), and of such 
lengths as that their extremities £, a, ^, &c, hi^ in the curye 
of a parabola in some one position of (he tangirat ; then 
making the tangent revolve about the point c, it appears that 
the isxlremities £, 4, n, ^c> ^ill always fprqi the curve of 
some parabola in every position of the tangent. 



THEOREM IX. 

The Abscisses of any Diameter, are as the Squares of their 

Ordinates. 



That is, pQ, CR, cs, &c, 
pe as qeS ra% sn% &c. 
pr CQ^: CR ; : qe* : ea% 
&c. 




For, draw the tangent CT, and the externals ei, at, no, 
&c, parallel to the axis, or to the diameter cs. 

Then, because the ordinates qe, ra, sn, &c, are parallel to 
the tangent ct, by the definition of them, therefore all the- 
figures IQ, tr, os, &c, are parallelograms, whose opposite 
sWes are equal 5 " 

^ namely, - . - ie, ta, on, &c, 
are equal to - cq, cr, cs, &c. 

Therefore, by theor. 8, cq, cr, c9, &c, 



are as - - 

or as their equals - 



ci*, CT*, co% &c, 

QE% RA% SN*, &C. 



Q. E. D. 




CoroL Here, like as in theor. 2, the difference of tlic ab- 
scisses Is as th<e difference of the squares of their ordinaies, 
or as the rectangles under the sum and difference of ilicj 
f)ir(|ipates, the rectangle of the sum and difference of the 

ordinates 



1» 



CONIC SECTIONS- 



ordinates being equal to the rectangle under the <UflftfCQce 
of the abscisses and the parameter of that diametl^>' or a 
third proportional to any absciss and &s ordinate* 



/ THEOREM X* 

I 

If a line be drawn parallel to any Tangent, and cut the 
Curve in two Points ; then if two Ordinates be drawn to 
the Intersections, and a third to the Point of Contact, 
these three Ordinates will be in Arithmetical Progpessio«i» 
or the Sum of the Extremes w^i be equal to Double the 
Mean. 



That is, 

EG «iT HI =:: 2CP« 




For, draw EK parallel to the axis, and produce hi to L. 
11ien,bysim. triangles, sk : hk : : TDor2A9 : ci>; 
but, by theor. 2, - ek : hk : : kl : p the param. , 
theref. by equality, 2ad : kl : : cd : p. 

But, by the defin. 2ad : 2cd : : cd : p; 

theref. the ■2d terms are equal, kl = 2cd, . 
that is, - - EC + HI = 2CD. Q. E.o. 

CoroI>» When the point e is on the other side of ai j then 

. HI — GE = 2CD. 



TK£0X£!&I XZ. 

y^ny Diameter bisects all its Double Ordinates^ or Lines 
parallel to the Tangent at its Vertex. 



TTiat Up 

ME =: ^H. 




Foil, 



. Ov TBt PARABOLA. 18S 

VoK, to the axis ai draw the ordinates^ ECt COfHij aftd 
fill parallel to thepij whkh it ecfual to cd. 

Then, by theor. 10, 2mn or 2cd = ec + hi, 
therefore m is the middle of bh. 

And, for the samfs reason, all its parallels are bisected. 

ScHpL. Hence, as the abscisses of any diameter and their 
prdinates have the same relations as those of the axb, namely, 
that the ordinates are bisected by the diameter, and their 
squares proportional to the abscisses j so all the other pro- 
perties df the axis and its ordinates and abscisses, before de- 
monstrated, will likewise hold good for any diameter and its 
ordinates and abscisses. And also those of the parameters, 
understanding the parameter of any diameter, as a third 
proportional to any absciss and its ordinate. Some of the 
post mater^lof which are demonstrated iu the following 
theorems. 

THEOREM XII. 

^be Parameter of any Diameter is equal to four Times the 
Line dr^wp. from fhe Focuf to the Vertex of that Diar 
xneter- 



That is, 4fc == p, 
^e param. of the diam. pM. 



■# W' ' 

For, draw the ordinate ma parallel to the tangent cr.: 
also CD, MN perpendicular to the axis an, and fm per- 
pendicular to thjB tangent ct^ 

Then the abscisses ad, cm or at, being equal, by theor. 5, 
the parameters will be as the squares of the ordinates en, 
MA or CT, by the djefinition ; 

that is, - - p : p : : CD* : ct% 

But, by sim. tri. - fh : jt : : cd : ct ; 

therefore - - p : p : : fh* : ft*. 

But, by con 2, th. 6, Ph* = fa . ft ; 

therefore • - - p : p : : fa . ft : ft*. 

pf, by equality, - p : p ; : fa : ft or fc.^ 
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COMIC SECTIONS. 



But, bftheor. 3, 
and therefore - 



p = 4pa, 

p = 4ft or 4fc. 



<^ £. Df 



CoroL Hence the parameter pof ths diameter CH is .equal 
to 4fa + 4ad, or to p + *ad, that is, the parameter of the 
axis added to 4ad. 



THEOREM XIII. 



If ^i^ Ordinate to any Diameter, pass through the Focus, it 
will be ^qual to Half its Parameter \ and its Absciss equ^ 
to One Foijifth of the same Parameter. 



That is, CM =~ |^p, 
and ME =r 4p; 




For, join fc, and draw the tangent ct« 



By the parallels, cm 

and, by theor. 6, fc 

lalso, by theor. 12, fc 

therefore - - cm 



=: .FT! 
= FT; 

= ^p. 



Again, by the de fin. cm or ^p : me : : me : p, 
and copsequently me = 4p = 2cm. 



o. E. D. 



CoroL 1. Hence, of any diameter, the double ordinate 
which passes through the focus, is equal to the parameter, 
or to quadruple its absciss. " 



Corol, 2. Hence, and from cor. 1 
to theor. 4,- and theor. 6 and 12, it 
uppears, that /if the directrix gh be 
drawn, and any lines he, he, pa- 
rallel to the axis; then every parallel 
HE will be equal to ef, or ^ of the 
parameter of the diameter to the 
point E. 



,LJ1 Q li 




TUEORE^ 



0» t«B PARABOI/A. 
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Theorem xiy. 

tf there be a Taiigent, and any Line drawn from the Pc^t 
of Contact and meeting the Curve in some other Point, as 
also another Line paraUel to the Axis, and limited by the 
J'irst Line and the Tangent : then shall the Curve cfivide 
this Second Line in the same Ratio^ as the Second Line 
dlivides the First Line. 



IB 



That is, 




• • 






• • 



• ■ 



• • 






and, by division,* 



ci* 

CK 

CK* 
CK • 

CK : 
CK : 



CP% 



For, draw lp parallel to IK, or to ^he axis. 

Then by theor. 8, IE : pl 

€>r, by sim. fri. - IE ; pi. 

Also, by sim. tri. ik : pl 

or - - « IK : PL 

therefore by equality, ie : IK 

or - - . - IE : IK 

IE : £K 



: CL 

CL, 

: CK 

CL 

CL; 

KL. 



CLi 



CL* 



<^ E. D. 



CoroL When cK = kl, then ie = ek = 4ik. 



THEOREM XV. 

If from any Point of the Curve there be drawn a Tangent, 
and also Two Right Lines to cut the Curve j and Dia« 
meters be drawn through the Points of Intersection e and 
L, meeting those Two Right Lines in two other Points g 
and K : Then will the Line kg joining these last Two 
Points be parallel to the Tangent. 




^5Si 



lie come SECTIONS. 



For, bf theor. 14, ck : kl : : £i : ek^ 

and by composition, cK : CL : : ei : Ki ; 

Sd by the parallels CK : cl :: gh : lh; 

It, by sim. tri. • ck : cl : : Ki : lh i 

theref. by equaL - Ki : lh : : gh : lh 2 

.consequently . ki = gh» 

and thierefore - kg is parallel and equal to IH. (i^m.ik 

THEOREM XVI. 

If a Rectangle be described about a Parabola, having the 
same Base and Altitude ; and a diagonal Line be <&awn 
from the Vertex to the Extremity of the Base of the Para- 
bola, forming a right-angled Triangle, of the same Base 
and Altitude also; then any Line or. Ordinate drawn across 
the three Figures^ perpendicular to the Axis, will he cut in 
Continual noportion by the Sides of those Figures. 

That is, 
BF : EG : : EG : eh. 

Or, £F, EG, EH, are in con* 
tinned proporticm* 



• • 




For, by theor. I, ab : ab 
and, by sim. tri. * iiB .: ae 
theref. of equality, - ef : Bc : : eg* : BC*, 
that is - ' - - EF : eh : : eg* : bh% 
theref, by Geom. th. 78, ef, eg, bh are proportionals, 
or - •* - EF : EG : : EG . : eh. q^. e. b. 



THEOREM XVII. 

The Area or Space of a Parabola, is equal to Two-Thirds of 

its Circumscribing Parallelogranu 

That is, the space abcga = ^ ABCty; 
or, the space adcga = ^ abcd. 

For, conceive the space adcga to be composed of^ of 
divided into, indefinitively small parts, by lines parallel ta 
DC or AB, such as IG, which divide ad into like small and 
equal parts, the number or sum of which is expressed by the 
line AD. Then, 

by the parabola, bc* t eg* : : ab : ae, 
Aat is, -^ . ad* : Ai* j : DC : ic^ 

tienc^ 



Or tm PARABOLA. in 

Hence it followsj that any one of tkcse tartOw farts^ a» 



iG».is =s — r X Ai^; hence> Al> and DC bdn£ |iven or 

AD 

constant quantitiesi it appears tbat tke m& parts ic, &c, sre- 
proportional to as% &cf or proporti<ma) to a series q£ square 
numbers, whose roots are in aiithmetical progressiooy and the 

DC 

area adcga equal to — -^ drawn uito the sum of sudi a seri^ 

«f arithmeticals^ the number of which is. expressed by ad. 

Now, by the remark at pag. 21 7> vol. i, the sum of the 
squares ot such a series of arithmeticals, is expressed hf 

f' « • n'+ l. 2n 4- Ij where n denotes the number of thenu 
n the present' case, n represents an infinite, number, and 
then the two &ctors i» 4* ^s 2/> + If become only n and 2iv, 
emitting the I as inconsiderable in respect of the infinite 
Bumber i*.*^ hence the expression above becomes barely 

# To apply this to the case above t n will denote ad or BC;, 
and the sum ol all the Ai^s becomes \ ad' or \ bc' ^ conse* 

DC ^ DC 

quently the sum of all the — j x Ai*^s, is —7 X f ad* = 

AD- Amm- 

j- Ad . DC = y BD, which is the area of the exterior part aocca- 
That is, the ssdd exterior part adcga, is 7 of the parallelo- 
gram ABCD ) and consequently the interior part abcga is ^ 
q{ the same parallelogram. q. b. Dt 

Corof. The part AiCGrA, inclosed between the curve and 
^e right line A$c, is ^ of the same parallelogram, being the 
difi^erence between abcga and the triangle abcfa, that i& 
between \ and. i of the parallelogram..* 



THEOREM XVIIIw 



Ther Solid Content of a Paraboloid (or Soli J generated by 
the Rotation of a Parabola about its Axis;, is equal tor 
Half its Circumscribkig Cylinder* 

XiBT ABC be a paraboloid, generated by the rotation of 
the parabola ac about its axis ad. Suppose the axis ad be 
divided into an infinite number of equal parts, through 
which let circular planes pass, as efg, all those circles mak- 
ing up the whole solid paraboloid. 



Ifft 



CONIC SECTIONS. 




Now if ^ ii the number 
8*1416, then 2c, x fg is the 
circumference of the circl^ efg 
whose radius is fg ; therefore 
f X FG*is the area of that circle. 

But, by cor. theor. 1, Parabola, / x af = fgS wher 
denotes theparameter of the parabola; consequently ^r x -- 
trill also express the same circular section eg, and therefoj — 
fc X the jsum of all the af's will be the sum of all thos^^ 
* circular sections, or the whole content of the solid para-^ 
boloid. 

But all the Af*s fofm an arithmetical progression, becin- 
nxng at or nothing, and having the greatest terra and the 
sum of all the terms each expressed by the whole axis ad. 
And since the sum of all the terms of such a progression, is 
equal to 4^ ad X ad or ^ ad% half the product of the greatest 
term and .the number of terms; therefore i ad* is equal to 
the sum of all the af's, and consequently /r x I ad^*, or ^^ 
X p X jLp% is the sum of all the circular sections,- or thd* 
content of the paraboloid. 

DC* 

But>by the parabola,-/ : dc : : dc : ad,* or/ = j con- 
sequently 4/ X / X ad* becomes ic x ad x dc* for thef 
solid content of the paraboloid. But r x ad x dg* is equal 
to the cylinder bcih ; cons^qu^tly the paraboloid is the half 
of its circumscribing cylinder. Q. E. 0t 



THEOREM XTX. . 

, ■ ' « 

The Solidity of the Frustum begc of the l^araboloid, is equ^ 
to a Cylinder whose Height is df, and its Base Half the 
Sum of the two Circular Bases eg, bc. 

For, by the last theor. ipc x ad^ = the solid abc, 
and, by the same, ipc x af* = the solid aeg, 

theref. the diff. ipc x (ad*— af*) =ithefrust. begc; 

But AD* — AF* = DF X (aD + Af), 

theref. ipc X df X (ad + af) :^ the frust. BEGcir 
But, by the parab./ x ad = i>c*, and/ x af = fG*j 
theref i r x df x (dc* + FG*) == the frust. begc. 
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OF MOTION, FORCES. &c 



DETlNrnONS. 

Art, 1. BODY IS the rnass^ or quantity of laatter, in any 
material substance; and it is always proportional to its 
weight or gravity, whatever its figure may be. 

2. Body is either Hard, Soft, or Elastic. A Hard Body 
is that whose parts do not yield to any stroke or percussion, 
but retains its figure unaltered. A Soft Body is thajt whose 
parts yifeld to any stroke or impression, without restoring 
themselves again ; the figure of the body remaining altered. 
And an Elastic Body is that whose parts yield to any stroke, 
but which presently restore themselves again, and the body 
regains the same figure as before the stroke. 

"We know of no bodies that are absolutely, or perfectly, 
either hard, soft, or elastic ; but all partaking these- proper- 
ties, more or less, in some intermediate degree. 

3. Bodies are also either Solid or Fluid. A Solid Body, 
is that whose parts ^re- not easily moved among one another, 
and which retains any figure given to it. But a Fluid Body 
is- that whose parts yield to the slightest impression, being 
easily moved among one another \ and its surface, when left 
to itself, is always observed to settle in a smooth plane a,t 
the top. 

4. Density is the proportional weight or quantity of 
matter in any body. So, in two spheres, or cubes, &c, of 
equal size or magnitude ; if the one weigh only one pound, 
but the other 2 pounds ; then the density of the latter is 
double the density of the former; if it weigh 3 pounds, its. 
density is triple ; and so on. 

5. Motion is a continual and successive change of place. — 
If the body move equally, or pass over equal spaces in equal 
times, it is called Equable or Uniform Motion. But if it 
increase or decrease^ it is Variable Motion ; and it is called 
Accelerated Motion in the former case, and Retarded Motion 
in the latter. — Also, when the moving body is considered 

Vol. U. K witix 
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i. _r ■ X: = rz', where ^ 

r iisc:^:- s --. iri iherefore 
. -n li-i rj:^-. ct ail those 
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130 OF MOTION, FORCES, &c. 

with respect to some other body at rest, it is said to be Ab- 
solute Motion. But when compared with others in motion, 
it is called Relative Motion. 

6. Velocity, or Celerity, is an aflFection of motion, bjr 
which a body passes over a certain space, in a certain time. 
Thus, if a body in motion pass uniformly over 40 feet in 
4 seconds of time, it is said to move ^Yith the velocity of 
10 feet per second 5 and so on, 

7. Momentum, or Quantity of Motion, is the power or 
force in moving bodies, by which they continually tend from 
their present places, or with which they strike any obstacle 
that opposes their motion. 

8. Force is a power exerted on a body to move it, or ta- 
stop it. If the force act constantly, or incessantly, it Is » 
Permanent Force i like pressure or the force of gr^vity^ 
But if it act instantaneously, or but for an imperoeptibly 
small time, it is called Impulse, or Percussion : lik^ the smart 
blow of a hammer. 

9. Forces are also distinguished into Motive, and Accele*- 
rative or Retarding. A Motive or Moving Force, is the 
power of an agent to produce motion; and it is equal or 
proportional to the momentum it will generate in any body, 
when actingi either by percussion, or for a certain time as a 
permanent force. 

10. Accelerative, or Retardive Force, is commonly ub*- 
derstood to be that which affects the velocity only : or it is 
that by wVich the velocity is accelerated or retarded; and It 
is equal or proportional to fhe motive force directly,, ati4 t6« 
the mass or body moved inversely. — So, if a body of 2 pounds 
weight, be acted on by a motive force of 4k) y then the 
accelerating force is 20. But if the same force of 40^act on 
another body of 4 pounds weight; then the accelerating 
force in this latter case is only 10; and so is but lialf the 
former, and will produce only half thz velocity. 

11. Gravity, or Weight, is that force ^by which aibody 
endeavours to fall downwards. It is called Absolirte Gravity,, 
when the body is in empty space ; and Relative Gravity, 
when immersed in a fluid. 

12. Specific Gravity is the proportion of the weights of 
different bodies of equal magnitude; and so is proportional 
to the density of the body, ^ 

AXIOMS* 



GENERAL LAWS of MOTION. ISl 



J^XIOMS. 

IS. Every body naturally endeavours to continue in its 
present state, whether it be at rest, or moving uniformly in 
a rigl^t line. 

14. TJie Change or Alteration of Motion, by any external 
force, is always proportional to that force, and in the direc-* 
tion of the right line in which it acts. 

15. Action and Re-action, between any two bodies, are 
equal and contrary. That is, by Action and Re-action, equal 
changes of motion are produced in bodies acting 'on each 
other ; and these changes are directed towards opposite or 
contrary parts. 
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PROPOSITION I. 



16. Tie Quantity of Matt^f in aUBodUs^ it in the Compound 
Ratio ^ their Magnitudes and Densities, 

That is, h\%2.%md\ where b denotes the body or quan- 
tity of matter, m its magnitude, and Jits density. 

For, by art. 4, in bodies of equal magnitude, the mass or 
quantityof matter is as the density. But, the densities re- 
maining,^the mass is as the magnitude : that is, a double mag- 
nitude contains a double quantity of matter, a triple magni- 
tude a triple quantity, aad so on. Therefore the mass is in 
the compound ratio of the magnitude and density. 

17. CoroL 1. In similar bodies, the masses are as the den- 
sities and cubes of the diameters, or of any like linear dimen- 
sions. — ^For the magnitudes of bodies are as the cubes of the 
diameters, &c. 

18. CoroU 2. The masses are as the magnitudes and specific 
gravities. — ^For, by.art. 4 and 12, the densities of bodies are 
as the specific gravities. 

19. Scholium. Hence, if * denote any body, or the quan- 
tity of matter in it, m its magnitude, d its density, g its 

K2 ^^^6&c 
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specific gravity, and d its <Jiameter or other dimension ; then^ 
oc (pronounced or named as) being the ma^k for general 
proportion, from this proposition and its corollaries we have 
these general proportions ; 

/' 

i oc W oc w^ cc ^»V, 

* h 

Iff oc — - oc — dc df', 

b tng 

m ^ a^ ^ . 



FROI^OSITIOS II. 



20. The Momentum i or Quantity of Motion^ generated by a 
Single Impulse J or any Momentary Force^ is as the Generating 
Force. 

That is, m is as f; where m denotes the momentum^ 
and/ the force. 

Por every effect is proportional to its adequate cause. So 
that a double force will impress a double quantity of mo- 
tion i a triple force, a triple motion •, and so on. That is,, 
the motion impressed, is as the motive force which pro- 
duces itt 



"^ PROPOSITION in. 



21, The Momenta^ or Quantities of Motion^ in Alovlng Bodies^ 
are in the Compound Ratio of the Masses and Velocities. 

That is, m is as bv. 

For, the motion of any body being made up of the mo» 
tions of all its parts, if the velocities be equal, the -momenta 
\vill be as the masses ; for a double mass will strike with a 
double force; a triple mass, with a triple force; and so on. 
Again, when the mass is the same, it will require a double 
force to move it with a double velocity, a triple force with a 
triple velocity, and so on ; that is, the motive force is as the 
velocity ; but the momentum impressed, is as the force which 
produces it, by prOp. 2 ; and therefore the momentum is as 
the velocity when the mass is the same. But the momentum 
wa^ found to be as the mass when the velocity is the same. 

Consequently, 
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Consequently, when neither are the same, the momentum is 
in the compound ratia-of both the mass and velocity. 



PROPOSITION IV, 

^2, In Uniform Motions^ the Spaces described are in the Com-- 
pound Ratio of th^ Vehcities and the Times of their Deicrip^ 
tion. 

That Is, / is as iv* 

For, by the nature of uniform motion, the greater the 
velocity, the greater is the space described in any one and 
the same time ; that is, the space is as the velocity, when 
, the times are equal. And when the velocity is the same, the 
space will be as the time ; that is, in a double time a double 
space will be described 5 in a triple time, a triple space ; and 
so on. Therefore universally, the space is in the compound 
ratio of the velocity, and the time of description. 

23. Coroh 1 . In uniform motions, the time is as the space 
directly, and velocity reciprocally ; pr as the space divided 
by the velocity. And when the velocity is the same, the 
time is as the space. But when the space is the same, the 
time is reciprocally as the velocity. 

24-. CoroU 2. The velocity is as the space directly and the 
time reciprocally ; or as the space divided by the time. And 
when the time is the same, the velocity is as the space. . But 
when the space is th^ same, the velocity is reciprocally as 
th? time. 

Scholium. 

25. In uniform motions generated' by momentary impulse, 
let h = any body or quantity of matter to be moved, 
/= force of impulse acting on the body by 

V i= the uniform velocity generated in by 
m = the momentum generated in by 

s s= the space described by the body by 

/= the time of describing the space s with the veloc. v. 

Then from the last three propositions and corollaries, we 
have these thre^ general proportions, namely,/ oc tfty m cc 
hvy and s a tv; from which is derived the following table of 
the^general relations of those six quantities, m uniform mq- 
tions, and impulsive or percussive forces : 
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f oc m oc iv cc —. 
•^ t 

bs 
«f oc / oc bv cc ^T. 

f m ft mt 
J a — a — a ^ oc :— . 

V V s s 

ft tm 

s oi tv oc '^-r- o: T* 
b Q 

s f m 

t b b 

s bs bs 
/ oc — a -r oc — . 
V / iw 

By means of which, may be resolved all questions relating 
to uniform motions, and the effects of momentary or impul- 
sive forces. V 



PROPOSITlCUSr V. 

26. The Momentum generated by a Constant and Uniform Force y 
acting for any Time, is in tie Compound Ratio (jf the Force 
and Ttme of Acting. 

That is, m is as^?. 

, For, supposing the time divided into very small parts, by 
prop. 2, tjie momentum in each particle of time is the same, 
and therefore the whole momentum will be as the whole 
time, or sum of all the small parts. But by the same prpp. 
the momentum for each small time, is also as the motive 
force. Consequently the whole momentum generated, is in 
the compound ratio of the force and time of acting. 

27. CoroL 1 . The motion, or momentum, lost or destroyed 
in any time, is also in the compound ratio of the force and 
time. For whatever momentum any force generates in a given 
time^ the same momentum will an equal force destroy in the 
same or equal time ; acting in a contrary direction. ^ 

And the same is true of the increase or decrease 6f motion, 
by f orces that conspire with, or oppose the motion of bodies. 

2. The velocity generated, or destroyed, in any 

:tly as the force and time, and reciprocally as 

lass of matter. — For, by this and the 3d prop. 

ratio of the body and velocity, is as that of 

le ; and therefore the velocity is as the force 

by the^body. And if the body and force 

it, the velocity will be as the time. 
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PROPCfSITION Yl, 

29. Tie Spaces passed over By B^eSf urged by any Constant <ind 
Uniform Forces^ acting during any Times, are in tie Cwnpeund 
Ratio of the Forces and Squares if the Times directly y and the 
Body or Mass reciprocally. 

Or, the Spaces are as the Squares of the Times y when the Force 
and Body are given. 

/A 
That is, s is as -j-, or as /* when _/ and b are given. For, 

let V denote the velocity acquired at the end of any time t, 

•by any given body by when it has passed over the space /• 

Then, because the velocity is as the time, by the last corol. 

therefore tV is the velocity at 4/, or at the middle point of 

the time j and as the increase of velocity is uniform, the 

^ame space s will be described in the same time /", by the 

Telocity \v uniformly continued from beginning to end. 

But, in uniform motions, the space is in the compound ratio 

of the time and velocity; therefore / is as 4^v, or indeed s = 

, . ft 
\tv. But, by the last corol. the velocity v is as 'r-y ox as 

b 

the force and time directly, and as the body reciprocally. 
Therefore j, or t/v, is as*—; that is, the space is as the force 

and square of the time directly, and as the body reciprocally. 
Or / is as /*, the square of the time only, when h and y are 
given. 

30. CoroU 1. The space / is also as tVy or in the com- 
pound, ratio of the time and velocity; h TivAf being given. 
For, JT = f /v is the space actually described. But iv is the 
space which-might be described in the same time /, with tlie ^ 
last velocity v, if it were uniformly continued for the same or 
an equal time. Therefore the space j*, ox \tvy which is ac- 
tually described, is just half the space tVy which would be . 
described with the last or greatest velocity, uniformly con- 
tinued for an equal time /. 

31. CoroL 2. The space s is also as vSthe square of the 
velocity; because the velocity v is as the time /. 

-Scholium. 

S2. Propositions 3, 4, 5, 6, give tHeorems for resolving all 
questions relating to motions uniformly ^{celerated. Thus, 

^ - ?ut 
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puti = any body or quantity of matter, 
y =1 the force constantly acting on it, 
/ = the time of its acting, 
V = the velocity generated in the time t, 
s =r. the space described in^hat time, , ^ 

tn = the momentum at the end of the time. 

Then, from these fundamental relations^ m « tv,m ^ ft^ 

ft 
s * /v, and v « ^, w^ obtain the following table of thb 

general relations of uniformly accelerated motions : 



bs fs fev 



fn ^ h) ^ ft ^ — Ob — K ^ OB ^/^j Vhftv^ 

' m ^ ft mt ft"- ft^ nP' m^ ' fs 
V V ,s s ms Js fti> V* 



m bv mv ms nC" m^ hv^ bs 

__— OC — OC QC ■' ■ OC , 

s fv bs btv s f" 



^ 



/* 05 CC es OC OC OC — oc oc -^ 

^ t t 

s ft m ms fs nH" ' fs fsi 

/ b b , ft m bft ^ b m^ 

//* tnt ff'v mv «i* bv^ m^v 

b b rn f bf f pt 

' s m bv bs ,bs ms nP 

jfoc— o:----oc---oc — OC V-- te V-jr « 777-, &C. 
-^ f f ^ f > ^V 

33. And from these proportions those quantities are to be 
left out which are given, or which are proportional to each 
other. Thus, if the body or quantity of matter be always 
the same, then the space described is as the force and square 
of the time. And if the body be proportional to the force, 
as ^U bodies are in respect to their gravity ; then the space 
described is as the square of the time, or square of the velo- 

f 
city; and in this case, if F be put = -r-j the accelerating 



force ; 
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^HE COMPOSITION AND RESOLUTION o^ FORCES. 

34. Composition of Torces, is the uniting of two or 
more forces into one, which shall have the same effect; ot 
the finding of one force that shall be equal to several others 
taken together, in any different directions. And the Reso- 
lution of Forces, is the finding of two or more forces which> 
acting in any different directions, shall have the same effect 
as any given single force. 

PROPOSITION viir. 

35. If a Body at A be urged in the Directions kl^ and kQ^by any 
two Similar Forces^ such that they %uould separately catAe the 
Body to pass over the Spaces AB, AC, in an equal Time ; then 
if both Forces act together ^ they will cause the Body to movcy in 
the same Time, through AD the Diagonal of the Parallelogram 



ABCD. 



Draw cd parallel to ab, and hd pa- #* Z h 



B 



rallel to AC. And while the body is r\?T 

carried over Ab or cd by the force in T n 

that direction, let it be carried over bd' . ^ -^"^ 

by the force in that direction^ by which ^ 

means it will be found at d, NoV, if ^ 

the forces be impulsive, or momentary, 
the motions will be uniform, and the spaces described will b^ 
as the times of description : . 

theref. Ab or cd : ab or cd : : time in l^b : time in ab, 
and bd or Ac : bd or ac : : time in ac : time in ac ; 

but the time in Ab = time in ac, and the time in ab =; 
time in AC; therefore Ab : bd ,: : ab : bd by equality : hence 
the point d is in the diagonal AD. 

And as this is always the case in every point dy //, &c, 
therefore the path of the body is the straight line a^/d, or th« 
diagonal of the parallelogram. 

But if the similar forces, by means of which the body is 
moved in the directions ab, ac, be uniformly accelerating 
ones, then the spaces will be as the squares of the times ; in 
which case, call the time in Wor cd,t, and the tune in A B or 
AC, T ; then 

it will be ^ Ab or cd : ab or cd : : /* : T% 
and - bd or Ac : BD or AC : : /* : T*, 
theref. by equality, aJ : ^^ : : ab : BD; ' 
i»d 50 the body is always found in the diagonal, as before. 
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36. Carol* 1 . If the forces be not similar, by which tl&e 
body is urged in the directions ab, ac, it will move in some 
curved line, depending on the nature of the forces. 

S7. CoroL 2. Hence it appears, that the body moves over 
the diagonal AD, by the compound motion, in the very same 
time that it would move over the side ab, by the single force 
impressed In that direction, or that it would move over the 
side AC by the force impressed in that direction. 

. 38. Corel, 3. The forces in the directions ab, ac, ad, are 
respectively proportional to the lines ab, ac, ad, and in these 
(directions. 

3&< CoroL 4. The two oblique forces 
AB, AC, are equivalent to the single di- 
rect force AD, which may be compound- 
ed of these two, by drawing the diagonal 
of the parallelogram. Or they are equi- 
valent to the double of a e,. drawn to the 
middle of the line Bc. And thus any 
£orce may be compounded of two or more other forces; 
which is the meaning of the expression composition of forcts*, 

40. Exam. Suppose xt were 
required to compound the three 
forces ab, ac, ad^ or to find 
the direction and quantity of one 
single force, which shall be equi- 
valent to, and have the same 
cflfect, as if a body A were 

acted on by three forces in the directions ab, ac, ad, and pro^ 
portional to these three lines. First reduce the two Ac, ad 
to one AE, by completing the parallelogram adec. Then re- 
duce the two AE, ab to one af by the parallelogram aefb. 
So shall the single force af be the direction, and as the quan- 
tity, which shall of itself produce the same effect, as if all the 
three ab, ac, ad acted together. 

41. CoroL 5. Hence also any single 
direct force ad, may be resolved into 
two oblique forces, whose quantities 
and directions are ab, ac, having the 
same effect, by describing any paral- 
lelogram whose diagonal may be 
ad: and this is called the resolu- 
tion of forces. So the force Kf> 
mav be resolved into the two AB, ac, by the parallelogram 

ABDC 




n 
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ABDC; or inter thie two A^, aFj by the parallelomm aedf ; 
and so oriy for any other two. Aod each of tnese may be 
resolved again into as many others as we please. 

42, Corol, 6. Hence too may be 
found the effect of any given force, in 
any other direction, besides that of the 
line in which it acts; as, of the force 
AB in any other given directicm CB« ?j-^r 
For draw ad perpendicular to CB; 
then shall db be the effect of the 
force AB in the direction cb. For, 

the given force ab is equivalent to the two ad, db, or 
ae; of which the former ad, or eb, being perpendicular, 
does not alter the velocity in the direction cb; and therefore 
DB is the whole effect of ab in the direction cb. That is, 
a direct force expressed by the line db acting in the direction 
DB, will produce the same effect or motion in a body B, in 
that direction, as the oblique force expressed by, and acting 
in, the direction ab, produces in the same direction cb. 
And hence any given force ab, is to its effect in db, as ab 
to DB, or as radius to the cosine of the angle abd of incli* 
nation of those directions. For the same reason, the force 
or effect in the direction ab, is to the force or effect in the 
direction ad or eb, as ab to ad; or as radius to sine of the 
same angle abd, or cosine of the angle dab of those direc- 
tions. 

43. Carol, 7. Hence also, if the two given forces, to be 
compounded, act in the same line, either both the same way, 
or the one directly opposite to the other; then their join r or 
compounded force will act in the same line also, and will be 
equal to the sum of the two when they act the same way, or 
to the difference of them when they act in opposite direc- 
tions; ancT the compound force, whether it be the sum or 
difference, will always act in the direction of the greater of 
the two. 



PROPOSITION VIII. 

44. If Three Forces A, B, c, acting all together in the same Plane^ 
keep one another in Equilibrio; they ivillhe Proportional to the 
Three Sides de, ec, cd, of a Triang/e, which are drawn Pa- 
rallel to the Directions of the Forces AD, DB, CD. 

Produce ad, bd, and draw cf, ce parallel to them. 



HO/ 
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Then the force in cd is equivalent 
to the two AD, BD,. by the supposi* 
tioni but the force, cd is also equi- 
valent to the two ED and ce or fdj 
therefore, if cd represent the force 
Cf then ED will represent its opposite 
force A, and ce, or fd, its opposite 
force B. Consequently the three 
forces A, B, c, are proportional to de, 
CE, CD, the three lines parallel to the- 
directions in which they act. 

45. Corol, 1. Because the three sides cd, ce, de, are pro- 

Jjortional to the sines of thrir opposite angles £, d, c; tliere- 
bre the three forces, when in equilibrio, are proportional to 
the sines of the angles of the triangle made of their Imes of 
cfirection ; namely, each force proportional to the sine of the 
angle made by the directions pf the other two, 

46. CoroL 2. The three forces, acting against, and kecp^ 
Jng one another in equilibrio, are also proportional to the sides 
©f any other triangle n^ade by drawing lines either perpendi- 
cular to the directions o£ the forces, or forming any given 
angle with those directions. For siich a triangle is always 
similar to the former, which is made by drawing lines parallel 
to the directions ; and therefore their sides are in the same 
proportion to one another* 

47. Cor^L 3. If any number of forces be kept in pquilibrio 
by their actions against one another; they may be all reduced 
to two equal and opposite ones. — For, by cor. 4, prop. T^ 
any two of the forces may be reduced to one force acting in 
the same plane j then this last force and another may like-? 
wise he reduced to another force acting in their plane: and 
SQ oil, till at last they be all reduced to the action of only two 
opposite forces; which will be equal, as well as opposite, b^t 
cause the whole are in equilibrio by the supposition. 

48. Cor9t. 4. If one of the forces, 
as c, be a weight, which is sustained 
hf two strings drawing in the direc- 
tions DA, db: then the forge or 
tension of the string ad, is to the 
weight c, or tension of the string 
DC, as PE to DC ; and the force or 
tension of the other string bd, is to 
the weight c, or tension of CD, as c ^ 

' 4f9* Coro(c 
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49- Corol, 5. If three forces be in cquilibrio by their mu« 
tual actions; the line of direction of each force, as dc, passes 
through the opposite angle c of the parallelogram formed by 
the directions of the other two forces. 

50. Remark. These properties, in this proposition and its 
corollaries, hold true of all similar forces whatever, whether 
theyH)e instantaneous or continual, or whether they act by 
fpercussion, drawing, pushing, pressing, or weighing; and are 
of the utmost importance in mechanics and the doctrine of 
forces. 



On THE COLLISION of BODIES. 

proposition IX. 

1 

51. If a Body strike or act Obliquely on a Plain Surjacfy the Porct 
or Energy (f the Stroke^ or Action^ is as the Sine of the Avi^t 
of Incidence, 

Or, the Force dn the Surface is to the same if it had acted Perpen* 
dicularlyj as the Sine of Incidence is to Radius^ 

Let ab express the direction and 

the absolute quantity of the oblique AiSt •- 

force on the plane de ; or let a given T\^ 

body A, moving witji a certain velo- j \^ 

city, impinge on the plane at b; D ; , j^^ K 

then its force will be to the action i-^i^^^-^^^^ii^^^-^ 

on the plane, as radius to the sine 

of the angle abd, or as a b to ad or bc, drawing ad and bq 

perpendicular, and ac parallel to de. 

For, by prop. '7, the force ab is equivalent to the two 

forces AC, cb; of which' the former ac does not act on the 

plane, because it is parallel to it. The plane is therefore 

only acted on by the direct force' cb, which is to ab, as the 
'sine of the angle bac, or abd, to radius, 

52. CoroL 1 . If a body act on another, in any direction, 
and by any kind of force, the action of that force on the 
second body, is made only in a direction perpendicular to the 
surface on which it acts. For the force in ab acts on DE only 
by the force cb, and in that direction. 

53. CoroL 2. If the plane de be not absolutely fixed, it 
will move, after the stroke, in the dire<;tion perpendicular 
to its surface. For it is in that, direction that the force is 
exerted. 
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PROPOSITION XIII. 

I 

€2. If an Elastic Body A impinge on a Firm Plane dE Ut ihe 
Point B, it nvill rebound front it in an Angle equal to that in 
'which it struck it ; or the Angle of Incidence will he equal to 
the Angle of Reflexion ; namely <^ the Angle ABD equal to th^ 
Angle FBE, 

Let ab express the force of ' A ^ jjt 

the body a in the direction a b j jNT' '"i *~?^ 

which let be resolved into the I n. r y^ \ 

two AC, cb, parallel and per- '^, ^^"^/^ JE 

pendicular to the plane. — ^Take ■ i ,■ ,^r, i,, ^^^N 

BE and CF equal to AC, and 



draw Bf. Now kction and reaction being equal, the plane 
wiU resist the direct force CB by another bc equal to it, and 
in a contrary direction ; whereas the other Ac, being pa- 
rallel to the plane, is not acted on or diminished by it, but 
still continues as before. The body is therefore reflected 
from the plane by two forces bc, be, perpendicular and pa- 
rallel to the plane, and therefore moves in the diagonal bf 
by composition. But, because ac is equal to be or cf, arid 
that BC is common, the two triangles bca, bcf are mutually 
similar and equal ; and consequently the angles at a ind f 
are equalj as also their equal alternate angles abd, rBE;> 
which are th^ angles of incidence and reflexion. 

PROPOSITION XIV. 

63. To determine the Motion of Non-elastic Bodies ^ luhcnthey _ 
strike each other Directly^ or in the Same Line of Direction. 

Let the non-elastit body b, mov- 
ing witli the velocity v in the di- (% -p -g 

rection b^, and the bodv b with E ^ 

the velocity v, strike each other. 

Then, because the momentum of any moving body is as 
the mass into the velocity, bv = m is the momentum of 
the body b, and bv ziz m the momentum of the body ^, 
which let be the less powerful of the two motions. Th^n, 
by prop. 10, the bodies will both move together as. one mass 
in the direction bc after the stroke, whether before the 
stroke the body b moved towards c or towards b. Now, 
according as that motion of b was from or towards B, 
that is, whether the motions were in the same or contrary 
wa;rS| the momentum after the stroke, in direction bc, will 

be 
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be the sum or diSerence of the momentums before the 
stroke; namely, the momentimi in direction bc will be 

BV + ^Vf if the bodies moved the same way, or 
Bv — bv, if they moved contrary ways, and 
BV only, if the body b were at rest. 

Then divide each momentum by the common mass of 
iaatter b + ^, and the quotient will be the common velocity 
after the stroke in the direction bc j namelyj the commoil 
velocity will be, in the first case . 

BV -+ bv , ■ BV — ^ , . , . Bv 
— —TTi ^^ the 2d 7-7-, and m the 3d — rr* 

€4. For example, if the bodies, or weights, B and 3, be 
^ 5 to 3, and their velocities v and v, as 6 to 4, or as 3 to 2, 
before the stroke, then 15 and 6 will be as their momen- 
tums, and 8 the sum of their weights ^ consequently, after 
tlxe stroke, the common velocity will be as 

15 + 6 21 ■,_ • . - 

— - — = — or 2f m the first case, 

* 15 - 6 9 ,, . , • , J 
7- = —or I Y in the seqond, and, 

o «> 

15 

— -.«.- or 11 in the third. ^.- 



PROPOSITION XV. 

(•5. Ifiiifo Perfectly Elastic Bodies impinge on one another : their 
Relative Velocity ivill be the same both Before and After the 
Impulse: that isy they will recede from each other with the Samk 
Velocity with which they approached and met. 

For the compressing force is as the intensity of the strokej 
#hich, in given bodies, is as the relative velocity with which 
they meet or strike. But perfectly elastic bodies restore 
themselves to their former figure, by the same force by which 
they were compressed ; that is, the restoring force is equal 
to the compressing force, or to the force with which the 
bodies approach each other before the impulse. But the 
bodies are impelled from each other by this restoring force ; 
and therefore this force, acting on the fV"l\^°'^'f^^J^^^ Pro- 
duce a relative velocity equal to that which they had before: 
or it will make the bodies recede from o,ach other with the 
. Vol. it. J- ' ^^^^ 
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same velocity with which they before approached, or so as to^ 
be equally distant from one another at equkl times before 
and after the impact. 

66. Remark. It is not meant by this proposition, that each 
body will have the same velocity after the impulse as it had 
before ; for that will bef varied according to the relation of 
the masses of the two bodies j but that the velocity of the 
one will be, after the stroke, as much increased as that of 
the other is decreased, in one and the same direction. So, if 
the elastic body b move with a velocity v, and overtake the 
elastic body ^ moving the same way with the velocity v ; then 
their relative velocity, or that with which they strike, is 
▼ — V, and it is with this same velocity that they separate 
from each other after the stroke. But if they meet, each 
other, or the body b move contrary to the body b ; then they 
meet and strike with the velocity v + v, and it is with the 
same velocity that they separate afid recede from each other , 
after the stroke. But whether they move forward or back- 
ward after the impulse, and with what particular velocities, 
are circumstances that depend on the various masses and ve- 
locities of the bodies before the stroke, and which make the 
subject of the nexr proposition. 



PROPOSITION XVI. 

« 

67. To determine tht Mottor.s of Elastic Bodies cfttr Striking 

each other directly* 

Let the elastic body b move in ^ o '. 

the direction bc, with the velocity B^ .^ ^ 

V \ and let the velocity of the other 

body b be v in the same line ; which latter velocity t^ will be 
positive if b move the same way as b, but negative if h move 
in the opposite direction to b. Then their relative velocity 
in the direction bc is v — «? ; also the momenta before the 
stroke are by and hv, the sum of which is bv + hv in the 
direction bc. 

Again, put x for the velocity of b, and j? for that of ?, 
in the same .direction bc, after the stroke ; then their rela- ' 
tive velocity is^ — Xy and the sum of their momenta Bx-{'by 
in the same direction. 

But the momenta before and after the collision, estimated 
in the same. direction, are equal, by prop. 10, as also the 
ji^ative velocities, by the last prop. Whencef arise these two 
-^uations : - 

viz. 



COLLISION oY 



;'tu IX 



la 



vit. BY + h ^Bx + iy, 

and V— ^ ^^ J **"'* 

tli« resolution of which equations gives 



X sz 



y = 



_(B - h)v + 2hv 



B + ^ 
— (b — ^) V + 2BV 

B+T 



y the Telodtj of By 



> the irdodty of i*. 



both in the direction bc^ when y and v are both positifc^ or 

the bodies both moved towards c before the ooIlBioii. Bat 

if t; be negative^ or the body'^ moved in the comiju j diies- 

tion before coliision^ or towards B j then^ fhanpi^ the mgk 

ofv, the same theorems become 



9C = 



_ (B — ^) V — 23v 



y- 



B + i 
_ (b — ^) V + 2bv 



i the velockj of i^ 



B + ^ 



, the veloc. of 1^ in the £recdao 



And if b were at rest before the impactf making its Tdo tity 
V =s 0, the same thfiorems give 

X = . — 7-7 V, and/ ^^'iTny* ^^ vdocitJes m this 



B+^'' '^ B+A 

And, in this case, if the two bodies B and t he equal fv 

2b ^b 

each other ; then b — ^ = O, and — j—: rz — = l ; vj 



b + ^ '^B 

give j: = 0, and / = v ; that is, the bod v B will stand stilly 
and the other body B will move on widi the whole velodtr 
of the former ; a thing which we sometimes see happen in 
playing at billiards ; and which would happen mach oftez>er 
if the balls were perfectly elastic. 

rtoPosiTiON xvn. 

6B» If Bodies strike one mnatker (^liqutij^ it is prcpsied ti dtUr* 

mine their Alotions afi^r the StrJke* 

Let the two bodies b, b, 
move in the oblique directions 
BAt bhy and strike each other 
at A, with velocities which are 
in proportion to the fines ba, 
bK ; to find their motions after 
the impact. Let cah repre- 
sent the plane in which the 
bodies touch in the point of 
concourse ; to which draw the perpendiculars Be, bn^ and 
complete the rcci;^glescc,DF. Then the motion in ba is re- 

L2 «A?i«A» 
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solved into the two bc, ca; and the motion in ^ A is resolved 
into the two hD, da ; of which the antecedents bc, to, are 
the velocities with whicfi they directly meet, and the con^e^ , 
quents CA, da, are. parallel; therefore by these the bodies . 
do not impinge on each other, and consequently the motions, 
according to these, directions, will not be changed by the im- 
pulse f so that the velocities with which the bodies meet, are 
^s BC and to, or their equals £ a and fa. The motions there- 
fore of the bodies b, b, directly striking each other with the 
velocities £A, fa, will be determinekl by prop. 16 or 14, ac- 
cording as the bodies are elastic or non-elastic ; which being 
donJe,let ag be the velocity, so determined, of one of them, 
as A ; and since there remains also in the body a force of 
moving in the direction parallel to be, with a velocity as be^ 
make ah equal to be, and complete the rectangle GH : then 
the two motions in ah and AG, or hi, are compounded into 
the diagonal Ai, which therefore will bp the path and velocity 
of the body b after the stroke. And after the same manner 
is the motion of the other body b detennined after the impact. 
If the elasticity of the lydies be imperfect in any given 
degree, thert tile quantity or the corresponding lines must be 
diminished in the same proportion. 



The laws of GRAVITY ; the DESCENT op HEAVY 
BODIES 5 AND THE MOTION of PROJECTILES in 
FREE SPACE. 

proposition XVlll. 

69. All the Properties of Motion delivered in Proposition VI, its 
Corollaries and Schohumy for Constant Forces, are true in the 
Motiofis of. Bodies freely descending by their own Gravity; 
namely, that the Velocities are as the Times, and the Spaces as 
the Squares of the Times, or as the Squares of the Velocities. 

For, since the force of gravity is uniform, and constantly 
the same, at all places near the earth's surface, or at nearly 
f he sam^ distance from the centre of the earth ; and since 
this is the force by which bodies descend to theisurface; 
they therefore descend by a force which acts constantly and 
(iquallyi consequently all the motions freely produced by 
gravity, are as above specified, by that proposition, &c« 

SCHOLIUM. 

1-0. Now it has. been found^by numberless experiments, 

i 
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tliat gravity is a force of such a nature, that all bodies, whether 

light or heavy, fall perpendicularly through equal spaces in 

the same time, abstracting from the resistance of the air ; • as 

lead or gold and a feather,- which in an exhausted receiver 

fall from the top to the bottom in the same time.' It is also 

ibund that the velocities acquired by descending, are in the 

exact proportion of the times of descent : and nirther, that 

the spaces descended are proportional to the squares of the 

times, and therrfore to the squares of the velocities. Hence 

then it follows, that the weights or gravities, of bodies near 

the surface of the earth, are proportional to the quantities of 

ixiatter contained in them ; and that the spaces, times, and 

velocities, generated by gravity, have the relations contained 

in the three general proportions before laid down. Further, 

as it is found, by accurate experiments, that a body in the 

latitu4e of London, falls nearly 16^ feet in the first second 

of time, and consequently that at the end of that time it has 

acquired a velocity double, or of 32^ feet by corol. 1, prop. 6 ; 

therefore, if g denote 16^ feet, the space fallen through in 

one second of time, or 2g the velocity generated in that time; 

then, because the velocities are directly proportional to the 

times, and the spaces to the squares of the times j therefore 

it will be, 

as l" : t'* :: 2g : 2gt = v the velocity, 
and V : t^ :: g \ gf- =z s the sp^ce. 
So that, for the descents of gravity, we have these general 
equations, namely, 

s = gt"^ = - = yv. 

2s 
'^ =r 2gt = -J =2 s/gs. 

"^ 2^ "■ V "■ g 

V S V' 

^ "" 2/ ~ ? "* 4/ 

Hence, because the times are as the velocitieS| and the 
spaces as the squares of either, therefore, 

if the times be as the numbs. 1, ^, 3, 4, 5, &c, 
the velocities will also be as 1 , 2, 3, 4, 5, &c, 
and the spaces as their squares 1, 4, 9, 16,25, &c, 
and the space for each time as 1, 3, 5, 7, 9, Scc^^ 
namely, as the series of the odd numbers, which are the 
differences of the squares denoting the whole spaces. So 
that if the first series of natural numbers be seconds of time, 
* ♦ namejy, 
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2*, 



namely, the times in seconds 
the velocities in feet witl be 
ihe spaces in the whole limes 
and the space for each second 



IG^ 



3"> *", ol^ 

48r, SOj'j, 112/1, «ccj 



^, 



71. These relations, of the times, veloci- 
ties, and spaces, may be aptly represented 
by certain lines and geometrical ligureT. 
Thus, if the line a b denote the time of any 
body's descent, and nc, at right angles 10 it, 
the velocity gained at the end of that time j 
byjoining AC, and dividing thetime ab into " " 

any number of parts at the points a, b, c i 
then shall ad, be, cf, parallel to bc, be the velocities at the 
points of time a, b, c, or at the ends of the times, Aa, Ab, 
AC ; because these latter lines, by similar triangles, are pro- 
portional to the former ad, be, cf, and the times are propor- 
tional to the velocities. Also, the area of the triangle abc 
will represent the space descended by the force of gravity - 
in the time ad, in which it generates the velocity ec ; be- 
C'flUEe that area is ecjua! to Jab x ec, and the space descend- 
ed is * =; -J/w, or half the product of the time and the lait 
velocity. ArJ, for the same reason, the less triangles Aad, 
Abe, Acf, will represent the several spaces described in the 
corresponding times jia, Ab, Ac, and velocities ad, be, cf j 
those triangles or spaces being also as the squares of their 
like sides Aa, Ab, ac, which represent the times, or of ad, be, 
cf, which represent the velocities. 

72. But as areas are rather unnatural 
represent atiiDns of the spaces passed over 
by a body tn motion, which are lines, the 
relations may- better be represented by 
the abscisses and ordinates of a parabola. 
Thus, if PQ be a parabola, PR its axis, 
and RQ its ordinate ; and pa, pb, Pc, &c, 
parallel to Ra, represent the times from 
the beginning, or the velocities, then ae, bf, eg, &c, parallel 
to the axis PR, will represent the spaces described by a fall- 
ing body in those times ; for, in a parabola, the abscisses fh, 
pi, pfc, &c, or ae, bf, eg, &c, which are the spaces described, 
are as the squares of the ordinates he, if, kg, &c, or Pa, pb, 
PC, &c, which represent the times or velocities. 

":J. And because the Ia\vs for the 4^trucuon of motion, 
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the same as those for the generation of it> by equal forces^ 
t acting in a contrary direction ; therefore^ 

Ix^, A body thrown directly upward^ with any velocity^ 
11 lose equal velocities in equal times. 

2di If a body be projected upward, with the velocity it 
cjuired in any time by descending freely, it wiU lose all its 
locity in an equal time, and will ascend just to thp same 
3ti.^ight from which it fell, and will describe equal spaces in 
^<3^Tial times, in rising and falling, but in an inverse order ; 
<1 it will have equal velocities at anyone and the same point 
the line described, both in ascending and descending. 

3^ li bodies be projected upward, with any velocities, the 
Ix^^ight aj-cended to, will be as the squares of rfiose velocities, 
^^r as the squares of the times of ascending, till they lose all 
^iieir velociities. . 

74. To illustrate now the rules for the natural descent of 
bodies by a few examples, let it be required, 

1//, To find the space descended by a body in 7 seconds 
oF time, and the velocitv acquired. 

Ans. 788Vt space; and 225^ velocity, 

2J, Tp find the time p{ genorzimg a velocity of 100 feet 
per second, and the wl^ole space descend^^d. 

Ans. ^"-TTi ^^^^ 5 1 55-nrr space, 
3^, T^ £nd the time of descending 400 feet, and the ve- 
locity at the end of that time. 

Ans. 4"fJ. time J and 160|f velocity, 

PROPOSITION XIX. 

75. If a Body he projected in Free Spacey either 'Parallel to the 
Hsrizofiy or in an CKique Dindiofiy by ihe Force of Gw:^ 
Pc*Luderj or any ether Impulse ; it liill^ by this Motion^ in 
Conjunction nvith ihe Action of Craviiyy describe the Curv^ 
Line of a Parabola, 




Let the body be projected from the point A, in the di-, 
r/ection ad, with any uniform velocity: then, in any equal 

portions 
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pordons of time) it tirould, by prop. 4, describe the equal 
spaces AB, BC, CD, 8cc, ia the line ad, if it were not drawn 
continually down below that line by th^ action of gravity. 
Draw BE, CF, dg, &c, in the direction of gravity, or perpen^ 
dicular to the horizon, and equal to the spaces through 
which the body would descend by its gravity in the same 
time in which it would uniformly pass over the correspond- 
ing spaces AB, AC, ad, &c, by the projectile motion. Then, 
since by these two motions the body is carried over the space 
AB, in the same time as 9ver the space be, and the space AC 
in the same time as the space cf, and the space ad in the 
same time as the spac^ dg, &c ; therefore, by the composi- 
tion of motions, at the end of those times, the body will be 
found respectively in the points e, f, g, &c ; and conse- 
quently the real path of the projectile will be the curve line 
aefg &c. But the spaces ab, ac, ad, &c, described by 
uniform motion, are as the times' of description; and the 
spaces BE, cf, dg, &c, described in the same times by the 
accelerating force of gravity, are as the squares of the times; 
consequently the perpendicular descents are as the squares 
of the spaces in ad, that is be, cf, dg, &c, are respectively 
proportional to ab% ac% ad% Sec ; which is the property of 
the parabola by theor. 8, Con. Sect. Therefore the path of 
the projectile is the parabolic line Aefg &c, to which ad is 
a tangent at the point a. 

76. Coro/. 1. The horizontal velocity of a projectile, is 
always the same constant quantity, in every point of the 
curve; because the horizontal motion is in a constant ratio 
to the motion in ad, which is the uniform projectile motion. 
And the projectile velocity is in proportion to the constant 
horizontal velocity, as radius to the cosine of the angle dah, 
or angle of elevation or depression of the piece above or be- 
low the horizontal line ah. 

77. Corol. 2. The velocity of the projectile in the direction 
of the curve, or of its tangent at any point a, is as the secant 
of its angle bai of direction above the horizon. For the 
motion in the horizontal direction ai is constant, and ai is 
to AB, as radius to the secant of the angle a ; therefore the 
piotion at a, in ab, is everywhere as the secant of thc! 
angle A. , 

78 CoroL 3. The velocity in the direction dg of gravity, 
or pei-pendicular to the horizon, at any point G of the curve, 
IS to the first uniform projectile velocity at a, or point of 
contact of a tangent, as 2gd is to ad. For, the times in ad 
^d Dp being equal, and the velocity acquired by freely de- 
scending 
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^een^ng through DO5 being such as would carry the body 
tiniformly over twice dg in an equal time^ and the spaces 
^described with uniform motions being as the velocities, there- 
fore the space ad is to the space 2dg» as the projectile 
-v^elocity at a, to the perpendicular velocity at c. 



PROPOSITION xx» . . 

^T'Q. The Velocity in the Direction ^ the Curve j (U any Point of 

itf as A, is equal to that which is generated by Gravity if$ 

freely descending through a Space which is equal to One^Fourih 

of the Parameter of the Diameter of the Parabola at that 

Point' 

Let pa or a r be the height 

5iue to the velocity of the projec- 

.tile at any point A, in th^e direction 

~of the curve or tangent Ac, or 

tlie velocity acquired by falling 
through that height; and com- 
plete the parallelogram" acdb. . 
Then is cd = ab or ap, the 
height due to the velocity in the curve at A ; and CD is also 
the height due to the perpendicular velocity at D, which 
must be equal to the former ; but by the last corol. the velo- 
city at A is to the perpendicular velocity at D, as ac to 2cd ; 
and as these velocities are equal, therefore AC of bd is equal 
to 2CD, or 2ab ; and, hence ab or ap is equal to ^bd, or -J- 
pf the parameter of the diameter ab, by coroL to theor. 1'6 
of the Parabola. 

80. CoroL 1, Hence, and from cor. 2, 
theor. 13 of the Parabola, it appears that, 
if from the directrix of the parabola 
which is the path of the projectile, seve- 
fal lines he be drawn perpendicular to 
the directrix, or parallel to the axis ; then 

the velocity of the projectile in the direction of the curve, 
at any point e, is always equal to the velocity acquired by a 
body falling freely through the perpendicular line he. 

81 . CoroL 2. If a body, after falling through the height 
. PA (last fig. but one), which is equal to ab, and when it 

arrives at a, have its course changed, by reflection from ap 
elastic plane Ai, or otherwise, into any direction acj without 
altering the velocity -^ and if ac be talcen z^ 2ap or 2Ag, 

. . and 




164 



Op motion, forces. See. 



-and tlie pu^elogram be completed ; then the body will de* 
scribe the parabola passing through the point D. 

82. Canl. 3, Because AC = 2ab or 2cd or 3ap, therefore 
AC* = 2af X 2cD or AP . 4cD ; and, because all the perpen- 
diculars EF, CD, GK, are as ae'', ac% ag* ; therefore also , 
AF ■ 4ef ~ AE*, and ap . tea — ag*, &c ; and, because the 
rectangle of the extremes is equal to the rectangle of the 
means of four [oxiportiojials, therefore always 

it is Ap : ae : : ae : 4£p, 
and ap : AC : : AC : 4ct>, 
and AP : AG : : AG : Igh, 
aodsoon. 




rROPOSlTIOH XXI. 

83. Having given the Direction, and the Impetus, or Ahitude dot 
to the First Velocity of a Projectile ,■ tu determine the Greatest 
Height to which tt will rise, and the Random nr Horixtmtal 
Range. 

Let ap be the height due to the 
projectile velocity at A, ag the di- 
rection, and. AH the horizon. On 
AG let fall the perpendicular Pq, 
and on ap the perpendfcular qy ; so 
shall AR be equal to the greatest alti- 
tude cv, and 4qR equal to the hori- 
zontal range ah. Or, having drawn 
pq_^perp. to AG, take AG = 4a(j, and draw GH perp. to AH; 
then AH is the range. 

For, by the last corollary, AP : AC : : AG : 4gH; 

and, by similar triangles, ap : AG :: Aq. : gh, 

or - - - AP ; AG :; 4a(i.: 4gh; 
therefore AG = 4aqj and, by similar triangles, AH = 4 "(i. 

Also, if V be the Tertex of the parabola, then ab or f AG 
= 2a(j, or A<1^= QB ; consequently AR = Bv, which is = CY 
by the property of the parabola. 

84. Carol..!. Because the angle 
q is a right angle, which is the angle 
in a semicircle, therefore if, on Ap 
as a diameter, a semicircle be de~ 
scribed, it will pass tlirough the 
point (i; 

85. Cert>/.3.Ifthehorizontalrange 
and the projectile velocity be given, 

the 
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<K^ direction of the piece so as to hit the olject H» will be 

thus easily found : Take ad = x^ii> draw Da perpendicular 

to AH9 meeting the semicirdey described on the diameter APf 

in Q and q; then aq or Aq will be the direction of the 

piece. And hence it appears^ that there are two directions 

AB, Ab, which, with the same projectile velocity, give tho 

^ery same horizontal range ah. And these two directions 

in.ai:e equal angles qAD, qAP with ah and ap^ because the 

arc PQ = the arc Aq. 

86. CoroL 3. Or, if the range AH, and direction AB, be 

given ; to find the altitude and velocity or impetus. Take 

Ai> = :Jah, and erect the perpendicular dq, meeting ab in 

0.9 so shall DQ^be equal to the greatest altitude cv. Also, 

erect AP perpendicular to ah, and qp to aqj so shall ap be 

the height due to the velocity. 

87. CoroL 4. Wh^n the body is projected with the same 
velocity^ but in different directions : the horizontal ranges 
AH will be as the sines of double the angles' of elevation. — 
Or, which is the same, as the rectangle of the sine and co- 
sine of elevation. For ad or rq, which Is ^ah, is the 
sine of the arc aq, which measures double the angle qad of 
elevation. 

And when the direction is the same, but the velocities 
different ; the horizontal ranges are as the square of the 
velocities, or as the height ap, which is as the square of the 
velocity 4 for the sine ad or rq or ^ah is as the radius or as 
the diameter ap. 

Therefore, when both are different, the ranges are in the 
compound ratio of the squares of the velocities, and the sines 
of double the angles of elevation. 

88. CoroL 5. The greatest range is when the angle of ele- 
vation is 45**, or half a right angle ; for the double of 45 is 
90, which has the greatest sine. Or the radius os, which is 
-J of the range, is the greatest sine. 

And hence the greatest range, or that at an elevation of 
45°, is just double the altitude ap which is due to the velocity, 
or equal to 4vc. Consequently, in that case, c is the focus of 
the parabola, and ah its parameter. Also, the ranges are 
equal, at angles equally above and below 45o. 

39. CoroL 6, When the elevation is 15% the double of 
which, or 30% has its sine equal to half the radius ; conse- 
quently then its range will be equal to ap, or half the greatest 
range at the elevation of 45l; that is, the ra^ge at 15**, is 
^qual to the impetus or height due to the projectile velocity- 

90. Cwti.1 . 
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90. Cord. 7. The greatest altitudelcv, being equal t6 AK| 
h as the versed sine of double the angle of elevation, and 
itsa as AP or the square of the velocity^ Or as the square 
of the sine of elevation, and the square of the Velocity y fpr 
the square of the sine is as the versed sine of the dpuUe 
aiigle. 

91. Carol. 8. The time of flight of the! projectile^ liehich if 
equaf to the time of a body falling freely through GH or 
4cv* four times the altitude, is therefore* as the square root 
of the altitude, or as the projectile velocity and sine of the 
elevation* 

SCHOLIUM. 

' 92. From the last proposition, and its corollaries, may be 
deduced the following set of theorems, for finding all the 
circumstances of projectiles on horizontal planes, having ^ny 
two of them given. .Thus, let j, r, t denote the sine, cosinq, 
and tangent of elevation *, s, v the sine and versed sine of 
the double elevation ; r the horizontal range ; T the time of 
flight ; V the projectile velocity ; h the greatest height of the 
projectile g = 16^ feet, and a the impetus, or the altitude 
due to the velocity v. Then, 

lt= ^s- asc-^ — =— =r— = --p-=: ^ , 
SV a tK SK H 

g g g g^ g 

T T -^R j^v* *yv* g , 

M =2 as"- =1 iav = t/R= --. = -— =-— =:^T^ 

4c 4fg S^ 4t 

And from any of -these, the angle of direction may be 
found. Also, in these theorems, g may, in many cases, be 
taken = 16, without the small fraction ttj which will b^ 
near enough for common use. 



PROPOSITION XXII. 

^3. To determine the Range on an Oblique Plane ; having given 
the Impetus or Velocity y and the Angle of Direction. 

LfiT AE be the oblique plane, at a given angle, either 
above or below the horizontal plane iH ; Ac the direction 

M 
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4>f the piece, and ap the alti^ 
^udedue to the projectile relq* 
city at A. 

By .the last proposition, find' 
the horizontal range ah to the 
given velocity and direction; 
draw HE perpendicular to ah> . 
meeting the oblique plaiie in e: 
draw £F parallel to AG, ;md 
Fi parallel to fi£ ; so shall the 

projectile pass throu^fh i, and ttie range on the, obUquj^ 
plane will be Ai. ,As is evident by theor. 15 of the Par»- 
|>ola, where it is proved, that if ah, ai ()e any two lines t^r*- 
liiinated at the curve, and if, he parallel to the axis ; theo 
is EF parallel to the tangent ag. 

94. Otherwise^ without the Horizontal Railge. 

Draw PQ^ perp. to AG, and qp perp. to the horizotital 
plane af, meeting the inclined plane in k; take ae =: 4ak, 
draw EF parallel to ag, and pi parallel to ap or dq; so shall 
AI be the range on the oblique plane. For ah =? 4a9^ 
therefore eh is parallel to fi, and so on, as above. 

Otherwise, 

95. Draw pq making the angle Apq = the angle gai ; 
ifhen take ^^G = 4Aq, and draw Gl p^rp, to ah. Or, draw 
qk perp. to ah, and take ai = 4Ai&. Also kq will be equ4 
to jCv the greatest height above the plane. 

For, by con 2, prop. 20, ap : AG : : ag : 4gi ; 
and by sim. triangles, ap : AG : : Aq : gi, 
or - - - ap : AG : : 4Aq : 4gi ; 

therefore AG = 4Aq; and by sim. triangles, ai = 4Ak. 
Also, qk, or ^i, is = to cv by theor. 1 3 of the ParaboU- 





S«. Corel. I. If AO be drawn perp. to the plane AT,:an<J 
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AP be bisected by the perpendicular bto; then with tfce 
centre describing a circle through A and p, the same wiH 
also pass through q, because the angle hai, formed by the 
tangent AI and ag, is equal to the angle Apq, which will 
therefore stand on the same arc Aq. 

97. Corel. 2- If there be given the range Ai atid the ve- 
locity, or the impetus, the direction- will hence be easily 
found thus : Take Ale = f ai, draw kq perp, to ah, meeting 
the circle described with the radius ao hi two points q and 
q ; then Aq or Aq will be the direction of the piece. And 
hence it appears that there are two directions, which, with 
the same hnpetus, give the very same range ai. And these 
two directions make equal angles with Ai and ap, because 
the arc Pq is equal the arc Aq. They also make equal angles 
witli a line drawn from A through s, because the arc sq is 
equal the arc sq. 

93. Coroi. 'i. Or, if there be given the range Ai,and the 
direction Aq ; to find the velocity or impetus. Take Ak =s 
■iAr, and erect kq perp. to ab, meeting the line of directioa 
in q ; then draw qp making the ^ Aqp =: jL Akq ; so shall 
AP be the impetus, or the altitude due to the projectile 

99. Carol. 4, The range on an oblique plane, with a given 
elevation, is directly proportional to the reciangie of the 
cosine of the direction of the piece above the horizon, and 
the sine of the direction above the oblique plane, and reci- 
procally to the square of the cosine of the angle of the plane 
above or below the horizon. 

For, put s = sin. iqAi or APq, 

c ^ COS. Z-qAH or sin, PAq, 
c = cos. iiAH or sin. Akd or Akq or Aq,p, 
Then, in the triangle APq, c : j : : af : Aq; 
and in the triangle Akq, c : c : : Aq : Ak ; 
tlieref. by composition, c' : « : : AP : ak = ^^Ai. 

So that the oblique range ai = — X iAP. 



100. The range is the greatest when Ak is the greatest ; 
that is, when kq touches the circle in the middle point s ; 
and then the line of direction passes through s, and bisects 
the angle formed by the oblique plane and the vertex. Also, 
the ranges are equal at equal angles above and below this 
direction for the maximum. 

JOl. C«e/. 5. The greatest height cv or kq of the projec- 
tile 
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tile^ above the plane^ is equal to — x ap« And therefore it 

is as the impetus and square of the sine of direction aboTe 
the plane directly, and square of the cosine of the plane*s in'* 
clinacion reciprocally. 

For - c (sin. Aqp) : s (sin. APq) : : Ap : Aqt 

and c (sin. Akq) : s (sin. kAq) : : Aq : kq, 

theref. by comp. c* : /* : : ap : kq. 

102. Corel. 6. The time of flight in the curve Avi is =s 
2x AP » 

— \/ — , where ^ = IS^ feet. And therefore it is as the 

o 

velocity and sine of direction above the plane directly, and 
cosine of the plane's inclination reciprocally. For the time 
of describing the curve, is equal to the time of falling freely 

through Gi or 4kq or — x ap. Therefore, the time being 

as the square root of the distance, 

2j* ^j ap 

^/^ : — V AP : : l" : —y/ — , the time of flight. 

SCHOLIUM. 

103. From the foregoing corollaries may be collected the 
following set of theorems, relating to projects made on any 
given inclined planes, either above or below the horizontal 
plane. In which the letters denote as before, namely, 

c = cos. of direction above the horizon^ 

c = COS. of inclination of the plane, 

s = sin. of direction above the plane, 

R the range on the oblique plane, 

T the time of flight, 

V the projectile velocity, 

H the greatest height above the plane, 

a the impetus, or alt. due to the velocity v, 

g = 16-rV feet. Then, . 

cs r/ ^ zc ^ ^c 

R = T X 4fl = -r V = ^- 1* = — - H. 

c* c*^ s s 

"^ C* "* 4^C* "^4^ ~' i ' 

FR £C 2C . 

V = V4tf^ = C-v/ — =^ T — —VgH^ 

, 1- J- ^' ^-a he fount*. 

And from any of these, the angle of direction may ^raC- 
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PRACTICAL GUNNERY. 

104. THE two foregoing propositions cxHitain the wholo 
theory of projectiles, with theorems for all the easels;^ regu- 
larly arranged* for use, both for oblique and horizental, planes. 
But, before they can be applied to use in resolving the several 
cases in the practice , of gunnery, it is necessary that some 
more data be laid down, as derived from good experiments 
made with balls or shells discharged from cannon or mortar$y 
fey gunpowder, under different circumstances, for, without 
such experiments and data, those theorems can be of very 
little use in real practice, on account of the imperfectionsaAd 
irregularities in the firing of gunpowder, and the expubion 
of balls from guns, but . more especially on account of the 
enormous resistance of the air to all projectiles made with 
any velocities that are -considerable. As to the cases in 
which projectiles are made with small velocities, or .such a? 
<Jo not exceed 200, or 300, or 400 feet per second of time, 
they may be resolved tolerably near the truth, especially for 
the larger shells, by the parabolic theory, laid down above. 
But, in cases of gre^ projectile velocities, that theory is quite 
inadequate, without the aid of several data drawn froin many 
and good experiments. For so great is the effect of the re- 
sistance of the air to projectiles of considerable velocity, that 
some of those which in the air range only between 2 and 3 
iniles at the most, would in vacuo range about ten times as 
far, or between 20 and 30 miles. 

The effects of this resistance are also various, according to 
the velocity, the diameter, and the weight of ^he projectile. 
So that the experiments made with one size of ball or shell, 
will not serve for another size, though the velocity should be 
the same ; neither will the experiments made with one ve- 
locity, serve for other velocities, though the ball be the same. 
And therefore it b plain that, to form proper rules for prac- 
tical gunnery, we ought to have good experiments. made with 
each size of mortar, and with every variety of charge, from 
the least to the^ greatest. And not only so, but these ought 
also to be repeated at many different angles of elevation, 
namely, for every single degree between 30^ and 60*^ elevation, 
and at intervals of 5° above 60"^ and below 30®, from the ver- 
tical direction to point blank. By such a course of experi- 
ments it will be fouhdjthat the greatest range, instead of be- 
ing constantly that at an elevation of 45°, as in the {iarabolic 
theory, will be at all intermediate degrees between 45 and 30, 

bein^f 
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liemg more or less, both according to the velocity and the 
iDireight of the projectile ; the sm^er velocities and larver 
shells ranginflr farthest when projected abnost at an elevation 
of 45^ ; while the greatest velocities, especially with the 
snudler shells, range farthest with an elevation ot about 30% 

105. There have, at different times, been made certain 
small parts of sach a com'se of experiments as is hinted at 
above. Such as the experiments or practice carried on in 
the year 1773, on Woolwich Common; in which all the 
sizes of mortars wer^ used, and a variety of small charges of 
powder. But th^y were aJl at-the elevation of 45^ ; conte« 

auently these are defective in the higher charges, and. in all 
le other angles of elevation. 
Other experiments were also carried on in the same place 
in the years 1784 and 1786, with various angles of elevation 
indeed, but with only one * size of mortar, and only one 
charge of powder, and that but a small one too : so that all 
those nearly agree with the paraboUc theory. Other experi- 
ments have also been carried on with the ballistic pendulum^ 
at difFerent times ; from which have been obtained some of 
the laws for the quantity of powder, the weight and velocity 
of the ball, the length of the gun, &c. Namd^, that the 
velocity of the ball varies as the square roQt of the charge 
directly, and as the square root of the weight of ball reci- 
procally *, and that, some rounds being fired with a medium, 
length of one-pounder gun, at Id'^and 45^ elevation, and 
ymth 2, 4, 8, and 12 ounces of powder, gave nearly the ve- 
locities, ranges, and times of flight, as they are here set down * 
in the following Table. 



Powder. 


Elevation 
of gun. 


Velocity 
ofbaU. 


Range. 


Time of 
flight. 


% 

. 4 

. 8 

12 

2 


15<^ 

15 

15 

15 

45 


feet. 

860 
1230 
1640 
1680 

St50 


feet. 

410O 
5100 
6000 
67CO 
5100 


9'' 
12 
14i 
15J 
21 



106. But as we are not yet provided with a sujScient 
number and variety of experiments, on which to establish 
true rules for practical gunnery, independent of the parabolic 
theory* we must at present content outfaal^ves with the data of 

Vol. II. M soba 
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some one certsin experimented range and time of flight, at « 
given angle of elevation ; and then by help of iliese, and the 
rule* in the parabolic theory, det^niine the like circumstancei 
for other elevations that are not greatly different from tllff 
former, assisted by the follo^nng practical rulc;.-^ .^^H 

Some PRACTICAL RULES in GUNNERY. ^H 
I. Ta/fid the Felicity of any Skat or Shell. 

RuLZ> Divide double the weight of the charge of powder 
by the weight of the shot, both in lbs. Extract the square 
root of the quotient. Multiply that root by 1600, and the 
product will be the velocity in feet, or the number of feet the 
shot passes over per second. 

Or say — -As the root of the weight of the shot, is to the 
toot of double the weight of the powder, so is 1600 feet, to 
the velocity. 

II. Giv4n the ratigt at One E/efatlsn ; ia find the Range tt 

Another Elevation. 

Rule. As the sine of double the £r$t elevation, is to its 
range; so is the sine of double another elevation, to its 
range. 

III. Given the Range far One Charge i to find the Range fir 

Amther Charge, or the Charge for Another Range. 

Role. The ranges have ihe same proportion as the 
charges ; that is, as one range is to its charge, so is any other 
range to its charge : the elevation of the piece being the 
same in both cases. 

101.. Example 1. If a ball of 1 lb. acquire a velocity of 
J600 feet per second, when fired with 8 ounces of powder; 
it is required to find with what velocity each of the several 
kinds of shells will be discharged by the full charges o? 
powder, viz. 

Nature of the shells In inches 
Their weight in lbs. 
' Charge of powder in lbs. 

' Ans. The velocities are 

108. Exam. 2. If a shell be found to range 1000 yards, 
when discharged at an elevation of 45° ; how far will it 










4| 
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196 SO 
S 4 


48 
2 


16 
1 


485 47T 


462 


566 |566 1 
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#2inge when the elevation is 30^ 16^, the charge of powder 
W>eing the same ? Ans. 2612 feet, or 871 yards. 

109. Exam. 3. The range of a shell, at 45"* elevation, 
ft>eing found to be 3750 feet ; at what elevation must the 
X>iece be set, to strike an object at the distance of 2810 feet, 
-^th the same charge of powder ? 

,Ans. at 24** 16', or at 65** 44'. 

110^. Exam. 4. With what impetus, velocity, and charge 
erf powder, must a 13-inch shell be fired, at an elevation of 
S2^ 12', to strike an object at the distance of 3250 feet ? 

Ans. impetus 1802, veloc. 340, charge 4lb. Tjbz. 

111. Ex^fH. S. A shell being found to range 3500 feet, 
-"Virhen discharged at an elevation of 25^ 12'; how far then 

"virill it range at an elevation of 36'' 15' with die same charge 
Gf powder ? Ans. 4332 feet. 

112. Exam. 6. If, with a charge of 9lb. of powder, a. shell 
iT^mge 4000 feet \ what charge will sufBce to throw it 3000 
;f!eet, the elevation being 45® in both cases ? 

Ans. 6|-lb. of powder. 

113. Exam. 7. What will be jthe time of flight for any 
Riven range, at the elevation of 45* ? 

Ans. the time in sees, is -^ the sq. root of the range in feet. 

114. Exam. 8. tn what time will a shell range 3250 feet, 
^t an elevation of 32° ? Ans. l\^ sec. nearly. 

115. Exam. 9. How far will a shot range on a plane which 
ascend^ 8** 15', and another which descends 8* 15' ; the im- 
petus being 3000 feet, and the elevation of the piece 32° 30' ? 

Ans. 4244 feet on the ascent, 
and 6745 feet on the descent. 

116. Exam. 10. How much powder will throw a I3*inch 
shell 4244 feet on an inclined plane, which ascends 8o.l5', 

' the elevation of the mortsg: being 32° 30' ? 

Ans. 7*37651b. or 7lb-. 6oz. 

11 7. Exam. li. At what elevation must a 13 -inch mortar 
hp pointed, to range 6745 feet, on a plane which descends 
8M5' ; the charge 741b. of powder ? Ans. 32° 28'. 

118. Exam. 12. In what time will a 13-inch shell strike a 
plane whkh rises 8° 30', when elevated 45% and discharged 
with an impetus of 2304 feet ? Ans. 14| seconds. 

M 2 Tb.^ 
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The descent of BODtES on INCLINED PlANES 
AND CURVE SURFACE.— The MOTION of PEN, 
DULUMS. . 

PROPOSITION XXIII. 

119. If a weight w be Sustained on an Inclined Plane AB^ hy m 
PifWer P, acting in a Direction WP, ParaUel fothePhm* jien 



77>e Length Afi, 
The Height BC^ and 
The Base AC, ' 
^the Piang* 




The Weight of the Body^ w 
The Sustaining Power p, and 
The Pressure on the Plane^ pf 
are respectively as 

Foil, draw CD perpendicular 
to the plane. Now here ar6 
three forces, keeping one an- 
other in equilibrio \ namely^ the 
weight, or force of gravity, act- 
ing perpendicular to ac, or pa- 
rallel to Bc; the power acting 
parallel to DB ; and the pressure 

perpendicular to ab, or parallel to DC : but when three fof ces 
keep one another in equilibrio, they are proportional to the 
sides of the triangle cbd, made by lines in the direction o^ 
those forces, by prop. 8 5 therefore those forces* are to one 
another as bc, bd, cd. But the two triangles abc, cbd, are 
equiangular, and have their like sides proportional ; there- 
fore the three bc, bd, cd, are to one another respectively ay 
the three ab, bc, ac ; which therefore are as the three forces 

I 

12b. CoroL 1. Hence the weight w, power p, and pressiure 
Pi are respectively as radius, sine, and cosine, 

of the plane's elevation bac above the horizon. 

For, since the sides of triangles are as the sines of their 
' opposite angles, therefore the three ab, bc, ac, 
are respectively as - - sin. c, sin. a, sin. b, 
or as - r - - radius, sine, cosine, 

of the angle A of elevation. 

Or, the three forces are as ac, cd, ad ; perpendicular to 
their directions. 

121. Coroi 2. The power or relative weight that urges a 

' . bc 
body w down the inclined plane, is = — x w ; or the force 

AB 

with 
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with which it descends, or endeavours to descendj is as the 
sine of the angle A of inclination^ ^ 

122. Cwrol. 3. Hence, if there be 
two planes of the same beight, and 
two bodies be laid on them which 
are proportional to the lengths of 
the planes ; they will have an equal 
tendency to descend down the planes. 
And consequently they will mutually sustain each oth^ if 
they be connected by a string acting parallel to the planes. 

123. CortfL 4. In like manner, 
when the power P acts in any 
«ther direction whatever, wpj by 
drawing ode perpendicular to the 
direction wp, the three forces in 
€quilibrio, namely, the weight .w, 
the power p, and the pressure on . 
the plane, voll still be respectively 
as AC, CD, AD, drawn perpendicular 
to the direction of those forces. 




PROPOSITION XXIV. 

124. If a Weight W on an Inclined Plane AB, be in Equiliirio 
nvtth another Weight P hanging freely ; then if they h set 
a-moviftg, their Perpendicular Velocities ^ in that Place, uHl be 
Reciprocally as those Weights. 

Let the weight w descenTl a very 
sdiall space, from w to A, along the 
plane, by which the string pfw will 
' come into the position pfa. Draw 
WH perpendicular to the horizon AC, 
and WG perpendicular to af: then 
WH will be the space perpendicularly 
descended by the weight w ; and AG, 
or the difference between fa and fw, 
will be the space perpendicularly ascended by the weight p \ 
and their perpendicular velocities are as those spa 
and AG passed over in those directions^ in the same time. 
Draw CDE perpendicular to af, and di perpendicul^ to ac. 

Then, 
in the sim. figs, agwh and aedi, ag : wh 
and in the sim. tri. aec, dic, ac : cd 

but, by cor. 4, prop. 23, ac : cd 

therefore, by equalityf. ag : wh 




A£ 
AE 
W 
W 



: DI; 

: p; 

: p; 
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That b, their perpendicular spaces, or velocities, are reci« 
procally as their weights or masses* 

125. Ccrol, 1. Hence it follows, that if any two bodies be 
in equilibrio on two inclined plane!!, and if they be set a- 
moving, their perpendicular velocity will be reciprocally as 
their weights. Because the perpendicular weight which sus- 
tains the one, wotdd also sustain the other. 

126. CoroL 2. And hence also, if two bodies sustain each 
other in equilibrio, on any planes, and they be put in motion; 
then each body multiplied by its perpendicular velocity, wifl 
give e<|ual products. 

PROPOSITION XXV, 

J 27. The Velocity acquired by a Body descending freely down an ' 
Inclined Plan^ ab, is to the Velocity acquired by a Body falling 
Perpendicularlyy in the SfftneTime; as the Height rftfoePiqtie 
BC, is to its Length AB* - 

For the force of gravity, both per^ 
pendicularly and on the plane, is con- 
stant; and these two, by corol. 2, prop. . 
523, are to each pther as ab to Bc. But, 
by art. 28, the velocities generated by 
any constant forces, in the same time, 
ar6 as those forces. Therefore the velocity down ba is to 
the velocity down bc, in the same time, as the force on ba to 
the force on bc : thati$, as bc to ba. 

128. Coral, I. Hence, as the motion down an inclined 
plane is produced by a constant force, it will be a motion 
uniformly accelerated; and therefore the laws before laid 
down for accelerated motions in general, hold good for inor 
tions on inclined planes ; such, for instance, as the following: 
That the velocities are as the times of descending from rest \ 
that the spaces descended are as the squares of the velocities, 
or squares of the times ; and that if a body be thrown up an 
inclined plane, with the velocity it acquired in descending, it 
will lose ail its mption, and ascend to the same height, in the 
same time, and will repass any point of the plane with the 
same velocity as it passed jt in descending. 

129. Corel, 2. Hence alsp, the $pace descended down an 
inclined plane, is to the space descended perpendicularly, in 
the $ame time, as the height of the plane cb, to its lengtl^ 
4B, or as the sine of inclination to radjus. For the spacer 

^scribc4 
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i^Stxribed b:r anj forces, ia the tame time* are as the ibrces, 
■^>r as the velocities. 

ISO. Con/. 3. Consequemly the vdodties and spaces de- 
scecded bj bodies down different incHned planei> tre as the 
axnes of elevation of the planes: ' 

131. Cernl. 4. If CD be drawn perpendicular to At; 
^Iien, while a body falls &eely throng die perpendicalar 
^pace BC, another body willi in the same time, dsKend down 
*3ie part of the plane bo. For by umilar triangles, - 
^^c z BD :: BA '. tCf that is, as the q>ace descended, by 
^oroL 2. 

Or, in any right-as^ed triangle bdq 
leaving its hypothentue fic perpendicular 
%« the horizon, a body will descend dovn 
^knj of its three sides bd,~bc, dc, in the 
same time. And therefore, if on the dia- 
:>*iet'er *c a drde be described, the time of 
vjescendmg down any chorda an, be, b?, 

E)c, EC, FC, &c, will he all equal, and each 

vqual to tbe time of falling frce^ through 

Xjie perpendicular diameter bc> 
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132. Tht Timt if Ascending down the Inclined Plane SA,is fe 
the Tinu ef filling throu^ the Height of the Plane Bc, ai tht 
Length BA ii to the Height Bc. 

Draw cd perpendicular to ab. 
Then the times of describing »D and 
BC ^ equal, by the last corol. Call 
that time f, and th# time of describing 
BA call T. 

Now, because the spaces described 
by constant forces, are as the squares of the times ; therefore 
** : t' :: BD : ba. 

But the three bd, bc, ba, are in continual proportion ; 
therefore bd : ba ; : ac* : : BA* ; 
hence, by equality, ^ : T*:: bc^ : ba% 
or - - - / : T : : bc : BA. 

133. Carol. Hence the times of descending down different 
planes, of the same height, are to one another as the lengths 
of (h; plants. 
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I3i> ■^ Body acquiret the Same Velocity in ilsicendinf^ dawn any 
J/iclifud Flaw BA, as by Jailing perpendicular through the 
Height of the Plane s c. 

For, the velocities generated by any constant forces, are 
in the compound ratio of the forces and times of acting. 
-But if we put 

F to denote the whole force of gravity in bc, 

f the force on the plane ab, 

t the time of describing bc, and 

T the time of descending down ab ; 

then by art. 1 1 9, f : f ■.: sa : bC; 

and by art. 1 32, t : T : : bc : Ba ( 

theref. by comp. ^t -.fT',: \ : \. 

That is, the compound ratio of the forces and times, or 
the ratio of the velocities, is a ratio of equality. 

135, Cofol. 1. Hence the velocities acquired, by bodies 
descending down any planes, from the same height, to the 
Game horizontal line, arc equal. 

13G, Coral. 2. If the velocities be equal, at any two equal 
altitudes, d, e ; they will be equal at all other equal alti- 
tudes A, C. 

137. Cbnl. 3. Hence also, the velocities acquired by de- 
scending down any planes, are as the square roots of tho 
heights. . 

FOPOSITION xxviii. j^H 

138. If a Body descend davin any Number if Coiniguctts PUnet^ 
AB, BC, CD J it luill at last acquire the Same Velocity, as a 
Body falling perpendicularly through the Same Height ED, 
supposing the Velocity not altered by changiiigfrsm one Plane to 

Prodoce the planes dc, cb, to 

meet the horizontal line ea pro- 
duced in F and g. Then, by 
art, 135, the velocity at B is the 
same, whether the body descend 
through AB or fb. And therefore 
the velocity at c will be the same, 
whether the body descend through abc or through fc. 



% 
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which is also ^ig^in, by art. 135^^ the same as by descendin|p' 
through GC. Consequently it will have the same velocitjr 
at Dj by descending through the planes ab^ bc, cd, as by de- 
scending through xhe plane GD ; supposing no obstruction 
to the motion by the body impinging on the planes at B and 
c: and this again, is the. same velocity as by descending 
through the same perpen'dicular height bd. 

139. CoroL 1. If the lixies abcd^ Sec, be suppose^ inde- 
finitely small, they will form a curve line, which will be^e 
path of the body ; from which it appears that a body ac- 
quires also the same velocity in descending along any curve^ 
as in falling perpendicularly through the same height. 

140. CoroL 2. Hence also, bodies acquire the siiame velo* 
city by descending from the same height, whether they 
descend perpendicularly, or down any planes, or down any 
curve or curves. And if their velocities be equal, at anyone 
Iieight, they will be equal at all other equal heights. There- 
fore the velocity acquired by descending down any lines or 
curves, are as the square roots of the perpendicular heights* 

141. Coro/. 3- And a body, after its descent through any 
curve, will acquire a velocity which will carry it to the same 
height through an equal curve, or through any other curve, 
either by running up the smooth concave side, or by being 
retained in the curve by a string, and vibrating like a pen- 
dulum : Also, the velocities will be equal, at all equal alti- 
tudes; and the ascent and descent will be performed in the 
same time, if the curves be the same. 

PROPOSITION XXIX. 

142. Tie Times in which Bodies descend through Similar Parts 
of Similar Curves y ABC, abc, placed ^alikcy are as the Square 
Koots of their Lengths. 

That isj the time in Ac is to the time in ac, as Vac 
to Vac. 

For, as the curves are similar, they may 
be considered as made up of an equal 
number of corresponding parts, which are 
every where, each to each, proportional to 
the whole. And as they are placed alikei 
the corresponding small similar parts will 
also be parallel to each other. But the 
time of describing each of these pairs of corresponding pa* 
rallel parts, by art. 128, are as the square roots of their 
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lengChsi which, by the supposition, are as •/ hz to \/9C, the 
roots of the whole curves. Therefore, the whole times are 
in the same ratio of v^ac to v'ac. 

143. Carol. I . Because the axaa dC) dc, of similar curves, 
are as the lengths of the similar parts Ac, ac ; therefore the 
times of descent in the curves Ac, ac, are as v^sc to •/'^Q^ 
or the square rootsof their axes; 

m. Curfl/. 2. As it is the same thing, whether the bodi« 
run down the smooth concave side of the curves, or be made 
to describe those curves by vibrating like a penduium, the 
lengths being Dc, Dc ; therefore the limes of the vibration 
of pendulums, in similar arcs of any curves, are as the square 
roots of the lengths of the pendulums. 

SCHOLIDM. 

l-t5. Having, in the last corollary, mentioned the pen^- 
<iulum, it may not be improper here to add eome retnarks 
concerning it. 

A pendulum consists of a hall, or any A 

other heavy body b, hung by a fine 
string or thread, moveable about a cen- 
tre A, and describing the arc cbj); by 
which vibration the same motions hap- 
pen to this heavy body, as would happen 
to any body descending by its gravity 
■ along the spherical superficies cbd, if 
that superficies were perfectly hard and smooth. If the 
pendulum be carried to the situation ac, and then let fall, 
the ball in descending will describe the arc cb ; and in the 
pCMDt B it will have that velocity which is acquired by de- 
scending through CB, or by a body falling freely through Efl. 
This velocity will be sufficient to cause the ball to ascend 
through an equal arc bd, to the same height d from whence 
it fell at c ; having there lost all its motion, it will again be- 
pn to descend by its own gravity ; and in the lowest point b 
h will acquire the same velocity as before; which will causa 
it to re-asceud to C : and thus, by ascending and descending, 
it will perform continual vibrations in the circumfereuce Cbd. 
And if the motions of pendulums met with iio resistance 
from the air, and if there were no friction at the centre of 
motion A, the vibrations of pendulums would never cease. 
Put from these obstructions, though small, !t happens, that 
the velocity of the ball in ihc point B is a little diminished 
in every vibration ; and consequently it does not return 
precisely to the same points c or d, biit tl*e ^rcs described con- 
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tinually become shorter and shorter^ till tt le&gdi tliey zrm 
insensible; unless the motion be s^isted by a mechaiDical 
contrivance^ as in clocks^ called a maintaining power. 

DSFINmOV. 

146. If the cir- 
cumference of z . 
circle be rolled on 
a right line, begins 
ning at any point 
A, and continued 
till the same point 
A arrive at the line 
again, making just one revolution, and thereby measuring 
out a straight line aba equal to the circumference of the dr* 
cle, while the point a in the circumference traces out a curve 
line ACAOA ; tneh this curve is called a cycloid ; and some 
^f its properties are contained in the following lemma. 

LEMMA. 

147. If the generating or revolving circle be placed in tht 
middle of the cycloid, its diameter coinciding with the axis 
AB, and from any point there be drawn the tangent OF, th« 
ordinate cde perp. to the axis, and the chord of th^ circle 
AD: Then the chief properties are these : 

The right line CD = the circular arc ad ; 
The cycloidal arc AC = double the chord ad ; 
The semi-cycloid aca = double the diameter AB, and 
The tangent of is parallel to the chord ad. 

PROPOSITION XXX. 

148. Wien a Pendulum vibrates in. a Cycloid ; the Time of one 
Vibration^ is to the Time in ^which a Body falls through Half 
the Length of the Pendulum^ af the Circumference of a Circle 
is to its Diameter. 

Let Apa be the cycloid ; 
DB its axis, or the diameter 
of the generating semicircle 
DEB ; CB = 2d3 the length 
of the pendujpm, or radius 
of curvature at 9 . Let the 
ball descend from f, and, 
in vibrating, describe the 
^c psf. Divide PB into in-; 
numerable small parts, one 
of which is Gg\ draw fel, 
9Hy gjn> p^erpendiculay tP 
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Or MOTION, FORCES/ &c 




XfB. On LB describe the 
micirde emBj ^rhose cen- 
tre is o ; draw up 'parallel 
to DB ;• also draw the chords 
BE, BH, EH, and the radius 

CM. • 

Now the triangles beh, 
BHK, are equiangular; 
therefore bk; : bh : : bh : be. 

Of BH^-^s: BK . BE, Or BH =? 

V'(bk.be). 

And the equiangular triangles Mmp, Mon, give - *•. 

Mp : Mm : : MN : mo. Also, by the nature of the cycloid» 
Hh is equal to eg. 

If another body descend down the chord eb, it will have 
tlie same velocity as the ball in the cycloid has at the same 
height. So that Kk and Gg are passed over with the same 
velocity, and consequently tnc time in passing them will be 
as their lengths Gg, Kk, or as* nh to Kk, or bh to bk by 
similar triangles^ or \/(bk . be) to bk, oi: j^be to \/bk, or as 
\/bl to ^bn by similar triangles. 
That is, the time in Gg : time in Kk : : ^bl : ^bn. 
Again, the time of describing any space with a uniform ' 
motion, is directly as the space, and reciprocally as the ve- 
locity; also, the velocity in K or Kk, is to the velocity at b^ 
as \/ek to -v/bb, or as Vln to \/lb ; and the uniform ve- 
locity for eb is equal to half that at the point b, therefore the 

, . . Kk eb Nn lb 

tune m Kk : tune in eb :-. -7— ; t^ — • = ": — • 1 r~ 

i/LN t%/LB v'LN i-v/LB 

(by sim. tri.) : : Nn or Mp : ^ ^(bl . ln.) 

That is, the time in Kk : time in eb : : Mp : 2 V (bl . ln ) 

But it was, time in Gg : time in Kk : : Vbl : Vbn; theref. 

by comp. time in Gg : time in eb : : Mp : 2 \/(bn . nl) or 2nm, 

But, by sim. tri. Mm : 2om or bl : : Mp : 2nm. 

Theref. time in Gg : time in eb : : Mm : el. 

Consequently the sum of all the times in all the Gg's, is to 
the time in er, or the time in db, which is the same thing, 
as the sum of all the Mm's, is to lb ; 
that is, the time in Fg : time in db : : Lin : lb, 
and the time in fb : time in db : : lmb : lb, 
or the time in FBiF ; time in db : : 2lmb : lb. 

That is, the time of one whole vibration, 

is to the time of falling through half CB, 
as the circumference of any circle. 



is to its diameter. 
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149. CorcJ. 1. Hence all th^ vibnitions of ft penduhkn ia 
a cyclpid^ whether great or small, are performed in the same 
time, which time is to the time of ^ling tfaroi^h the axis^ 
or half the length of the pendulum> as 8'1416 to i, the ratio 
of the circumierehce to its diameter ; and hence that time 
is easily found thus. Put ^ == S*1416, and /, the length of 
the pendulum, also g the space fallen by a heavy body in i* 

of time. 

/ 

then Vg : V\l : : l" : V— the time of falling through V^ 

theref. I :/ :: \/-g- :/y^r-t which therefore is the time 

of one vibration of the pendulum. 

150. And if the pendulum vibrate in a small arc of a circle; 
because that small arc nearly coincides with the small cy- 
cloidal arc at the vertex b \ therefore the time of vibration in 
the smsdl arc of a circle, b nearly equal to the time of vibra* 
tion in the cycloidal arc \ consequently the time of vibration 

in a small cirqilar arc, is equal top V—^ where / Is the radiui 

of the circle* 

151. So that, if one of these* ^ or /, be found byexperi* 
ment, tins theorem will give the other. Thus, if gf or the 
space fallen through by a heavy body in l"^ of time, be found, 
then this theorem will give the length of the second pendu- 
lum. Or, if the length of the second penduhim be ob- 
served by experiment, which is the easier way, this theorem 
will give g the descent of gravity in l". Now, in the lati- 
tude of London, the length of a pendulum which vibrates 
seconds, has been found to be 39^ inches ; and this being 

written for / in the theorem, it gives pJ-r^ =1": hence is 

2g 
found g — ^f-l^ J/ X 39 j- = 193-07 inches = 16-A feet, 
for the descent of gravity in \" \ which it has ialso been 
found to be, very nearly, by many accurate experiments. 

SCHOLIUM. 

152. Hence is found the length of a pendulum that shall 
make any number of vibrations in a given time. Or, the 
number of vibrations that shall be made by a pendulum of. 
a given length. Thus, suppose it were required to find the 
length of a half-seconds pendulum, or a quarter-seconds 
pendulum ; that is, a pendulum to vibrate twice in a second, 
or 4 times in a second. Then, since the tin^e of vibration 
is as the square root of the length, 
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166. A Fourth kind is some- 
times adJcd, called the Bended 
Lever. As a hammer drawing 
a Datl. 

J67. In all these instruments the power may be repre- 
sented by a weigiit, which is its most natural measure, acting 
(townward : but having its direction changed, when neces- 
»ry, by means of a fixed pulley. 

PROPOSITION XXXI. 

ifiS. Winn the Weight and Power hep the Lever in EquUSnrio, 
they are to each other Reciprocally as the Distances of their 
Lines of Direction from the Prop. That is, P : w : : CD ; CEj 
•inhere CD and CE are perpendicular ia wo and ao, /he 
Direftitns -of the two Weights, or the Weight and Power 
w and A. 
Fob, draw CF parallel to ao, and a r ^_._ 

CB parallel to wo : Also, join co, 

which will be the direction of the 

pressure on the prop c ; for there 

cannot be an equilibrium unless the 

directions of the three forces all meet 

in, or tend to, the same point, as o. 

Then, because these three forces 

keep each other in equilibrio, they 

are proporticnal to the sides of the 

tri-angle cflo or cfo, drawn in the 

direction of those forces; there- 
fore - - - - p : w :;cE : FO or c». 

But, because of the parallels, the 

two triangles CDF, CSB are equiangu- 
lar, therefore - - - CD : CE : : CF : CB. 

Hence, by equality, - - p : w : ; cd : ck. 

That is, each force is reciprocally proportional to the 

distance of its direction from the fulcrum. 

And it will be found that this demonstration will serve for 

all the other kinds of levers, by drawing tlie lines aa directed. 
169. Cero/. 1, When the angle a is = the angle w, then 

is CD : C^ : : cw ; CA : : P : w. Or when the two forces act 

perpendicularly on the lever, as two weights, &c ; then, in 

case of au equilibrium, D coincides with w, and E with P ; 

consequently then the above proportion becomes also p ; w :: 

cw ; CA, or the distances of the two forces from the fiilcrnm, 

taken on the lever> ^re reciprocally proportional to those 
forces. 

no. Qnl. 
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-TrfE LEVElt: 1+7 

1 70. CoroL 2. If any force p be applied to a lever at a ; its 
effect on the lever, to turn it about the centre of motion C§ 
is as the length of the lever ca, and the sine of the angle of 
direction cae. For the perp. ce i? as ca x s. /.a. 

171. CoroL 3. Because the product of the extremes is 
equal to the product of the means, therefore the product of 
the power h% the distance •f its direction, is equal to the 
product of the weight by the distance of its direction. 

That is, p X CE = w X CD. 

172. Coro/* 4. If the lever, with the weight and power 
fixed to it, be made to move about the centre c ; the mo- 
mentum of the power will be equal to the momentum of the 
weight ; and their veldcities will be in reciprocal proportion 
to each other. For the weight and power will describf^ 
circles whose radii are the distances cd, ce ; and since the 
circumferences or spaces described, are as the radii, and also 
as the velocities, therefore the velocities are as the radii cd, 
CB \ and the momenta, which are as the masses and velocities^ 
^e as the masses and radii ^ that is, as p x ce and w x cd,* 
which are equal by cor. 3. 

173. C^roL' 5. In a straight lever, kept in equHibrio by a 
weight and power acting perpendicularly; then, of these} 
three, the power, weight, and pressure on the prop, any one 
is as the distance of the other two. 

174. CoroL 6. If 
several weijghts p], (^ 
R, s, act on a straight 
lever, and keep it in 
fcquilibrio ; then the 
sum of the products 
on one side of the 
prop, will bfe equal to ; . 
the sum dn the other side, made by multiplying each weight 
by its dist^c^ $ , namely, 

1» X AC + <^X BC = R X DC + S >^ EC* 

For, the effect of each weight to turn the lever, is as the. 
weight multiplied by its distance •, and in the case of ani 
equilibrium, the sums of the effects, or of the products on 
both sides, are equal. 

175. CoroL 7. Because, wheit n _ X Ji 

two weights Q and R are in I ^ .1 

equilibrio, q : R : : cD : CBj ^^^ I^Q 

therefore, by composition, q^+ r : Q^: : bd : cp^ 

and, <^+ K : R : : BD : CB. 
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That Ki the »um of the weights is to either of th< 
the sum of thdir dutimccs is to the distance of the o^ 




Wti. On the (vTegi>in(t prin- 
cii'lo* ^toi^nds the nature of 
ecales Jl)^l bcjtiuii, tv>r we(»;h- 
inj! all x'ns I'f jjoiiJs. For, 
it' tht weij-ht* (v eiiuj', ihsn 
*i;i the distanifs be cii;:il 
ilst,N wliiih jjives the Cv'iifirv:..-- 
tion ol the CiHtti'.soii j\i',<^ / 

vhi^h ought u> hive [heie ..,^ L 

livivttitf* ; Vi*'- 1^ 

Irf, rSit the i-vifits ..if sci-jV2=; on or" th<f scales a 
C*tttrv of iKtiiNi ift' the bwj;::, i, ~. c. jh.-ul'i be in i » 
line; -id. I'hit :iw jr.'i-i <». !;c, be :-" i:: e-^jai ieogtb 
'ttw* the centre or ^■-.■.vir,- be in -=i c;-:rs of mod 
or" J li:co X-iL-w :: : i. !'. l"v:r :';;— be i= ei:'jiiiiario ' 
e«>iKy : .V •, ihjc ihiii-e be js ..:;.,■ r;-.,;-. .ii ;s pcasiUe i 
■."eusie j- A jt-roct :u Ji;;.' .v :-.-'rJ -i-: rerdes, naka 
*f£iM v\:',ier : :-,-c;-:y<c -r r^.s 
the ouc sii:o ,>: : /rc bc-a:r; rs :::.; 
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xhon ;"^o>- jre .-'.li-jec a:;.; :.-- i 
e»;ui!;br-o. :-k->c ■.\i:.tLb--s ore ■: : -■■ 
tv Jcii.'o.;-.", b; -"■.u;§;'T^ ;>.e ■»■.■-: 
hjr ;lw(i tlitf >;m;;.:b.-.i;..; -n'.,! b-- .:::. 

VTT, i\' .:iiii ;■-.» ;rue-"*Li.;-:c '* 
btiiaiice;— i'irsc hi: ^,i die bo^- -t 
weigh :£ ia uk ^.icn thd rns r.j 
these :w(} wei^li£s'*Ul be :iii: ;-l..' 

uoiy %- pountis or .Junce^ .n :-ii; ^^ 
two eij-jaiioi»» saaaaw, .\a . .• ~ :■ 
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That IS, the sum of the weights is to either of them, a^ 
the sum of their distances is to the distance of the other^ 




SCHOLIUM. 

1 76. On the foregoing prin- 
ciples depends the nature of 
scales and beams, for weigh- 
ing all sorts of goods. For, 
if thfe weights be equal, then 
will the distances be equal 
also, which gives the construc- 
tion of the common scales, 
which ought to have these 
properties : 

1st, That the points of suspension of the scales and the 
centre of motion of the beam, a, b, c, should be in a straight 
line : 2d, That the arms ab, bc, be of an equal length : 3dp 
That the centre of gravity be in the centre of motion Bp- ' 
or a little below it : ^th. That they be in equilibrio when 
empty: 6ih, That there be' as little friction as possible at the 
centre B. A defect in any of these properties, makes the 
scales either imperfect or false. But it often happens th^t 
the one side of the beam is made shorter than the other, and 
the defect covered by making that scale the heavier, by 
which means the scales hang in equilibrio when empty j but 
when they are charged with any weights, so as to be still in 
equilibrio, those weights are not equal ; but the deceit will" 
be detected by changing the weights to the contrary sides, 
for then the equilibrium will be immediately destroyed. 

177. To find the true weight of any body by such a false 
balance: — First weigh the body in one scale, and afterwards 
weigh it in the other ; then the mean proportional between 
these two weights, will be the true weight required. For, if 
any body h weigh w pounds or ounces in the scale d, and 
only iv pounds or ounces in the scale e : then we have thes* 
two equations, namely, ab . ^ = bc . w. 

and BC . ^ = AB . w ; 
the product of the two is ab . kg . h' z= ab . bc . ww ^ 
hence then - - « b^ z=z ww, 

and - - - 6 = -v/ww, 

the mean proportiorial, which is the true weight of the body B^ 

178. The Roman Statera, or Steelyard, is also a lever, but 
of unequal brachia or arms, so contrived, that one weight 

only may serve to weigh a great Avany, by sUding it back- 
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ward and forward, to difierent distanceSf on the longer arm 
of the lever; and it is thus constmcted : 




iW M^^ 




Let 4B be the steelyard, and c Its centre of motion, whence 
the divioons tnnsl commence if the two arms just balance 
each other: if not, slide the constant moveable weight i 
along from B towards c, till it just balance the other end 
without a weight, and there make a notch in the beam, 
marking it with a cipher 0. Then hang on at a a weight w 
equal to i, and slide i back towards B till they balance each 
other; there notch the beam, and feark it with 1. Then 
make the weight w double of i, and sUding i back to balance 
it, there mark it with 2. Do the same at 3, 4, 5, &c, by 
making w equal to S, 4, 5, &c, times i ; and the beam is 
finished. Thien, to find the weight of any body b by the 
steelyaiil ; take off the weight w, and hang on the body & 
at A ; th^n slide the weight i backward and forward till it 
just balance the body h, which suppose to be at the number 
5 ; then is b equal to 5 times the weight of i. So, if i be one 
pound, then ^ is 5 pounds ; but if i be 2 pounds, then b is 
10 pounds y and so on. 



Op the wheel and AXLE. 

PROPOSITION XXXII. 

179. In the Wbeel-and-Axle ; the Weight and Power will be 
Jn Equilibriof when the Power p is to the Weight w, Reci^ 
proealhj as the Radii rfthe Circles where they act ; that is, as 
the Radius of the Axle CA, where the Weight hangs, to the 
Radius of the Wheel Cb, where the Power acts. That is, 
p : w : : CA ^ cb. 

HERE the cord, by which the power p acts, goes about 

N2 n!cl% 
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<he circumference of the ■wheel, while 
that of the weight w goes rgund its 
axle, or another smaller wheel, attach- 
-ed to the larger, and having the same; 
axis or centre c. So that ba is a lever 
moveable about the point c, the power 
f acting always at the distance Bc, 
and the weight w at the distance CA j 
therefore P :,w : : CA : cb. 

180. Corel. 1. If the Wheel be put 
in motion ; then, the spaces moved 
being as the circumferences, or as the radii, the velocity o( 
w will be to the velocity of p, as CA to CB; that is, the" 
weight is moved as much slower, at it rs heavier than the' 
power ; so that what is gained in power, is lort fn time. 
And this is the universal property of all machines and 
engines. 

181. Cfrol.^. If the power do not act at ri^t angles 
to the radius cb, but obUquely ; draw cD perpenoicidar to 
the direction of the power j then, by the nature of the levei', 
p : w :: CA : CD. 

SCHOLIDM. 

182. To this power be- 
long all turning or wheel 
machines,ofdinerentradii. 
Thus, in the roller turning 
on the axis or spindle ce, 
by the handle cbd; the 
power applied at b is to 
(he weight w on the roller, 
aS the radius of the roller 

is to the radius cb of the handle. 

1 83. And the same for all cranes, c^stans, windlasses, and 
such like j the power being to the weight, always as the ra- 
dius or lever at which the weight acts, to that at which the' 
power acts ; so that they are always in the reciprocal ratio' 
of their velocities. And to the same principle may be rB^ 
ferred the gimblet and augur for boring holes". 

18*.. But all this, however, is on supposition that the ropes 
or cordsf sustaining the ^eights, are of no sensible thickness. 
For, if the thickness be considerable, or if there be several 
folds of them, over one another, on tlie roller or barrel j theri 
we must measure to the middle of the outermost rope, for 

tM 




The WHEEL and AXLE. ISI 

fhe radius of the roller ; or, to the ndius of the roller we 
must add half the thickness of the cord, when thne is but 
cme fold. 

ISrf. The wheel-and-axle has a great adnnu^e over the 
aimple lever, in point of convenience. For ■ weight can be 
raised but a Uttle way by the lever ; whereas, by the conti- 
nual turning of the wheel and roller, the weight may be 
raised to any height) or &om any deplh. 

1 86. By increasing th^ n^iniber of wheeU tQO, th? powtf 
may be niultiplied to any extent, making always the 1^ 
yrheels to turn greater ones, as &r as we please : and this it 
i;ommonl7 called Tooth and Pinion Work, the teeth of one 
^nrcun^rence working in the-rounds or pinions of another, 
to turn the wheel. And then, in case of an equilibrium, the 
i^ower is to the weight, as the continual product <^ the radii 
pi all the axles, to that of all the wheels. So> if the power r 

iflMBMCl 
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turn the wheel Q,and this turn the small wheel or axl^ a, 
andjhis turn the wheel s, an4 thi^ turn the axie T, anti this 
turn the wheel v ; and this turn the axle x, which raises tlie 
w«ght wj then p : w : : cb , de . fg : ac . bd ■ ef. And 
in me same proportion is the velocity of w slower than tliat 
of p. Thus, if each wheel be to its .axle, as 10 to 1 ; then 
P : W : : I' : 10' or as I to 1000. So that a power of one 
pound will balance a weight of 1000 pounds; but then, 
when put in motion, the power will move 1000 times fester 
than the weight. 

• ' ^^ 
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1 87. A PuLLBY is asmall wheels conunoxJy made of wood 
or brasS) which turns about an iron axis pa^is^ through the 
centre, and fixed in a block, by means of a cord passed round 
its circumference, which serves to draw up any weight. 
The pulley is either single, or combined together, to increase 
the power. It is also either fixed or moveable, according as 
it is fixed to one place> or moves up and down with the 
weight and power. 



PROPOSITION XXXIII. 

188. If a Power susimn a Weight hy means tf » Fixed Pulley * 

tie Power and Weight are Equal. 

For through the centre c of the pulley -. 

draw the horizontal diameter ab : then V 

will AB represent a lever of the first kind, /^^^X 

its prop being the fixed centre c; from Am-^&^ 

which the points A and, b, where the 
power and weight act, being equally 
distant, the power p is consequently equal 
to the weight w. 

189. Carol, Hence, if the pulley be put 
in motion, the power p will descend as 
fast as the weight w ascends. So that 
the power is not increased by the use of 
the fixed pulley, even though the rope go over several of 
them. It is, however, of great service in the raising of 
weights, both by changing the direction of the force, for the 
convenience of acting, and by enabling a person to raise a 
weighs to any height without moving from liis plac?, and 
also by permitting a great many persons at once to exert 
their force on the rope at ?, which they could not do to the 
weight itself; as is evident in raising the hammer or weight 
of a pile-driver, as well as on many other occasions. 






w 




PROPOSITION XXXIV, 

190. y a Power sustain a Weight by mean^ of One Meveable 
Pulley ; the Power is but Half the Weighty 

FoR^ here ab may be considered as a lever of the second 

kind. 
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kinil, the power acting at a, 
the weight at c, and the prop 
or fixed point at B j and be- 
cause F ; w : : CB : ab, 
and CB = iAB, therefore 
r = l-vr, or w = 2p. 

131. Corol. 1. Hence h is 
-evident, that, when the pul- 
ley is put in motion, the ve- 
locity of the power will be 
double the velocity of the 
■weight, as the point r moves 
twice as fast as the point c and weight v rises. It is also 
evident, that the £xed pulley f makes no difference in the 
poV/er p, but is only used to Change the direction of it, from 
upwards to downwards. 

192. Corol.^. HenGewemay«st'imate the e£^t of a combi- 
nation of any number of fixed and moveable pulleys^ by 
which we shall find that every cord going over a moveable 
pulley always adds 3 to the powers; since each moveable pul- 
ley's rope bears an equal share of the weight ; while each rope 
:tJiat ij fixed to a pulley, only increases the power by unity. 





Of the inclined PLANE. 
193. THE Inclined Plane, is a plane inclined to the 
horizon, or making an angle with it. It is often reckoned 
one of the simple mechanic powers } and the double inclined 
plane makes the wedge. It is employed to advantage in 
railing heavy bodies in certain situations, diminishing their 
weights by laying them on the inclined planes. 




^84 MECHANICS. 

PRO POST ION XXXV. 

194?. The Power gained by the Inclined Plane j is in Proportion 
as the Length of the Plane ii to its ff^ight. That is^ tvhem a 
Weight w is sustained on an Itklined Plane BC, by « Ptm)er 
•p acting in the Direction jxw^ parallel to the Plane; then the. 
Weight "K^f is in proportion to the Power p, as the Length tfl 
the Plane is to it's Height ; that is^ w : p : : BC : AB. ' 

For, draw ae perp. tq 
the plane bc, or to pw. 
Then we are to consider 
that the bodv w is sustained 
\>y three forces, viz. 1 st, its 
own weight or the force o£ . 

gravity, acting perp. to AC, or parallel to BAj 2d, by the 
power P, acting in the direction wd, parallel to BC, or be ; 
and 3dly, by the re-action of the plane, perp. to its face, or 
parallel to the line ea; But when a body is kept in equili- 
Drio by the action of three forces, it has beeri proved, that 
the intensities of these forces are proportional to the sides 
of the triangle abe, made by lines drawn in the direction^ 
of their actions; therefore those forces are to one ahpdier is 
the three lines ^ - - - ' ab, be, ae 5 that ki 
the weight of the body w is as the line AB, 
the powpr p is as the line - ' - be, 
and the pressure on the plane as the line ae. 
But the two triangles abe, abc are equiangular, and hav^ 
therefore their like sides proportional ; that is, 
the three lines - - - - ab, be, ae, 
are to each other respectively as the three bc, ab, ac, 
or also as the three - - - Be, ae, ce, 
which therefore arq as the three forces w, p, py 
where/ denotes thJe pressure on the plane. That is, w : p :: 
BC : ab, or the weight is to the power, as the length of the 
plane is to its height. 

See more on the Inclined Plane, at p. 16 4, &c. 

,1 . •'" ^^ . 

195. Scholium, Tile inclined plane comes into use in some 
situations in which the other mechanical powers cannot be 
conveniently applied, or in combination with them. As, in 
sliding heavyweights either up or down a plank qr other 
plane laid sloping: or letting large casks down into a-cdlar, 
or drawing them out of it. Also, in removing earth from, a 
lower situation to 'a higher by means of wheel-barrows, or 
otherwise, as in' making fortifications, &C5 inclined'^planes, 
made of boards^, Iriid aslope, serve for the barrows to run 
upon* ;....• ... 

/ ■ Of 
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Of all the various directions of drawing bodies up an in- 
clined plane, or sustaining them on it, the most favourable 
is where it is parallel to the plane bc, and passing through 
the centre of the weight ; a direction which is easily given 
to it, by fixing a pulley at D, so that a cord passing over it, 
and fixed to the weight, may act or draw parallel to me plane* 
In every other position, it would require a greater power to 
support the body oij the plane, or to draw it up. For if one 
end of the line be iSxed at w, and the other end inclined dowi} 
towards b, below the direction wp, the body would be drawii 
down against the plane, and the power must be increased in 
jproportion to the greater difiiculty of the traction. And, on 
the other hand, if the line were carried above the direction 
of the plane, the power must be also increased ; but here only 
in proportion as it endeavours to liift the body off the plane^ 

If the length bc of the plane be equal to any number of 
tunes its perp. height ab, as suppose 3 times ; then a power 
p of 1 pound, hanging freely, will balance^ a wefght w of 3 
pK>unds, laid on the plane ; and a power P of 2 pounds, will 
balance a weight w of 6 pounds ; and so on, always 3 times 
a§ much. But then if they be set a-moving, the perp. descent 
of the power p, will be equal to 3 times as much as the perp. 
ascent of the weight w. For, though the weight w 
ascends up the direction of the oblique plane, bc, just as fast 
as the power p descends perpendicularly, yet the weight rises 
only the perp. height ab, while it ascends up the whole 
length of the plane bc, which is 3 times as much ; th^t is, 
for every foot of the perp. rise of the weight, it ascends 3 fcej: 
up in the direction of the plane, and the power p descends 
^ust as much, or 3 feet. 



Of the wedge. 



196. THE Wedge is a piece of 
wood or metal, in form of half a rec- 
tangular prism. AF or bg is the" 
breadth of its back ; ce its height; 
Gc, bc its sides ; and its end gbc is 
composed of two equal inclined planes 
pcE, PCE. 
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mprosiTioK xxxTi. 

187. Whe» » WeJgt is in EqiAlihru ; the Pavitr acting againit 
At B^ik, is 'to the Fotve acting Perpetidicularly agairut athtr 
Side, ai the Breadth ^ the &uk AB, if to the Lengffi ef tb$ 
. Siihi AC or Bc _ 

For, any three forces, which sustain one 
anQther in equilibrio, are as the correspund- 
ing sides of. a triangle drawn perpendicular 
■ to the directions in which they act. Bat 
AB is perp. to the force acting on the back, 
to urge the wedge forward ; and the sides 
AC, BC are perp. to the forces acting on 
them ; therefoie the three forces are as ab, 
46, BC. 

198. Corol. The force on the back, rAa, 
Its effect in direct, perp, to Ac, J ac. 
And its effect parallel to ab ; J dc, 

are as the three lines ^whichareper.tothem. 

And therefore the thinner a wedge is, the greater is its 
♦fleet, in fplitting any body, or in overcoming any resistance 
^auist the sides of the w«dge. 



199. But it must be ibservcd, that the resistance, or the 
fcrees above-mentioned, respect one side of the wedge only. 
Tor if those against both sides be taken in, then, in the foi:e- 
going proportions, we must take only half the back AD, or 
else we must take double the line ac or dc. 

In, the wedge, the friction against the sides is very great, 
at least equal to the force to be overcome, because the wedge 
jetains any position to which it is driven ; and therefore the 
jesistance is doubled by the friction. But then the wedga 
tas a great advantage over all the other powers^ arising from 
^e force of percussion or blow with which- the back is struck, 
which is a force incomparably greater than any dead weight 
«r pressure; such as is employed in otiier machines. And ac- 
Cording!y*we find it produces effects vastly superior to those 
of any other power; such as the splitrinj; and 'raising the 
largest and hardest rocks, the raising anil lifting the largest, 
ship, by driving a wedge below it, which a man can do 
fcy the blow of a mallet: and thus it appears that the small 
blow of a hammer, on the back of a wedce, is incomparably 
^rMter than any mere pressure, and ^^''I overcome it. 
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Of the screw. 

200. THE Screw is one of the six meclianical powers^ 
chiefly used in pressing or squeezing bodies close, though. 
sometimes also in reusing weights. 

The screw is a spiral thread or groove cut round a cylin* 
der, and everywhere making the same angle with the length 
of it. So that if the surface of the cylinder, with this spiral 
thread on it, were (infolded and stretched into a plane, the 
spiral thread would form a straight inclined plane, whose 
lengtii would be to its height, as the circumference of the 
cylinder, is to the distance between two threads of the 
screw: as is evident by considering that, in making one 
round, the spiral rises along the cylinder the distance be^ 
twcen the two threads. 

PROPOSITION ZXXVIX. 

« 

20 i. The Force of a Power applied to turn a Scre^v rcundy is u 
the Force iOfth which it presses up%vard or doivTiir\ird^ stiting 
aside the Friction^ as the Distance httwein two Tkread:^ is t$ 
the Circumference where the Power is applied. 

The screw teing an inclined plane, or half we J^c, whose 
height is the distance between two threads, nnJ ir^ base the 
circumference of the fcrew ; and the force in the horizontal 
direction, being to that in the vertical one, as the liics per- 
pendicular to them, namely, as the height of tl.e pi .!:e; or 
distance oi the two threads, is to the base of the plane, or 
circumference of the screw; therefore the power Js to the 
pressure, as the distance of two t^-iread^ is to ::ir.t crrcumfLT- 
eiice But, by means of a hand: / or lever, tlie ^ain in po.ver 
is increased in the proportion of the :\iJius of the screw to 
the radius of the power, or leng h o/ the handle, or as their 
circ'imfcrences. Therefore, tiiially, the power is to the pres- 
sure, as ihe distance of the threads, is to the circumference 
described by the power. 

202. CoroL When the screw is put in motion ; then the 
power is to the weight which would keep it in equilii>rio, as 
the velocity of the latter is to that of the former ; and hence 
their two momenta are equ^l, which arc produced by mul- 
tiplying each weight or power by its own velocity, [^o that 
this is a generd property in all the mechanical powers, 
namely,- that the momentum of a power is ^^H'Jal to that of 
the weight which would balance it in equilibrio; or tliat 
each of them is reciprocally proportional to its velocity. 
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GCHOLIUUf' 

g03. Hence we can easily 
fompute the force of any ma- 
chine turned by a screw. Let 
th« annexed figure represent a 

{' iress driven by a screw, whosQ 
breads are each a i^uarter of 
an inch asunder ; and let the 
tcrew be turned by a handle 
of i feet long, from A to B ; 
then, if the natural force of 
a man, by which he can lift, 
pall, or draw, be 150 pounds } and it be required to deter;- 
mine with what force the screw will press on the board at i^ 
when the man turns the handle at a and b, with his whole 
force. Then the diameter ab of the power being 4 feet, or- 
48 inches, its circumference is 48 x 3'1416 or I50| nearly j 
and the distance of the threads being ^ of an inch ; ther»- 
fprp the power is to the pressure, as I to 60S| j but the 
pqwer is equal to 1 50lb ; theref. as I : 603f : : 1 50 : 90480; 
and consequently the pressure at d is equal to a weight of 
9048O pounds, independent of friction. 

204. Again, if the end- 
less screw AB he turned by 
a handle ac of 20 inches, 
the threads of the screw 
being distant half an inch 
e»ch; and , the screw turns 
a toothed wheel e, whose 
pinion l turns another 
wheel T, and the pinion M 
^,f this another wheel G, to 
the pinion or barrel of 
which is hung a weight w ; 
it is required to determine 
what weight the man will 
be able to raise, working at 
the handle c; supposing the 
diameters of the wheels to 
be 1 8 inches, and those of 
" the pinions and barrel 2 
inches ; the teeth and pi- 
nions being all of a size. 
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Here 20 x 3*1416 x 2 = 125*664, is the tirciimference 
€)f the power. 

And 125*664 to i, or 251«328 to 1, is the force of the 
screw alone., • 

Also, 18 to 2, or 9 to ], being the proportion of the 
Wheels to th^ pinions; and as there are three of them^ 
therefore 9^ to 1', br 720 to 1, is the power gained by the 
wheels. 

Consequfentijr 25i*328 X 729 to l,dr 1832184.to t neariv, 
IS the ratio of the pow^r to the weight, Arising from the ad- 
vantage both of the screw and thfe wheels. 

But the power is 15016; therefore 150 x 18321B4, or 
27482716 pounds, is the weight the man can sustain, which 
is equal to 1 2269 tons weight. 

But the power has to overcome; not only the weight, but 
also the -friction of the screw, which is T^ry great, in some 
cases equal to the weight itself, since it is sometimes suffi- 
cient to sustain the weight, when the power is taken off. 



On the centre of GRAVITY. 

205. THE Centre of Gravity of a body, is a certain 
point within it, on which the body being freely suspended. 
It will rest in any position ; and it will always descend to the 
lowest place to wmch it can get, in other positions. 

i»R0PosiTioN xxxvni.! 

t m 

206. If a Perpendicular to the Horizon^ frem the Centre of 
Gravity of any Body y fall Within the Base of the Bodyy it nvill 
rest in that Position ,- but if the Perpendicular fall Without the 
Bascy the Body will not rest in that Position^ but will tutHhlr 
down. 

For, if cB,be the perp. 
from the centre of gravity c, 
within the base: then the 
body cannot fall over towards 
A; because, in turning on the 
point A, the centre of gravity 
C would describe an arc 
which would rise from c to e ; . 

contrary to the nature of that centre, which only rests when 
in the lowest place. For the same reason, the Biody will not 
ftH towards p. And therefore it will stand in that position' 
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But if the perpendicular fall without the base, at cb ; th^ti 
the body will tumble over on that side : because, in turning 
on the point a, the centre c descends by describing the de- 
scending arc ce» 

207. Corol. 1. If a perpendicular, dravfn from the centre 
of ^avity, fell just on the extremity of the base \ the body 
may stand ; but any the least force will cause it to fall that 
way. And the nearer the perpendicular is to any side, or 
the narrower the base is, the easier ^ will be made to fallf 
or be pushed over that way; because the centre of gravity 
has the less height to rise : which is the reason that a globe 
is made to roll on a smooth plane by any the least force. 
But the nearer the perpendicular is to the middle of the 
base, or the broader the base is,, the firmer the body stands. 

208. CoroL 2. Hence if the centre of gravity of a body 
be supported, the whole body is: supported. And the place 
of the centre of gravity must be accounted the place of the 
body ; for into that point the whole matter of the body may 
be supposed to be collected, and therefore all the force also 
"witn which it endeavom*s to descend, 

,209. Corol. 3. From the property which 
the centre of gravity has, of always de- 
scending to the lowest point, is derived an 
easy mechanical method of finding that 
centre. 

Thus,, if the body be hung up by any 
point A, and a plumb line ab be hung by 
the same point, itwill pass through the cen- 
tre of gravity; because that centre is not in 
the lowest point till it fall in the plumb 
line; Mark the line ab on it. Then hang 
the body up by any other point r^, with a 
plumb line de, which will also pass through 
the centre of gravity, for the same reason 
as before ; and therefore that centre must 
be at c. where the two plumb lines cross 
each other. 

2X0. Or, if the body be suspended by 
two or more cords gf, gh, &c, then a 
plumb line from the point G will cut the 
body in its centre of gravity c. 




211. Like- 
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1211. Likewise, because a body rests when its centre of 
gravity is supported, but not else j we hence derive another 
^asjr method of finding that centre mechanically. For, if 
tine body be laid on the edge of a prism, or over one side of 
a table, and moved backward and forward till it rest, or ba- 
lance itself; then is the centre of gravity jiist over the line of 
tjie edge. And if the body be then shifted into another po- 
sition, and balanced on the edge again, this line will dso 
pass by the centre of gravity ; and consequently the inter- 
section of the two will give the centre itself. 

PROPOSITION XXXIX. 

^ l2. Tie comfmn Centre of Gravity c of any two Bodies A9 v, 
divides the Line joining their Centres, into two Partly which 
Are Reciprocally as the Bodiesm 

That is, AC : bc ; : B : A. 

For, if the centre of gravity c be supported, the two 
, T)odies A and b will be supported^ .-^ 
and will rest in equilibrio. But, ^ t ? 

by the nature of the lever, when 

two bodies are in equilibrio about a fixed point c, they are 
reciprocally as tiheir distances fi*om^ that point; therefore 
A : B : : CB : ca. 

213. CoroL I. Hence ab : AC : : A + b : b; or, the 
whole distance between the two bodies, is to the distance of 
either of them from the common centre, as the sum of the 
bodies is to the other body. 

214. CoroU 2. Hence also, CA . A ==- CB . b; or the two 
products are equal, which are made by multiplying each 
body by its distance from the centre of gravity. 

215. CoroL 3. As the centre c is pressed with a force equal 
to both the weights a and b, while the points A and b are 
each pressed with the respective weights a and d. There- 
fore, if the two bodies be both united in their common 
centre c, and only the ends a and B of the line ab be sup- 
ported, each will still bear, or be pressed by the same weight* 
A and B as before. So that, if a weight of lOOlb. be laid on 
a bar at c, supported by two men at a and b, distant fi-om c, 
the one 4 feet, and the other 6 feet; then the nearer will 
bear the weight of GOlb, and the farther only 401b, weight. 
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216. CoroL^. Since the ^ 

effect of any body to turn ^^ ^ C~' ^ '^^^"If 
2 lever about the fixed -^ 

point c, IS as that body and 

as its distance from that point ; therefore, if c be the com- 
mon centre oif gravity of all the bodies a, b» Dj e> f, placed in 
the straight line af ; then is CA . A + Cb . B = CD . d + 
CE . E -f CF c t ; or, the sum of the products on one side, 
ecjual to the sum of the products oil the other, made by mult 
tiplying each body by its distance from that centre. And 
if several bodies be in equilibrium on any straight lever, then 
the prop is in the centre of gravity. 

217. Coral. 5. And thought 
tlie bodies be not situated in 
a straight line, but . scattered 
about in any promiscuous man- 
^ner,the same property as in the 
last corollary still hold true, 
if perpendiG\ilars to any line 
Whatever ar be drawn through 

the several bodies, and their common centre of gravity, name* 
ly, that ca . A +" cb = cd . D + ce . e + cf . f. For the 
bodies have the same effect on the line af, to turn it about the 
point c, whether they are placed at the points a, b, d, e, f, o^ 
in any part of the perpendiculars Aa, ^b, Dd, Ee, Ff. 

i^KoposiTicfN s:l. 

Si S. If there be three or more Bodies y and if a Line be drawn 

from any one Body D to. the Centre of Gravity of the rest c ; 

then the Common Centre of Gravity E of all the Bodies^ divides 

the line CD into two Parts in E, which are Reciprocally Pro^ 

portional as the Body D to the Sum of all the other Bodies, 

That is, CE : ED : : D f A + B &c.' 

For, suppose the bodies a and b c - • ^ 

to be collected into the common A ^^ ^ 

centre of gravity t, and let their sum 
be called s. Then, by the last prOp. 
CE : ED : : IJ : $ or A + B ^c. 

219. Corel. Hence we have a method of finding the com- 
mon centre of gravity of any number of bodies ; namely, by 
first finding the centre of any two of them, then the centre 
of that centre and a third, and so on for a fourth, or fifth, 
Ice. 

PROPOSITION 
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220. If there he taken any Point p, in the Line passing through 
ihe Uentres of two Bodies $ then the Sum of the two Products^ 
of each Body multiplied by its Distance from that Pointy is equal 
to the Product of the Sum of the Bodies multi^ied by the Di^ 
stance of their Common Centre of Gravity c from the same 
Point P, 



That IS, PA . A + I*B . B = PC . A + B. 

For, by the 38 th, ca .a = cb . b, 

that is, PA — PC . A a= PC — PB . BJ Q g f» Q B 

therefore, by adding, ^ ^ 

l»A ; A + PB . B = PC . A + B. 

221. Corol. 1. Hence, the two bodies A and b have the 
same force to turn the lever about the point P, as if they 
were both placed in c their common centre of gravity. 

Or, if the line, with the bodies, move about the point r; 
the sum of the momenta of A and b, is equal to the nio« 
mentum of the sum s or a + B placed at the centre c* 

222. Carol* 2\ The same is also true of any number of 
bodies whatever, as will appear by cor, 4, prop, 39, namely, 

PA . A + PB . B + PD • D &c. «= PC . A + B + &c, where 
p is in any point whatever in the line AC. 

And, by cor. 5, prop. 39, the same thing is true when the 
bodies are not placed in- that line, but any where in the per- 
pendiculars passing through the points A, b, d, &c ; namely, 

pa . A + pb . B + pd • D &c = PC . A + b + D &c. 

223. Corol, S, And if a plane pass through the point P per- 
pendicular to the line cp ; then the distance of the common 
centre of gravity from that plane, is 

pa . A + pb . B + pd • 15 &c _ 

PC = -T ; 5 , that is, equal to the 

A + B -f D &c • ^ 

sum of all the forces divided by the sum of all the bodies. 

Or, if A, B, D, &c, be the several particles of one mass or 

compound body; then the distance of the centre of gravity 

of the body, below any given point p, is equal to the forces 

of all the particles divided by the whole mass or body, that 

is, equal to all the Pa i a, Pb . b, pd . D, &c, divided by the 

body or sum of particles a, b, d, &c. 

Vol. ir, O PROPOSITION 
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PROPOSITION XLIt. 

224. Tefind the Centre of Gravity efanj Body, tr of any Systen 
of Bodies. 

Through any point P draw ^3 ^£ 

iplane, and let Fa, pb, pd, &c, 
be the distance of the bodies 
A, B,D, &c, from the plane ; 
then, by the last cor, the di- 
stance of the ccHnmon centre of 
gravity from the plane, wjU be 
pa . A + pb . B + Pd . D &c 

PC = ' — . 

A + B + D &C 

225- Or, if i be any body, and <yiR any plane ; draw Pit 
&c, perpendicular to QR, qnd through A, b, &c, draw innu< 
merable sections of the body b parallel 
to the plane qr. Let s denote any of 
these sections, and d = pa, or pb, &c, 
its distance from the, plane qR. Then 
will the distance □£ the centre of gra- 
vity of the body from the plane be 

sumof allthe^s 
PC = -K -. And if the 

distancejje thus found for two inter- 
secting planes, they will give the point 
in which the centre is placed. 

826. But the distance from one plane is suiHcJent for any 
regular body, because it is evident that, in such a figure, the 
centre of gravity is in the axis, or line passing through the 
centres of all the parallel sections. 

Thus, if the figure be a parallelogram, or a 
c^flindeT) or any prism whatever ; then the axis 
- or line, or plane ps, which bisects all the sec- 
tions parallel to QR, will pass through the 
centre of gravity of all those sections, and 
consequently through that of the whole figure 
c. Then, all the sections j being- equal, and 
the body i =: ps J j, the distance of the centre 
will hp f c = 

PA.T + PB.J-f &C _ PA + fIb + PD &C _ PA + PB + &C.. 
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Sut PA -{- PB + Sec, is the sum of an aridimetical pro* 
gression, beginning ^t O^^nd increasing to, the greatest term 
PS, the number of the terms being ako eqaal to ps j there- 
fore the sum PA + PB + &c = |ps . PS 5 and consequently 

PC = 5-^--^ — = f PS ; that is, the centre of gravity is in 

the middle of the axis of any figure whose parallel sections 
^re equal. 

S27. In other figures, whose parallel sections are not 
tqiial, but varying according to some general law, it will not 
be easy to find the sum of all the pa . /, PB . /, pd . iV&c, 
except by the general method i)f Fluxions; which case 
therefore will be best reserved, till we come to treat of that 
<ioctrine. It will be' proper however to add here some ex- 
*n[xples of another method of finding the centre of gravity of 
^ triangle, or any other right-lined plane figure. 



PROPOSITION thuu 

228. To find the Centre of Gravity of a TriangU. 

From any two of the angles draw 
lines AD, C£, to- 1)isect the opposite 
sides ; so will their intersection g be 
the centre of gravity of the triangle. 

For, because ad bisects bc, it bisects 
also all its parallels, namely, all the 
parallel sections of the figure j there- 
fore AD passes through the centres of 
gravity df all the parallel sections or 
component parts of the figure ; and consequently the centre 
of gravity of the whole figure lies in the line AD. For the 
same reason, it also lies in the line ce. Consequently it is 
in their common point of intersection g. 

- 229. CoroL The distance of the point G, is AG ^ Jad, 
and CG =c -fcfc : or ag = 2gd, and cg = 2ge. 

For, draw bf parallel to ad, and produce ce to meet it 
in F. ' Then the triangles aeg, bef are similar, and also 
equal, because ae = be; consequently AG = bf. But 
the triangles cdg, cbf are also equiangular, and CB being 
= 2cD, therefore bf = 2gd. But bf is also = ag; 
consequently AG == 2gd or \M>f In like manner, cc =: 
2GKJ)r |CE. 

O 2 t^O^O\tt\<cr^ 
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FSOPOSITION XLIT. 

230. Tofindthi Centre of XSravity of a Trapezium. 
Divide the trapezium abcd into 
two triangles, by the diagonal bd, and 
find E, F, the centres of gravity of 
, these two triangles i then shall *the 
centre of gravity of the trapezium lie 
in the line ef connecting them. And 
therefore if ef bedivided,inG>inthe 
alternate ratio of the two triangles, 

namely, eg : GP : : triangle bcd : triangle ABD, then G will 
be the centre of gravity of the trapezium. 

231. Or, having found the two points E, f, if the trape- 
zium be divided into two other triangles bac, T>hc, by the 
other diagonal AC, and the centres of gravity h and i of these 
two triangles be also found; then the centre of gravity of 
tlie trapezium will also lie in the line hi. 



So that, lying in both the lines, ef, hi, it must 
lie in theii ' 



ity 

232. And thus we are to proceed for a figure of any 
greater number of sides, finding the centres of their com- 
ponent triangles and trapeziums, and then finding the com- 
mon centre of every two of these, till they be all reduced 
into one only. 

Of the use of the place of the centre of gravity, and the 
nature of forces, the following practical problems are ^dded ; 
viz, to find the force of a bank of eaMh pressing against a 
wall, and the force of the wall to support it ; also the push of 
an arch, with the thickness of the piers necessary to support 
it J also the strength and stress of beams and bars oS timber 
and metal, &c, 

FJIOPOSITION XLV. 

233. To determine the Force with which a Sank of Earthy or 
such like, presses against a Wall, and the Dimensions of the 
Wall necessary to Support H. 

Let ACDEbe a vertical section of a 
bank of earth ; and suppose, that if it 
were not supported, a triangular part of 
it, as ABE, would slide down, leaving 
if'at what is called the natural slope bej 
but that, by means of a wall aepg, it 
is supported, and kept in its place. — It , 
is required to find the force of abe, 
Mde down, and the dimensions of 
■all AEFG, to support it. 
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Let H be the centre of gravity of the triangle ABE, through 
which draw khi parallel to the slope face of the earth be. 
Now the centre of gravity h may be accounted the place of 
the triangle abb, or the point into which it is all collected. 
Draw HL parallel, and kp perpendicular to ae, also KL perp, 
to IK or BE. Then if hl represent the force of the triangle 
ABB in its natural direction hl, hk will denote its' force in 
its direction hk, and PK the same force in the direction pk, 
perpendicular to the lever £K, on which it acts* Now the 
three triangles eab, hkl, hkp are all similar; therefore 
£B : £A : : (hl : hk. ::) w the weight of the triangle eab : 

EA 

— w, which will be the force of the triangle in the direc- 

Ed 

tion HK. Then, to £nd the effect of this force in the direc- 
tion PK, it will be, as HK : PK : : EB : AB : : — w : '-^ — w, 

- eb eb* ' 

the force at K, in direction PK, perpendicularly on >the lever 

EK, which is equal to -J-AE. But |.ab . ab is the area of the 

triangle abe ; and if m be the specific gravity of the earth, 

then 7AE . ab . m is as its weight. Therefore 

EA . ab ea* • ab* . 

1 — . iAE • AB z= — - — I — m IS the force actmg at k in 

EB ^EB 

direction pk. And the effect of this pressure to overturn 
the wall, is also as the length of the lever ke or jAE*: con- 

* The principle now employed in the solution of this 45th 
prop, is a little different from that formerly used 5 viz, by con- 
sidering the triangle of ^arth abe as acting by lines ik, &:c, pa- 
rallel to the face of the -slope be^ instead of acting in directions 
parallel to the horizon ab ; an alteration which gives the length 
of the lever ek, only the half of what it was in the former way, 
viz. EK =1 jAE instead of f ae : but every thing else remaining 
the same as before. Indeed this problem has formerly been 
treated on a variety of different hypotheses, by Mr. Muller^ &c, 
in this country, and by many French and other authors in other 
countries. And this has been chiefly owing to the uncertain way 
in which loose earth may be supposed to act in such a case; which 
on account of its various circumstances of tenacity, friction, &c, 
will not perhaps admit of a strict mechanical certainty. On these 
accounts it seems probable that it is to good experiments only^ 
made on different kinds of earth and walls, that we may probably 
ho^ for a just and satisfactory solution of the problem. 

The above solution is given only in the most simple case of the 
problem. But the same principle may easily be extended to any 
other case that may be required, either in theory or practice, either 
with walls or banks of earth of different figures^ and ia different 
litugtions. 

s^c\jxentlY 
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sequently its effect is — r— i — /»> for the perpendicular force 

against K, to overset the wall aefg. Which must be ba- 
lanced by the counter resistance of the wall, in order that 
it may at least be supported. 

Now, if M be the centre of gravity of the wall, into which 
its whole matter may be supposed to be collected, and acting 
in the direction mnw, its efiect willbe the same as if a weight 
w were suspended from the point n of the lever fn. Hencc» 
xf A be put for the area of the wall aefg, and n its specific 
gravity; then A . n will be equal to the weight w, and A • 
h . FN its effect on the lever to prevent it from turning about 
the point f. And as this effort must be equal to that of the 
triangle of earth, that it may just support it, which was 

before found equal to — :z—z — tn ; therefore A • n . fm = 

AE' • AB* 

— : — I — m, in case of an equilibrium* 

234. But now, both the breadth of the ^vall fe, and the 
lever fn, or place of the centre of gravity m, will depend on 
the figure of the wall. If the wall be rectangular, or as 
broad at top as bottom ; then fn =^ ^fe, and the area a =s 
A£ • F£ ; consequently the effort of the wall A . » . fk is =s 

AE^ • AB* 

iFE* . A£ . » ; which must be = ■ ,^ \ — /w, the effort of 
* '6eb* 

the earth. And the resolution 'of this equation gives the 

, , - , „ AB . AE , w , tn . 

breadth of the wall fe = V-- zz aq v — , drawincr 

EB 3« 3« * 

AQ^ perp. to EB. So that the breadth of the wall is always 

proportional to the perp. depth AQ^of the triangle abe. But 

the breadth must be made a little more than the above value 

of it, that it may be more than a bare balance to the earth.— 

If the angle of the slope E be 45*, as it is nearly in most cases | 

then FE = ^7^ ^3^= AE V— = |ae V— very nearly. 

235. If the wall be of brick, its specific gravity is about 
2000, and that of earth about 1984 ; namely, m to n as 1984 

to 2000 \ or they may be taken as equal \ then V— = 1 very 

n 

nearly, and hence fe = tIjAE, or |ae nearly. That is, 
wherever a brick rectangular wall is made to support earthy 
it^ thickness must be at least f ^^^ 7% ^f its height. But if 

th^ 
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the vail be of stone, whose specific gravity u about 2520; 

then — :=4, and v* " = ■/?■=. '895 1 hetice fe = -358 AB 

^ -frhz : that is, when the rectangulsir wall is of stone, the 
breadth must be at least -^ of its height. 

236. Bat if the figure of the wall 
he a triangle, the outer side tapering 
to a point at top. Then the lever 
PN=-|fE,andtl»t area A = Jfe. ab; 
consequently its effort a . ». fn is = 
■|-FB* . A£ . n; which being put =: 



6be' 



-jw, the equa^pn pves fe ™ 
^— = AQ. ^ — for the breadth 




of the wall at the bottom, for an equilibrium in this case also. 
—If the angle of the slope e be 45° ; then will fe be = 

~-rz%^Tr' — i-AEv' — . And when this wall is of brick, then 
V^2 2/t ' ^ n 

FE It 44E nearly. But when it is of stone; then iV — = 

•447 = 4 nearly : that is, the triangular stone wail must 
have its thickness at bottom equal to 4 of its height. And 
in like manner, for other figures of the wall and also for 
Other figures of the earth. 



l-ROPOSITION XLVI, 

237. To determine the Thkkneii of a Pi 
a Given Arth. 
Let abcd be half 
the arch, and DttG the 
pier. From the centre 
of gravity K of the half 
arch draw kl perp. oa; 
also oKR, and tkqp 
perp. to it ; also draw 
LQ^d GP perp. to TP, 
or parallel to okh. 
Then if kl represent 
the weight of the 



necetjarj to support 




_ , the direction of gravity, this will resoluc into KQ, 
the force actinj; against the pier perp. to the joint sr, and 
Lq^the fart of the force parallel to the same. Now KQ^d- 
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not« the only force 
acting perp. on the arm 
CF)Of thccrooked lever 
PCF, to turn the "pier 
about the point G ; con- 
seq. Eq X GP will de- 
note the efficadous 
force of the arch to 
OTerturo the pier. 

A^in,the weight of j; „ 

die pier is as the area 
DP X VG; therefore Df • 

PG . ^FG, or -Jde . EG*, is its effect on the lAver f fG, to prft- 
vent the pier from Ijeing overset ; supposing the length of 
the pier, irom point to point) to be no more than the thick* 
ness of the arch. 

But that the pier and the arch may be in equilibrio, these 
two efforts must be equaL Therefore we have ^df . fg' = 

' — t an equation, by which will be determined the 

thickness of the pier pg ; A denoting the area of the half 
arch BCDA *. 

£!xamfie I. Suppose the arc abm to be a simicipcle; and 
thatcnoroAoroB=*5, bc= 7 feet, af —20, Hence ad ^ 
62, DP = GE = 72. Also by measurement are found ok = 
50-3, KL = 40-6, Lo = 29-7, td = 30-87, Kq,= 24, the 
area bcda = 750 = A ; and putting fG = « the breadth 
of the pier. 

Then te = td + de = 30-37H-:*:, and kl : lo : : te : 

Bv = 22-58 + 0-73*, 
then GE — EV = GV =49'42 — •'IZx, 
lastly OK : KL : : GV 1 GP = 39-89 - -59*. 
These values being now substituted in the theorem ^df ■ 

jc» _. ^%: .. *^ . ^: .. t ^ give 36*' = 17665 - 261'5;f, or ;»:'+ ' 

* Note. Ai it 13 commonly a Ifoublesomc thing to calculate 
the place of the centre of gravity k of the half arch * DC B. it may ' 
be easily, and sufficiently near, found mechanically in the manner 
described in art. 211, thus: Construct that space adcb accurate- 
ly by a scale to the given dimensions, os a plate of any uniform 
flat substance, or even card paper; then cut it nicely out by the 
extreme lines, and balance it over any sdge or the side of a table 
in two positions, and tbe intersection of the two places will give 
the situation of the point k ; then tfie distances or lines may be 
measured by the scale, except those depending on the breadth of 
ic jiist jii, y\z. tlie lines as mentioned in the examples. 



\ 
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•'26* =490-7; the root of which quadratic equation giv«t 
*p = 18-S feet = DE or FG, the thickness of thepiersought* 
Example 2. Suppose the span to be 100 feet,.the height 
*<3 feet, the thickness at top 6 feet, and the height of the 
I*ier to the springer 20 feet, as before. 

Here the fig. - — 

*xiay be considered 
^s a circular seg- 
*^nent, having the 
"^^ersed sine op = 
'^O and the right 
sine OA or oc = 
.50} also BD = 6, 

CF=20, andEF=: 

C6, Now, by the 
nature of the cir- 
cle, whose centre is w, the radius wb = 

-=6\\\ ^enceow=tflJ- 




20|B 



80 



40=11' 



and the area of the senii-segment obc is found to be 1491 } 
which taken from the rectangle ODEC = OD.oc = 4« x 50 = 
2300, there remains 809 = a, the area of the space bdecb. 
Hence, by thp method of balancing this space, and measur- 
ing the lines, thers will be found, kg = 18, ik = 34-B, ix.= 
42, KX = 24, ox = 8, 10^= 19'4, TE = :i5-fi, and th = 
35'6 + X, putting x = eh, the breadth of the pier. Then 
IK : KX : ; TH : Hv = 247 + Q-1x; hence gh — HT = 
41-3 — 0-7* = GV, and ix : ik : : Gv ; Gp = 34-02 — 0-58*. 
These values being now substituted in the theorem \^i . 
fG»= !^ - ' .2 r , - '^ , gives 33»' = 15431-47-263*, or *^ + 

fijr = 467-62, the root of which quadratic equation gives 
«r = 18 = EH or FG, the breadth of the pier, and which is 
probably very near the truth. 



On the strength and STRESS of BEAMS or 
BARS OF TliMBER and METAL, &c. 

238. Another use of the centre of gravity, which may be 
here considered, is in determining the strength and the 
stress of beams and bars of timber and metal, &c, in differ- 
ent positions ■, that is, the force or resistance which a beam 
or bar makes, to oppijse any exertion or endeavour made to 
break it \ and the force or exertion tending to break it ■ 
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lK>th of which will be different) according to the place and 
position of the centres of gravity. 

FROIPOSITION XLVII. 

239. T/je Absolute Strength of any Bar in the Direction of its 
Lengthy is Directly Proportional to the Area of its Trasuverse 
Section, ♦ 

Suppose the bar to be suspended by one end, and han^ng 
freely in the manner of a pendulum ; and suppose it to be 
strained in direction of its length, by any forde,' or a weight 
acting at the lower part; in the direction of that length, suf- 
ficient to break the bar, or to separate all its particks. Now, 
as the straining force acts in the direction of the length, all 
the particles in the transverse section of the body, where it 
breaks, are equally strained at the same time ; and they must 
all separate or break together, as the bar is supposed to be of 
uniform texture. Thus then, the. particles aU adhering and 
resisting with equal force, the united strength of the whole, 
will be proportional to the number of them, or as the trans^ 
verse section at the fracture. 

24-0. CoroL 1. Hence the various shapes of bars make no 
difference in their absolute strength j this depending only 
on the area of the section, and must be the same in all equal 
areas, whether round, or square, or oblong, or solid, or hol- 
low, &c. 

241. CoroL 2. Hence also, the absolute strengths of dif- 
ferent bars, of the same materials, are to each other as th^ir 
transverse sections, whatever their shape or form may be. 

.242. CoroL 3. The bar is of equal strength in every part 
of it, when of any uniform thickness, or prismatic shape, 
and is equally liable to be drawn asunder at any part of its 
length, whatever that length may be, by a weight acting at 
the bottom, independent, of the weight of the bar itself; but 
when considered with its own weight, it is the more disposed 
to break, and with the less additional appended weight, the 
longer the bar is, on account of its own weight increasing 
with its length. And, for the same reason, it will be more 
Ttnd more liable to be broken at every point of its length, all 
thokway in ascending or counting from the bottom to the 
top, where it may always be expected to part asunder. And 
hence we see the reason why longer bars are, in this way, 
more liable to break than shorter ones, or with less ap» 
pended weights. Hence also we perceive that, by gradually 
inrrpaqing these weights, till the bar separates and breaks, 

thei^ 
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then the last or greatest weight, is the proper noeasure of 
the absolute strength of the bar. And the same is the case 
with a rope, or cord, &c.— So much then for the longitudi* 
nal strength and stress of bo^es. Proceed we now to con- 
sider those of their transverse a^ons. 




PROPOSITION XLTIII. 

243. The Strength o^ a Beam or Bar^ of Wood or Mital^ l^Ct 
. in a Lateral or Transverse Direction^ to resist a Force acting 
LaterMyy is Pnportional to the Area or Section of the Beam 
in that Place, drawn into the Distamis of its ^Centre of Grom 
vityfrom the Place inhere the Force actSy or where the Frmc* 
iure will end. 

Let ab represent the beam 
or bar, supported at its two 
ends, and on which is laid a 
wei^t w, to cause ^ trans* 
verse fracture abee. The 
force w acting downwards 
there, the fracture will com- 
mence or open across the 
fibres, in the opposite or 

lowest line ab ; from thence, as the weight presses down the 
upper line ee, the fracture will open more and more below, 
and extend gradually upwards, successively, to the parallel 
lines of fibres rr, dd^ &c, till it arrive at, and finally open in 
the last line of fibres eey where it ends 5 when the whole 
fracture is in the form of a wedge, widest at the bottom, and 
ending in an edge or line ee at top. Now the area ae con- 
tains and denotes the sum of all the fibres to be broken, or 
torn asunder ; and as they are supposed to be all equal to 
one another, in absolute strength, that area will denote the 
aggregate or whole strength of all the fibres in the longitu- 
dinal direction, as in the foregoing proposition. But, with 
regard to lateral strength, each fibre must be considered as 
acting at the extremity of a lever whose centre of motion is 
in ih^ line ee : thus, each fibre in the line ah will resist the 
fracture, by a force proportional to the product of its indi- 
vidual strength into its distance ae from the centre of motion ; 
consequently the resistance of all the fibres in ab^ will be 
expressed by ab X a^. In like manner, the aggregate re- 
sistance of another CQurse of fibres, parallel to aby as a-, will 
be denoted by cc x ce\ and a third, as ddy by dd x de\ and 
so on tliroughout the whole fracture. So that the sum of 
all these products will express the total strength or resist 
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ance of all the fibres^ or of the beam in that part. But, hj 
art. 222, the sum of all these products^ is equal to the pro- 
duct of the ^ez aeei^ into the distance of its centre of gra* 
vity from ee. Hence the proposition is manifest. 

244. CoroL 1. Hence it is evident that the lateral, strength 
of a bar, must be considerably less than the absolute longi- 
tudinal strength, considered in the former proposition,^and 
will be broken by a much less force, than was there neces- 
sary to draw the bar asimder lengthways* Because, in the 
one case the fibres must be all separated at once, in an in- 
stant J but in the other, they are overcome and broken suc- 
cessively, one after another, and in some portion of time. 
For instance, take a walking stick, and stretching it length- 
ways, it will bear a very great force before it can be drawn 
asunder ; but again taking such a stick, apply the middle of 
it to the bended knee, and with the two hands drawing the 
ends towards you, the stick is broken across'by a small force. 

245. Carol. 2. In square beams, the lateral strengths are 
as the cubes of the breadths or depths. 

246. Corol. 3. And in general, the lateral stren^hs of any 
bars, whose sections are similar figures, are as the cubes of 
the similar sides of the sections. 

?47» CoroL 4. In cylindrical beams, the lateral strengths 
are as the cubes of the diameters* 

243. Corol. 5. In rectangular beams, the lateral strengths 
are to each other, as the breadths and square of the depths, 

249. CoroL 6. Therefore a joist laid on its narrow edge, is 
stronger than when laid on its fiat side horizontal, in 
proportion as the breadth exceeds the thickness. Thus, 
if a joist be 10 inches broad, by 2^ thick, then it will bear 
4 times more when laid on edge, than when laid flat. Which 
jshows the propriety of the modern method of flooring, with 
very thin, but deep joists. 

250. CoroLl. If a beam be fixed firmly by one end into a 
wall, in a horizontal position, and the fracture be caused by a 
weight suspended at the other end, tlie process would be the 
same, only that the fracture would commence above, and 
terminate at the lower side ; arid the prop, and all the> co- 
rollaries would still hold gpod. 

251. CjroL 8. When a cylinder or prism is made hollow, it 
is stronger than when solid, with an equal quantity of mate- 

rials 
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rials and length, in the same proportion ats its outer diameter 
is greater. Which shows the wisdom of Providence in 
making the stalks of com> and the feathers and bones of 
animals, &c, to be hollow. -Also, if the' hollow beam have 
the hollow or pipe not in the middle, but nearest to that side 
where the fracture is to end, it will be so much the stronger. 
252. Corol, 9. If the beam be a triangular prism, it will 
be strongest when laid with the edge upwards, if the frac- 
ture commence or open first on the under side ; otherwise 
with the flat side upwards ; because in either case the cen- 
tre of gravity is the hriher from the ending of the fracture* 
And the same thing is true, and for the same reason, for anj 
other shape of the prism. On the same account also, a 
square beam is stronger when laid, or when acting angle- 
wise, than when on a flat side. 

PROPOSI-flON XLIX. X 

253. The Lateral Strengths of Prismatic Beams, of the same 
materials, are Directly as the Areas of the Sections and the 
Distances of their Centres of Gravity g and Inversely as their 
Lengths and Weights. 

Let ab and cd represent the 
two beams fixed horizontally, 
by their ends, into an upright 
wall AC. Now, by the last 
prop, the strength of either 
beam, considered as without or 
independent of weight, is as its section drawn into the dis- 
tance of its centre of grarity from the fixed point, viz. as sc, 
where / denotes the transverse section at a or c, and c the 
distance of its centre of gravity above the lowest point A or 
c» But the efibrt of their weight, w or w, tending to sepa- 
rate the fibres and break the beam, are, by the principle of 
the lever, a3 the weight drawn into the distance of the place 
where it may be supposed to be collected and. applied, which 
is in the middle of the length of the beam j that is, the efibrt 
of the weight upon the beam is as w x ^ab. Hence the 
prop, is manifest. 

254. Corel. I. Any extraneous weight or force also, any- 
where'applied to the beam, will have a similar efiFect to break 
the beam as its own weight ; that is, its effect will be as 
^ X ^,as the weight drawn into the length of lever or dis- 
tance from A where it is applied. / ' ' 
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255. CofoL *2. When the beam is fixed at both ends, the 
same property will hold good^ with this difference only, that 
in this case the beam is of the same strength^ as another of 
an equal section, and only half the lengthy, when fixed onljr 
at one end. For, if the longer beam were bisected, or cut 
in halves, each half would be in the same circumstances witK 
respect to its fixed end, as the shorter beam of equal length.. 

256. Carol* 3. Square prisms and cylinders have their 
lateral strengths proportional to the cubes of the depths, 
or diameters, directly, and to their lengths and weights in- 
versely. 

Corol. 4. Similar prisms and cylinders have their strengths 
inversely proportional to their like linear dimensions, the 
soiallei; being comparatively larger in that proportion. For 
their strength increases as the cube of the diameter or of 
their length ; but their stress, from thdr weight and length 
cf lever, as the 4th power of the length. 

257k Scholium, From the foregoing deductions it follows 
that, in similar bodies of the same texture, the force whiqh 
t^nds to break them, or to make them liable to injury by ac- 
cidents, in the larger bodies, increases in a higher propor- 
tion than the force which tends to preserve them entire, or 
to secure them against such accidents ; their disadvantage, or 
tendency to break by their own weight, increasing in the 
same proportion as their length increases : so that, though a 
smaller beam may be firm and secure, yet a large and similar 
one may be so long as to break by its own weight. Hence 
it is justly concluded, that what may appear very firm and 
successful in a model or small machine, may be weak and in- 
firm, or even fall in pieces by its own weight, when it is ex- 
ecuted on large dimensions according to the model. 

For, in similar bodies, or engines, or in animals, the 
greater must be always more liable to accidents than the 
smaller, and have a less relative strength, that is, thergreater 
have not a strength in so great a proportion as their magni- 
tude. A greater column, for instance, is in much more dan- 
ger of breaking by a fall, than ^ similar smaller one. A 
man is. in more danger from accidents of this kind' than a 
child. An insect can bear and carry a load many times 
heavier than itself y whereas a large animal, as a horse, for . 
instance, can hardly support a burden equal to his own 
weight. 

From the same principle it is also justly inferredj^ that 
there are . necessarily limits in all the works of nature and 

art, 
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art, which the^ cannot surpass in magnitude. Thus, for 
instance, were trees to be of a very enonnoas size, their 
branches would break and^ fall off by their own weight. 
Large animals have not streb^prth in proportion to their size: 
and if there were any land animals much larger than those 
we know, they would hardly be able to move, and would be 
parpetually subjected to most dangerous accidents. 

As to the sea animals indeed, the case is different, as the 
pressure of the water in a great measure sustains them ; and 
accordingly we find they are vastly larger^than land animals* 

From what has been said it clearly follows, that to make 
bodies, or fengines, or animals, of equal relative strengA, 
the larger ones must have grosser proportions, or a higher 
degree of thickness, than Uiey have of length. And this 
sentiment being suggest^ to us by continual experience, we 
naturally join tlie idea of greater strength and force with the 
grosser proportions, and of agility with the n\ore delicate 
ones. In architecture, where the appearance of solidity is no 
less regarded than real firmness and strength, in order to 
satisfy a judicious eye and taste, the various orders of the 
columns serve ^to spggest different ideas of strength. But, 
by the same principle^ if we should suppose animals vastly 
large, from the gross proportions a heaviness and unwieldi- 
ness would arise, which would make them useless to them- 
selves, and disagreeable to the eye. In this, as in all other 
cases, whatever generally pleases taste, not vitiated by pre- 
judice of education, or by fabulous and marvellous relations, 
may be traced till it appears to have a just foundation in 
nature. 

PROPOSITION L. 

258. If a Weight he placed^ or a Force act^ on any part of m 
Horizontal beam^ supported at both endsy the Stress upon that 
party will be as the Rectangle or Product of its two Distances 
from the supported tnds. 

That is, the stress upon the 
beam ab, at c, by the weight w, 
is as AC X BC. For, by the na- 
ture of the lever, the effect of 
the weight w, on the lever AC, 
is AC . w 5 and the effect of this 
force acting at c, on the lever 

»C, is AC . W. BC = AC . BC . W. " ^ 

And, the weight w being given, the efijjct or stress is as Ac . 

JBC. 
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259. Cord. 1 . The greatest stress is when tBe weight w 
is at the middle: for then the rectangle of the two halves, 
AC . AC = iAB . ^AB = |abS is the greatest. And, from the 
middle point, the stress is less and less all the way to the 
extremities a and B, where it is iiotliing. 

2flO. Carol. 2. The same thing will obtain from the weight 
of the beam itself, or from any other weight diffused equally 
all over ft; the stress in this case being the half of the 
former. So that, in all structures, we should avoid as much 
as possible, placing weights or strains in the middle of 

261. Cerol. 3. If w be the greatest weight that a beam can 
■uataiii at its middle point ; and it be required to find the 
place where it will support any greater weight w ; that point 
will be found by making, as w : w : : J^ab . ^ab, or 

AC . BC or AC X (aB — Ac) =s AB . AC — AC'. 




PROPOSITION LI. 

S62. When a Biam is plated ashpe, its Strertgth in that poiUkn^ 
is to its Strength wifn Horixonlal, te resist a Vrrtieal Force, 
as the square ef Radius is Is the Square of the Cosine of the 
Elevation. 

Let ab be the beam standing aslope, 
CF perp. to the horizon afg ; then co 
is the vertical section -of the beam, and 
CE, perp. to AB, is the transverse sec- 
tion, and is the same as when in the 
horizontal position. Now, the strength, 
in both positions, is as.the section drawn -^ j t 

into the distance of its centra of gravity 

from the point c. But the sections, being of the same 
breadth, are as their depths, cd, ce ; and the distances of 
the centres of gravity are as the same depths ; therefore the 
strengths are as cd . cd to ce . ce, or cd^ to ce'. But, by 
tlie similar triangles cde, afd, it is cd : ce ; : ad : af, as 
radius to the cosine of the elevation. Therefore the oblique 
- »o the transverse strength, as ad' to af', the 
s to the square of the cosine of elevation, 

The strength of a beam increases from the 
ion, where it is least, all the way as it revolves 
^position, where it is the greatest. 
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264. fVhen Beams stand Aslope^ or Obliquely^ and sustaining 
Weights^ either at the Middle Points y or in any other Similar 
Situations^ or Equally Diffused over their Lengths ^ the 
Strains upon them are Directly as the Weights^ and the 
Lengths f and the Cosines of Elevation* 

For, by the inclined plane, the weight is to the pressure 
on the plane, as AC to af, ^ radius to the cosine of elevation : 
therefore the pressure is as the weight drawn into the cosine 
of the elevation. Hence the stress will be as the length of 
the beam and this forte \ that is, as the weight X length X 
tosine of elei^atioil. 

265. CoroL 1. When the lengths and weights of beams 
are the same, the stress is as the cosine of elevation ; and it 
is therefore the greatest when it lies horizontal. 

■ ^-, 

266. Carol. 2. In all similar positions, and the weights vary- 
ing as the lengths, or the beams uniform ; then the stress 
varies as the squares of the lengths. 

267. CoroL^. When the weights 
are equal, on the oblique beam ab, 
and the horizontal one ac, and'BC 
is vertical ; the stress on both beams 
is equal. For, the length into the 
cosine of elevation is the same in 
both ; or AB X cos. A = AC x ra- 
dius. 

. ^^%, Ciro/. 4.* But if the -weights on the beams ^vary asf 
their lengths ; then the stress will also vary in the samd 
ratio. 

269. CoroU 5. And universally, the stress upon any point 
of an obliqtie be^ii, is as the rectangle of the segments of 
the beam, and the weight, and cosine of inclination, directly) 
and the length inversely, 

VbL.li. P t»i» 
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PROPOSITION LTII. 

2?0, When a Beam is ta sustain any Weighty or Pressufe^ ef 
Force J acting Laterally ; then the Strength ought to be as thg 
Stress upon it ; that is 9 the Breadth multiplied By the Square 
of the Depth y or in similar sections 9 the GtAe of the Diameter ^ 
in every place, ought 'to be pr(^ortumitl to the Length drawH 
into the Weight or' Force acting on it. And the same is true 
of several J^ifferent Pieces (f tinker compared together. 

For every several piece of timber or metal, as well as 
every part of the^ same, ought to have its strength propor- 
tioned to the weight, force, or pressure it is to support. And 
therefore the strength ougjit to be universally, or in every 
part as the stress upon it.» But the strength is as the breadth 
into the square of the depth 5 and the stress^ is as the vireight 
or force into the distance it acts at. Therefore these must 
be in constant ratio. This general property will give rise to 
the effect of different shapes in beams, according to particu- 
lar circumstances y as in the following corollaries. 

27 !• CoroLl. If abc be a hori- 
zontal beam, fixed at the end AC, 
iind sustaining a weight at the other 
end B. And if the sections at all 
places be similar figures 5 and de be 
the diameter at any place d ; then 

BD will be every where as de^ So that, if adb be a right 
line, then beg will be cubic parabola. In which case -f of 
such a beam may be cut away, without any diminution of 
the strength. — But if the beam Jdc bounded by two parallel 
planes, perpendicular to the horizon ; then bd will be as 
Dfi* ; and then BBC will be the common parabola. In which 
case a 3d part of the beam may be thus cut away. 

272. CoroL 2. But if a weight press uniformly on . every 
part of AB J and the sections in all points, as D, be similar; 
then bd* will be every where as de^ : and then BBc is the 
semictibical parabola. 

But, in this disposition of the 
wieight, if the beam be bounded by 
parallel plains, perpendicular to the 
horizon ; then bd will be always as 
De ; and bec a right line, or Asc a 
wedge. So that then half the beam 
may be cut away, without diminution of strength. 

273. Coro/. 
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273. CoroU 3. • If the beam ab 
fce supported at both ends \ and 
if it sustain a weight at any va* 
■"iable point d, or uniformly on 
qU parts of its length; and if all the sections be similar 
:£gures ; then will the diameter \yB? be every where as the 
irectangle At) . db. 

But if it be bounded by two parallel pUnes, perpendicular 
•^0 the horizon ; then will Dfi^ be every where as the rect- 
^mgle AD . DB, and thie curve aeb an ellipsis; 

274. CoTol. 4. But if a weight 
Ibe placed at any given point f, 
snd all the sections be similar ^^ 
^fes; then will* ad be as 1>E', 
^and a6, B6 be two cubic para- 
l)olas. 

But if the beam be bounded by two parallel planes, per- 
pendicular to the horizon ; then ad is as D£% and AC and 
SG are two common parabolas. 

275. Schciium. The relative strengths of several sorts of 
Wood, and of other bodies, as determined by Mr. Emerson, 
tare as follow : 

Iron ------- 107 

Brass -*----- 50 

Bone - - 22 

Box, Tew, Plumtree, Oak - - - - II 

Elm, Ash -.-.-. Si 

Wahiut, Thorn - .- - . . 7^ 
Red fir^ Holly, Elder, Plane, Crabtree, Appletree 7 

Beech, Cherrytree, Hazle - - - 6^ 

Lead - - -.- - - - 6^ 

Alder, Asp, Birch, White fir, Willow - 6 

Fine freestone . - - - - 1 

A cylindric rod of good clean fir, of 1 inch circumference^ 
drawn lengthways, will bear at extremity 400 lbs j and a> 
spear of fir, 2 inches diameter, will bear about 7 tons in that 
direction. 

A rod of good iron, of an inch circumference, will bear 

a stretph of near 3 tons weight. 

- A good hempen rope, of an inch circumference, will bear* 

1 000 lbs at the most. 

Hence Mr. Emerson concludesi that if a rod of fir, or of 

P 2 vcQVv^ 
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iron, or a rope of d inches diameter, were to lift ^ of the ex-' 
treme weight ; then ^ 

The fir would bear 84 d^ hundred weights. 
The rope - - 22 </* ditto. 
The iron - - 61 rf* tons. 

Mr. Banks, an ingenious lecturer on mechanics, made 
many experiments on- the strength of wood and metal; 
whence he concludes, that cast iron is from 3i to 44 times 
stronger than oak of equal dimensions ; and from 5 to 6^ 
times stronger than deal. And that bars of cast iron, an 
inch square, weighing 9 lbs. to the yard in length, supported 
at the extremities, bear on ah average, a load of 970lbs» 
laterally. And they bend about an inch before they break* 

Many other experiments on the strength of different ma- 
terials, and curious 'results deduced from them, may be seen 
in Dr. Gregory's and Mr. Emerson^s Treatises on Mechanics^ 
as well as some more propositions on the strength and stress 
of different bars. 



On the CENTRES op PERCUSSION, OSCILLATION, 

AND GYRATION. 

276. THE Centre of Percussion of a body, or a 
system of Bodies, revolving about a point, or axis, is that 
point, which striking an immoveable object, the whole mass 
shall not incline to either side, but. jest as it were in equi- 
librio, without acting on the centre of suspension. 

277. The Centre of Oscillation is that point, in a body 
vibrating by its gravity, inwhich if any body be placed, or if 
the whole mass be collected, it will perform its vibrations in 
the same time, and with the same angular velocity, as the 
whole body, about the same p^int or axis of suspension. 

278. The Centre of Gyration, is that point, in which if 
the whole mass be collected, the same angular velocity will 
be generated in the same time, by a given force acting at any 

^pface, as in the body or system itself. 

279. The angular motion of a body, or system of bodies, 
is the motion of a line connecting any point and the centre 
or axis of motion ; and is the same in all parts of the same 
revolving body* And in different unconnected bodies, each 
revolving about a centre, the angular velocity is as the abso- 
lute velocity directly, and as the distance from the centre 
inversely; so that, if their absolute velocities be as their 
fadii or distances, the angular velocities will be equal. , 

PRO- 
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PROPOSITION LIV. 



. 280. To find the Cm 




• of Percussion of a . 
, of Bodies. 

Let the body revolve about an axis 
passing through any point s in the line 
SCO, passing through the centres of gra- 
vity and percussion, G and o. Let mm 
be the section of the body, or the plane 
in which the ■ axis soo moves. And 
conceive all the particles of the body to 
be reduced to thjs plane, by perpendi- 
culars let fall from them to the plane"; a 
supposition which will not aifect the 
centres G, o, nor the angular lAotion of 
. the body. 

Let A be the place of one of the particles, 
join sA, and draw Ar perpendicular to as, aiid ^ , 
cular to sGO : then ap will bu the direction of A's'motion 
it revolves about s -, and the whole mass being stopped at o, 
the body a will urge the point p", forward, with a force pro- 
portional to its quantity of matter and velocity, or to its 
matter and distance from tlie point of sirfpension s ; tliat is, 
as A . S.4 ; and the efficacy of this force ia a direction per- 
pendicular to so, at the point p, is as a . sa, by similar tri- 
angles ; also, the effect of this force on the lever, to turn it 
about o, bving as the length of the lever, is as A . sa . po =; 
A . sa , (so — sp) = A . sa . so — A . sa . sp = A . sa . so — 
A , sa'. In like manner, the forces of fl and c, to turn the 
system about o, are as 



reduced ; 
perpendi- 



, sb . so 






c . sc . so ~ c . sc^, &c. 

But, since the forces on the contrary sides of o destroy 
one another, by the defi -ition of tliis force, the sum of the 
positive parts of these quantities x>^v,st b? equal to the sum of 
the negative parts, 

that is, A . sa . £0 + B . sb , so -|- c . sc . so &c = , - 
A . sA*-f B . SB' + c . sc' &c; and 

■ A . sa' + B . SB* + c ■ sc' &c 
hence so = - 



. sa 4- B . sb 4- c • sc &c * 



■«> 
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which IS the distance of the centre of percussion' bilow the 
axb of motion. 

And here it must be observed that, if any of the point* 
a, b, &c, fall on the contrary' side of s, the corresponding 
product A . sa, or B . sb, &c, must be miade negative. 

281. CoroL 1. Since, by cor. 3, pr. 40, A + B + C Scc^ 
or the body h x the distance of the centre of gravity, sg^ 
is = A . sa + B . sb + c . sc &c, which is .the denominator 
of the value of so s therefore the distance of the centre of 

A . SA* + B . SB* 4- C . SG* &C 

percussion, is so = ? r-"i — » ^^^ 

■ SG X body Q 

282. CoroL 2, Since, by Geometry^ thebr. S6, 37, 
it is SA* = SG* + GA* — 2sG . Ga, 

and SB* = SG* -f gb* + 2sg . Gb, 
and sc* = sg* + gc* + 2sG . gc, &c 5 
and, by cor. 5, pr. 40, the sum of the last terms is nothing,, 
namely, — 2sG . Ga + ^<^ •• cb + 2sg . gc &c = Oj 
therefore the sum of the others, or a . sa* + b . $b* &c - 

is = (a + B &c) . SG^ + /i . GA* + B . GB* + C . GC* &C, 
or = ^ . SG- + A . GA* -f B . GB* + C . GC* &C ; 

which being substituted in -the numerator of the foregoing 
value of so, gives 

^ . SG* + A . GA* '+ B . GB* + &.C 
SO = ^— 



or SO = SG + 



A . QK^ + B . GB* 4- C . GG* &C 

^. SG 



283. CcroL S. Hence the distance of the centre of per-, 
cussion always exceeds the distance of the centre of gravity^ 

• -; . , ' A . GA* + B . GB*.&C 

and the excess is always go = -7 » . 

^ ■ i . SG 

■ , . , , , A . GA* + B.GB* &C 

284. Ana hence also, sG . go = ; — ■ — - — v 

the body b 

that is sG . GO is always the same constant quantity, where- 
.ever the point of suspension s is placed ', ' since the point g 
and the bodies A, B, &c, are constant. Or go is always 
reciprocally as SG, that is go is less, as sG is gxeater ; and 
consequently the point o rises upwards and approaches to- 
wards the point G, as the point s is removed to the greater 
distance; and they coincide when sg is infinite. But when 

with G, then Gd is infinite^ or o i$ at an infinite- 

.,•■.■■■■ 

PROPO- 
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PROPOSITiOlff LV. 

S85. If a Body A, at the Distance SA from an a^is passing 
through s, he made to revolve about that axis py any force acting 
ixt P in the Line 6P, Perpendicular to the Axis of Motion : It 
is required to determine the Quatiiity or Matter f another Bodv 
Q, which being placed at p, the Point where the Farce e^ctSy tt 
shall be accelerated in the Same Manner, as when A revolved 
at the Distance sA ; and consequently^ that the jingular yelccitj 
of A and ^ahput s, may be the Same in Both Cases. 

By the nature of the lever, sa :sp.::y; ^ ^ 

•— •fy the effect of the force fy acting at Pt 

on the body at a; that is, the forcey acting at 

F, will have the same effect on the body a, as 

fp 
the force — f acting directly at the point A. 

SA 

But as ASP revolves altogether about the axis at s, the abso<- 
lute* velocities of the points A and s, or of the bodies a and 
Q, will be as the radii SA, sp, of the circle described by them. 
H6re then we have two bodies A and q, which being urged 

SP 

directly by the forces^and — f acquire velocities which are 

2} A. ^ 

as sp and SA. And since the motive forces of bodies are as 
their mass and velocity : therefore - - . . 



— f '/ -' 



A . SA : Q . '«p, and sP* : sa^ 



Q.- 



SA" 
A 

SP^ 



SP» 



which therefore expresses the mass of matter which, being 
placed at p, would receive the same angular motion from the 
action of any force at p, as the body a receives. So that the 
resistance of any body A, to a forc^ acting at any point p, is 
directly as the square of its distance sa from the axis of mo- 
tion, and reciprocally as the square of the distance sp of the 
point where the force acts. 

286^ Corol. 1. Hence the force which accelerates the point 

f ' SP* 

P, is to the force of gravity, as ^ to 1, or as y 

A • SA 

to A . SA*. 

287. CoroL 2. If any number of bodies 
A, B, Q, be put in motion, about a fixed 
axis passing through s, by a force act- 
ing at P; the point P will be acccle^ 
rated in the same manner, and conse- 
quently the whole system will have the" 
wme angular velocity, if instead of ih^ 




i 
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bodies A, By Cj placed at the distances sly sb, sc, there b^ 

SA* SB* SC* 

substituted the bodies — tA, — ib, -tC; these being col- 
' SP SP sp 9 ^ • 

lected into the point P. And hence, the moving force be-» 

• r A.l. .. / A . $A* + B.SB* + C.8C*. 

rng/i and the matter moved qemg — — 1 > 

/. SP* ^ 

theref. 5-7 — ' >. r is the ^cc^^l^rating force ; 

A . SA* + B . SB* + c. sc* !;^ : ** 

which therefore is to the accelerating force of gravity, as 

jf . SP* to A . SA* + B . SB* + C . SO*. 

288. CoroL 3. Thfr angular velocity of the whole systttii 



of bodies, is as 



/. sp 



For the abso^ 



A , SA* + B . SB* 4- c . sc*' 
lute velocity of the point p, is as the accelerating force, or 
directly as the motive force ^J and inversely as the mass 

A . SA* &C 

■ ^ — : but the angular velocity is as the absolute vela* 

or 

city directly, and the radius sp inversely; therefore the an- 
gular velocity of p, or of the whole system^ which is the saoi^ 

/* SB 



PROPOSITION Lyi. 

289. To determitje the Centre of Oscillntion of any Compound Mnss^ 
or Body mn, or of any System of Bodies A, B, c, ^c. 

Let. mn be the plane of vibration, to which let all the 
matter be reduced, by letting fall perpendiculars from every 
particle, to this plane, L^t • 
G be the centre of gravity, 
^nd o the centre of oscillar- 
tlon; through the axis s 
di^aw SGO, and the horizon- 
tal line sq ; ■ then Ifrom every 
panicle A, n, c, &c, let'fall 
perpendiculars ka^ a/>, b^, b^', 
cr, cr, to these two lines ; and 
join sa, SB, sc ; also, draw 
G/w, ohy perpendicular to s^. 
Now the forces of the weights 
A, B, c, to turn th^ body 
about the axis, are a . sp, b . 
%qy -^ c . sr ; therefore, by 
cor. 3^ prop.'55, >the angular 

taotion 
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« 

1 i_ 11 t r . A . S^-f.B* Sfl' — C .Sr 

motion fifenerated by all these forces is —; -r- ' — 

^ ^ A.SA* + B.SB^+C.SC* 

Also, the angular veloc. any particle/, placed in o, generates 
xn the system, by its weight, is — , or — ,,or^^-^, be- 

cause of the similar triangles SQiw, so/i. But, by the pro- 
blem, the vibrations are performed alike in both jzases, and 
therefore these two expressions must be equal to each other, 

s^ A . s/ 4- B . SflT — c . sr 
that is, = r-- — r-- r; and hence 

SG . so A . SA^ + B . SB* + C . SC* 

Sm A . SA* + B / SB* + C . SC* 

so =1 — X 1 ^ : : . 

SG A • 5/ -f" 6 • ^^ — c . sr 

But, by cor. 2, pr. 41, the sum A . sp + B • s^ ■-. c . sr = 

(a 4- B + c) . snti therefore the distance so = - - ,,. 

A . SA* + B . SB* + C . so* A . SA* + B . SB* + C . SC* 
SG . (a + B + c) "" A . Sfl -H B . S^ + C . Sr 

by prop. 42, which is the distance of the centre of oscillation 
o, below the axis of suspension ; where any of the products 
A . s^, B . s^, must be negative, when a, b^ &c, lie on the 
other side of 8. So, that this is the same expression as that 
for the distance of the centre of percussion, found in prop. 54- 
Hence it appears, that the centres of percussion and of 
oscillation, are in the very same point. Arid therefore the 
properties in all the corollaries there found for the former, 
are to be here understood of the latter. 

29Q. CoroL \. If p be any particle of a body ^, and d\t^ 

distance from the axis of motion s \ also G, o the centres of 

'gravity and oscillation. Then the distance of the centre of 

pscillatioh of the body, from the axis of motion, is - - - 

sum of all the /^* 

"~ SG X the body k* 

291. CoroL 2. If b denote the matter in any compound 
hody, whose centres^ of gravity and oscillation are o and o ; 
the body p, which being placed at p, where the force acts as 
in the last p;?oposition, and which receives the same motion 

. *, SG.SO 

from that force as the compound body ^, is p = . #.. 

For, by corol. 2, prop. 54, this body P is = - - , . - 

A . SA* -f- B . SB* + c . sc" „ , , _ ' ' 

_! . But, by corol. 1, prop. 53, 



§p* 



$6 
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8G . so • ^ = A . SA* + B . SB* -j- C . «C*5 th^efoTf 
SG . SO 

SP 



SCHOLIUM, 

292. By the method of Fluxions, the centre of oscillations 
for a regular body, will be found from cor. 1. But for am 
irregular one ; suspend it at the given point ; and hang up 
also a simple pendulum of such a length, that making them 
both vibrate, they may keep time together. Then the 
length of the simple pendulum, is equal to the distance of 
the centre of oscillation of the body, below the point pf si4^ 
pension. 

293. Or it will be still better found thus : Suspend the 

body very freely by the given point, and make it vibrate in 

small arcs, counting the number of vibrations it makes in 

any time, as a minute, by a good stop watch ; and let that 

pumber of vibrations made in a minute be called ft : Then 

140830 
shall the distance of the centre of oscillation, be so = — = 

inches. For, the length of the pendulum vibrating seconds, 

ov 60 times in a minute, being 39^ inches ; and the lengths 

of pendulums being reciprocally as the square of the number 

of vibrations made in the same time ; therefore - - - 

60* X 394 140850 
«* : 60* : : 394 : = r— : the length of the 

pendulum which vibrates n times in a minute, or the distance 
pf the centre of oscillation below the axis of motion. 

~^ 294. The foregoing determination of the point, into which 
all the matter ^ a body being collected, it shall oscillate in 
the same manner as before, only respects the case in which 
the body is put in motion by the gravity of its own particles, 
and the point is the centre of oscillation : but when the body- 
is put in motion by some other- extraneous force, instead of 
its gravity, then the point is different from the former, and 
is called the Centre of Gyration \ which is determined in the 
following manner : 



ti^a- 
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PROPOSITION LYIU 

695. To deter mine the Centra of Gsn^ion of tf Compound "Btfdf 

^r of a System of Bodies. 

Let r be the centre of gyration, or 
the point into which all the particles Aj 
B, c, &c, being collected, it AaU r^^ 
ceive the same angular motion from ^ 
fprcey acting at P, as the whol^ system 
receives. 

Now, by cor. 3, pr. 54, th|5 angular 

velocity generated ii;i the sy^steipi by thf 

f* sp 
force fi is as ■ ■ , ^ ' , 



and 




by the same, the angul^ yi^ocitjr of fhe system placed in H) 

f • sp 
is 7 — ; "^ — 5r~\ 1 • thcp, hw making these two ex- 

(A + B + C &c) . SR* -^^ -^ ^ . 

pressions equal to each other, the equation gives - - -^ 



SR =\/- 



SA* + B . 5B- + C . StC* 



, for the distance of thQ 



A + 9 + c 
centre of gyration below the axis of fnot^ojcu 

296. CoroL \. Because A . sa* + b . sp* &:c = sg . so . i, 
wtnere o is the centre of gravity, o the centre of oscillation, 
and b the body a + B + c &c ; therefore s^* = so . so ; 
that is, the distance of the centre of gyration, is a mean pj;of 
portional between thos^ of gravity and oscilfation. 

297. CoroL 2, lip denote any particle of a body b, at d di- 

- - . - . , , sum of all thepd'' 

stance from the axis of motion ; then sr* = — -r- — ; — , ^ - . 

body b 

PROPOSITION LVIII. 

298. To determine the Velocity with ivhich a Ball moves ^ which 
being shot against a Ballistic Pendulum^ causis it to vibrate 
through a given Angle* 

The Ballistic Pendulum is a heavy block 
of wood MN, suspended vertically by a 
strong horizontal iron axis at s, to which 
it is connected by a firm iron stem. This 
problem is the application of the last pro- 
position, or of prop. 54, and was invented 
by the very ingenious Mr. Robins, to deter- 
niine the initial velocities of military pro- 
jectiles ; a circumstance very useful in that 
science; and it is the best method yet 
known for determining them with any de- 
gree of accuracy. \i%v 
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Let Gyii, o he the centres of gravity, gyration, and osciU 
lation, as determined by the foregoing propositions y and let p 
be the point where the ball strikes the face of the pendulum ; 
the momentum of which, or the product of its weight and 
velocity, is expressed by the forceyi acting 
at p, in the foregoing propositions. Now, 
Put p = the" whole weight of the pendul. 

i = the weight of the ball, 

g = sGthe dist. of the cen. of grav. 

c = %o the dist. of the cen. of oscilla. 

r = SR =;: V^o the dist- of cen. of gyr, 

f = sp the dist. of the point of impact, 

V == the velocity of thejball, 

u = that of the point otimpact p, 

f =: chord of the arc described by o. 

^y prop. 56, if the mass p be placed all ?t r, the pen** 
dulum will, receive the same motion from the blow in the 

point P : and as sp* : sr* : : /> : '— ^ . p or — ^ or rr p, (prop. 54 ), 

the mass which being placed at p, the pendulum will stiU 
receive the same motion as before. Here then are two 

go 
quantities of matter, namely, ^ and -tt/, the former moving 

with the velocity v, and striking the latter at rest •, to deter- 
mine their common velocity k, with which they will jointly 
' proceed forward together after the stroke. In which case, 
by the .law of the' impact of non-elastic bodies, we have 

■—p + b \b \\v : w, and therefore v =. — p~-« the velo- 

city of the ball in terms of «, the velocity of the point P, • 
and the known dimensions and weights of the bodies. 

But now to determine the value of «, we must have re- 
course to the angle through which the pendulum vibrates ; 
for wh^n the pendulum descends down again to the vertical 
position, it will have acquired the sapie velocity with which 
it began to ascend, and, by the laws of falling bodies, the 
velocity of the centre of oscillation is such, as a heavy body 
would acquire by freely felling through the versed sine of 
the arc described by the same centre o. But the^ chord of 
that arc is r, and its radius is o ; and, by the nature of the 
circle, the chord Is a mean proportional between the versed 

cc 
sine and diameter, therefore 2o : c :: c : —, the versed sine 

oi the arc described b^ o. Then, by the laws of falling bodies 



t 
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cc 2df 

A/16tV : V^j- : : 32^ \ c^/ — > the velocity acquired by the 

point, o in descending through the arc whose chord is c^ 

2a ci . *2a 
■where a = 16JL- feet : and therefore o : i : : rv' — : - V — , 

■which is the velocity «, of the point P. 

Then, by substituting this value for «, the velocity of the 

^ii + gop 2a 

ball, before found, becomes v = x c>J — . So 

OtO 

that the velocity of the ball is directly as the chord of the 
arc described by the pendulum in its vibration. 

SCHOLIUM, 

299. In the foregoing solution, the change in the centre 
of oscillation is omitted, which is caused by the ball lodging 
ii> the point p. But the allowance for that small change, 
and that of some other small quantities, may be seen in my 
Tracts, where all tbe circumstances of this method are 
treated at full length.^ 

300. For an exwwple in numbers of this method, suppose 
the weights and dimensions to be as follow : namely. 



Then 

bii-\-gop V\i\ X 94-3* + 78l-x 8Hx 570 



p = 5701b, 
b = 18oz lidr 

^-Vi^i^c ^'' '^' 1-131 X94AX3H 

g — iX5^ mc, 13.73 

= 84^ inc. X = 656-56^ 

i = ^4^ inc. And A = v/^ = ^^7^ = 2-1337. 
c = 18-73mc. ^ ^ 7-065 42-39 

Therefore 656'S6 x 2*1337, or 1401 feet, is the velocity, 

per second, with which tlie ball moved when it struck the 

pendulum. 



Of hydrostatics. 

801. ^^Hydrostatics h the science which treats of the 
pressure, or weight, and equilibrium of water and other 
fluids, especially those that are non-elastic. 

302. A fluid is elastic, when it can be reduced into a less 
volume by compression, and which restores itself to its former 
bulk again when the pressure is removed ; as air. And it is 
non-elastic, when it is not compressible by such force 5 as 
water, &c, 

PRO- 



S2tr 



HTDROBTATrCS; 



30S; If arty Paft of a Fluid h^ faiied Kgh^ than the resf^ b^ 
any Porce^ and then left to itself; ' the hiffjcr Parts will descend 
to the lower P)acesy and the Fluid will mt rest, till its Surface 
he quite even and levcL- 

For, the parts of a fluid being easQy iiioveable every 
Way, the higher parts will descend by their superioi' gravity, 
and raise the lower parts, till the whole come to rest in sk 
level or horizontal plane. 

304. CoroL I. Hence, water that cpm- 
-municates with other water, by means of 
a close canal or pipe, will stand at the same 
height in both places. Like as water in 
the two legs of a syphon^ 



%05. CoroL 2. For the same reason, if 
a fluid gravitate towards a centre ; it will 
di^ose itself into a spherical figure, the ' 
centre of which is the centre of force. Likef 
the sea in respeqt of the earth. 




PROPOSITION LX. 

506. When a Fluid is at Rest in a Vessel y the Base of which ji 
Parallel to the Horizon; Equal Parts of the Base are Equally 
Pressed by the Fluid, 

For, on every equal part* of this base there is an equal 
column of the fluid supported by it. And as all the columns 
are of equal height, by the last proposition they are of equal 
Weight;, and therefore they press the base equally; that is, 
equal parts of the base sustain an equal pressure. 

» 307. Corol. 1. All parts of the fluid ptess equally at the" 
same depth. For, if a plane parallel to the horizon be con- 
ceived to be drawn at that depth ; then the pressure being 
the same in any part of that plane, by the proposition, 
therefore the parts of the fluid, instead of the plane, sustain 
the same pressure at the same depth. • 

308. CoroL 2. The pressure of the fluid at any depth, i« 
as the depth of the fluid. For the pressure is as the weight, " 
and the weight is as the height of the fluid. 

309. CoroL 



PRESSURE OF FLUIDS. 



223 



309. CoroL 3. The pressure of the fluid on any horizontal 
surface or plane, is equal to the weight of a column of the 
fluid, whose base is equal to that plane, and altitude is its 
depth below the upper surface of the fluid. 



PROPOSITION LXI. 

S 10. When a Fluid is Pressed by its own Weighty or by afiy ether 
Force ; at any Point it Presses Equally ^ in all Directions tvhat* 

ever, 

Thpis arises from the nature of fluidity, hj which it yields 
to any force in any direction. If it cannot recede from any 
force applied, it will press against bther parts of the fluid in 
the direction of that forcse. And the pressure in all direc« 
tions will be the same : for if it were less in any part, the" 
fluid would move that way, till the pressure be equal every 
way. 

311. CoroL 1. In a vessel containing a fluid; the pressure 
is the $ame against the bottom, as against the sides, or even 
tipwards at the same depth. 

312. CoroL 2. Hence, and from - 
the last proposition, if abcd be a 
vessel of water, and there be taken, 
in the base produced, de, to repre-^ 
sent the pressure at the bottom ; 
joining .^il, and drawing any pa- 
rallels to the base, as fg, hi ; then 
shall FG represent the pressure at 

the depth ag, and Hi the pressure at the depth ai, and sb 
on ; because the parallel^ - fg, hi, ed, 
by Sim. triangles, are as the depths AG, at, ad : 
which are as the pressures, by the prop6sition. 

And hence the sum of all the fg, hi, &c, or area of the 
triangle ade, is as the pressure against all the points G, I, 
&c, that is, against the line Ad. But as every point in the 
line CD is pressed with a force as de, and that thence the 
pressure on the whole line cd is as the rectangle ed . dc^ 
while that against the side is as the triangle ade or J: ad . de j 
therefore the pressure on tlie horizontal line dc, is to the 
pressure against the vertical line da, as DC to ^pA. And 
hence, if the vessel be an upright rectangular one, the pres- 
sure on the bottom, or whole weight of the fluid, is to tire 
psessure against one side, as the base is to half that side. 
Therefore the weight of the fluid is to the pressure against 
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all the four upright sides, as the' base is to half the upright 
surface. And the same holds true also in any upright vessel, 
whatever the sides be, or in a cylindrical vessel. Or, in the' 
cylinder, the weight of the fluid, is to the pressure against 
the upright surface, as the radius of the base is to double the 
altitude. 

Also, when the rectangular pri^ becomes a cube, it 
appears that thfe .weight oi the fluid on thef base, is double 
the pressure against one of the upright sides, or half the 
pressure against the whole upright suiiacei. 

313. CoroL 3i The preissUre of a fluid against any upright 
surface, as the gate of a sluice or canal, is equal to haJf the 
weight of a column of the fluid whose base is equal to the 
surface pressed, and its altitude' the same as the altitude of 
that surface. For the pressure on a horizontal base equal 
to the upright surface, is equal to that column; and the 
pressure on the upright surface, is but half that on the base, 
of the same area. 

So that, if h denote the breadth, and d the depth of such 
a gate or upright surface ; then the pressure against it, is 
equal to the weight of the fluid whose magnitude is ^bd^ =< 
JAB . AD*. Hence, if the fluid be water, a cubic foot of 
which weighs 1000 ounces, or 62^ pounds; and if the 
depth Ai> be 12 feet, the breadth ab 20 feet; then the 
content, or -^ab . ad% is 1440 feet; and the pressure is 
1440000 ounces, or 90000 pounds, or 40f tons weight 
nearly. 

PROPOSITION LXII. 

31 4. T/je pressure of a Fluid ma Surface any how immersed in 
ity either Perpendicular^ or Hori%onialy or Oblique ; is Equal to 
the Weight of a Column of the Fluids nvhose Base is equal to 
the Surface pressed^ and its Altitude equal to the Depth of the 
Centre of Gravity of the Surface pressed below the Top or Sur^ 
face of the Fluid, 

For, conceive the surface pressed to be divided into innu- 
merable sections parallel to the horizon ; and let s denote 
any one of those horizontal sections, also d its distance or 
depth below the top surface of the fluid. Then, by art. S09, 
the pressure of the fluid on the section is equal to the weight 
(^ ds ; consequently the total pressure on the whole surrace 
is equal to all the weights ds. But, if b denote the whole 
surface pressed, and g the depth of its centre of gravity be- 
low the top of the fluid ; then, by art. 256 or 259, hg is equal 

ta 



it. 

I 
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to tbe sum of all the ds. ConsequcDtlj the whole {uMsnre 
of the fluid oa the body or surface i, is equal to the weight 
of the hulk ig of the fluid, that Is, of the column whose Inse 
is the {pveti sur^e i, and its height is g the depth of the 
centre of gravity ia the fluids 

FKOPOSITIOH Lzm. 

31S. T^ Pressureof-a Fluid, on the Bate if the Vessel in which 
' it is cof^aintd, is ai the Bast and Perfe^Sathr Attitude i 

vihatever he the FigtiK tfiie Vessel thai cerUains it. 

Tf the sides of the bate be upright, so that 
It be a prism oi a onifonn width throughout ; 
then the case is evident \ for then the base 
supports the whole fluid, and the pressure is 
just equal to the weight of the fluid. 

But if the vessel be wider at top than bot'- 
tom t then the bottom sustains, or is pressed 
by, only the part contiiined within the up* 
right lines ac, bs; because the parts Aca^ 
sob are supported by the »des &c, qC { 
and those parts luve no other eSbct on the 
part abDc than keeping it in its position, bv 
the lateral pressure ag^st ac and bo, whicK 
does not alter its perpendicular pressure downwards. Ant! 
thus the pressure on the bottom is less than the weight of 
the contained fluid. 

And if the vessel be widest at bottom j then o-AJB— 1 

the bottom is still |»^sed with a weight which , [| " 

is equal to that of the whole upright column jL 

aboC. For, as the parts of the fluid are iii SB^ 

equilibrio, all the partsJiave an equal pressure JkHL 

at the same depth; so that the parts within Gc C ' d U 

and do press equally as those in cd, and there- 
fore equally the *me as if the sides of the vessel had gone , 
Upright to a and b, the defect of fluid in the parts At^ 
and bD^ being exActly compensated by tlie downward pres- 
sure or resistance of the sides AC and bd against the con- 
tiguous fluid. And thus the pressure on the base may be 
nude to exceed the weight of the contained fluid, in any 
pn^»rtion whatever. 

So that] in general, be the vessels of any figure whatever, 
tegular or iiregulai^ uptight or sloping, or variously wide 
and narrow in diflerCnt parts, if the bases and perpendicular 
altitudes be but equal, the bases always sustain the same 
prejtsure. And its that pressure, in the regular i^nght 
Vol. II. Q vessel,- 
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vessel, is the vrhole column of the'fluKl, vhidi is as the iyat ■ 
and dltitode -, tbtrefore the pressure in all figures is in that' 
same ratio. 

316. Ct/el. I. Hence, 'when the hnghts are equal, thtf 
pressures are as the bases. And t^hen the bases are equal, 
the pressure is as th^ height. But when both the heights 
and bases are equal, the pressures are equal in aS, theugb 
their contents be ever so different, 

317. Corel. 2. The pressure on the base of any vesset} U 
the same as on that of a cylinder, of an equal base and ho^t. 

318. Carol. Z. If there be an inverted sy- 
pboM, or bent tube, abc, containing two dff-- 
ferent fluids cd, abd, that balance each other, 
or rest in equilibrioj then their heights 'at 
the two I?gs, AE, CD, above the point <d meet- 
ing, will be reciprocally as their densities. 

Tor if they do not meet at the .bottom^ 
the part BD balances the part be, and there' 
foi^ the part cd balances the part AE ; that 
is, the' weight of Cd iS equal to the weight 
of AB. And as the surface at d is the same, 
where they act against eatrh other, therefore 
AE : CD : : density of cfi : density of ae. 

So, if CD be water, and AE quicksilver, which is near 14 
times heavier; then cd will be = 14ae; that is, if ae be 
I inch, CD will be 14 inches; if ae be 2 inches, go wilt 
be 28 inches; an'd'soot. 



pfeoposiTioS txiV. 



319. if a Body he Immersed in c 

'iecific Gravity, it •will Rest in any Place •where it isput^ 
a "Body of Greater Density -will Sink 



Density ivHl Rise to the Top, and Float. 

The b6dv, being of the same den- 
sity, or of the same weight with the 
Hire built of the fluid, will press the 
fluid under it, juSt as much as if its 
space wa!i filled with the fluiJ itself. 
The'pressure then all around it will 
be the same as if the fluid were in 
its place ; consequently there is no 
force, .neither upward nor down- 
ward, to put the body out 6i^ its 
place. And therefore it will remain 
*/jtfrcr<?r Jf js put. 



Fluid o/: the Same Densitf 
and ene of a Leu 
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Bv^t if the body be lighter ( its pressure downward will 

less than before, and less th^ui the water upward at the samf 
depth ; therefore the great force will overcome the lessj and 
push the body upward to a. . 

And if the body be heavier than the fluid, the pressure 
downward will be greater than the fluid at the same deprh ; 
therefore the greater fdf ce will prevail, and caiTy the body 
down to the bottom at c. 

320. CoroL 1. A body immersed in a fluid, loses as mucU 
weight, as an equal bulk of the fluid weighs. And the fluid 
gains the same weight. Thus, if the Bcidy t^ of equal den* 
sity with the fluidi it loses all its w^k;ht, and. so r^uires no 
force but the fluid to suststih it. If .it be heavier^ .its weight 
in the water will b^ Only thfc diflerence between its owii 
weight and th€ weight of the same bulk of water ^ and it re^ 
^uire^ a force id sustain it just equal to that differetiqe.' But 
if it be lighter, it requires a force equal to.the same differ-^ 
ence of weights to keep it from rising up in the fluid: 

321. CoroL 2. The weights lost, by immerging the same 
body in diflTerent fluids, are as the specific gravities of the 
fluids. And bodies of equal weight, but different bulk, lose, 
in the sahie fluid, weights which are reciprocally as the spe2 
cific gravities of the bodies, or directly as their bulks. 

32!^. CoroL 5. The whole weight of a body which will float 
in a fluid, is equal to as much of the fluid, as the immersed 
part of the body takes up, when it floats For the pressure 
under the floating body» is just the same as so much of the 
fluid as is equal to the immersed part ; and therefore the 
weights are the same. 

323. CoroL 4. Hence thd riiagnitude of the whole body^ is 
(0 the magnitude of th^ pslrt immersed, a^ the specific gra^ 
Vity of the fluid, is to that bf the body. For, In bodies of 
equal weight, the densities, or specific gravities, are reci* 
procallj as their ma^itudes. 

;324. CoroL 5. And becs^sey wheii the weight of a body 
taken in a fluid, is stibtractbd from its weight out of th^ 
fluidi tb^ difference is the weight of an equal bulk of the 
iluidi this therefore' is id iti weight in the air, as the specific 
|rav}^ of the fluid, is ta that of body. ^ ^ 
Therefore, if w be the weight of a body in air, 

w its weight in water, or any fluid, 
i the specific gravity b/the body, anci 
s the specific gratity of the fluid s 

^2 ^^^ 



228 HYDROSTATICS. 



then w — k; : w : : / : s, which prop^on will pve dther 
of those specific gravities^ the one £tom the others 

w 
Thus s = — ^—J"? A« specific gravity of thebodj^ 

W "~ w 

and s s= ■ 8, the specific gnritj of Ae fiiud* 

So that the specific gravities of bodies, are as their weights 
in the air directly, and their loss in the same fluid inversely. 

825. Cord. 6. And hence, for two bodies connected to- 
gether, or mixed together into one compound, of difi!erent 
specific gravities, we have the following etjuattonf, denoting 
their weights and specific gravities, as below, viz. 

H = weiffht of the heavier body in air, I -.^ .^ 

h = weight of the same in water, ] ^>^ ^^* 8^^^' 

L =: weight of the lighter body in air, -5 .. ^^. ....^^rf*^, 

/ = weight of the same in wsier, \ ' '^ *P^- ^"^^^^ 

c = weight of the compound in air,. 7 /.. .^ 

c = weight of the same in Water, 5 / *^^ ^I*^- ^^^^ 
mo = the specific gravity of water. Then, 

1st, (h — A) s = Hw, j From which eijuations may be 
2d, (l — /) j = Lw, found any of the above quantities, 
3d, (c — c)f = cw, in terms of the rest. 
4th, H + L = c. Thus, from one of the first three 

5tli> ^ + / = ^, equations, is found the specific gra^ 

Otb, h - =— vity of any body, as / = 1, by 

dividing the absolute weight of the 
body by its loss in water, and multiplying by the specific 
gravity of water. 

' But if the body l be lighter than water ; then / will be 
negative, and we must divide by L + / instead of t — /, and 
to find / we must have recourse to the compound mass C; and 

because, from the 4>th and 5th equations, L — /«tec— tf-* 

■ Lfi; 

H — A, therefore s = 7- t -; j that is, divide 

(0 — r) — (h — i) ^ 

the absohite weight of the light body, by the dififereQce be- 
tween -the losses in water, of the compound and heavier body, 
and multiply by the specific gravity of water# Or thu% 

y == ' -^ ■ ' , as found from the last equation^ 
cs — h/^ 

Also, if it were required to find the quantities of two 
ingredients mixed in a compound, the 4th and 6th equations 
irouid give their vsdues as mlows, viZir 
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■ — , \j- c» ana L = -. w-c, 

die quantities of the two ingredients h and L| in the com* 
pouxul c. And so for any other demand. 

PROPOSITION ua* 

Tojiiul the Specie Gravitf (fa B§df» 

526. Case i. — Whefi the tody is beavigr than water : weigh 
it both in water and out of water, and take the di&rence, 
firhich will be the weight lost in water. Then, by coroL 6, 

Tiltt/ 

prop. 64, s = 7, wbene b is the weight of the body out 

of water, b its weight in v^ter, s its specific gravity, and 'ut 
the specific gravity of water. That is. 

As the weight lost in water, 
Is to the whole or absolute wei^t. 
So is the specific gravity of water. 
To the specific gravity oi the body. 

Example. If a piece of stone weigh 10 lb, but in water 
#nly 6^ lb, required its specific gravity, that of water being 
1000? Ans. 8077. 

327. Case lij-^When the body is lighter than water ^ so that 
it will not sink : annex to it a piece of another body, heavier 
than water, so that the mass compounded of the two may 
sink together. Weigh the denser body and the compound 
i)iass, separately, both in water, and out of it ; then find how 
much each loses in water, by subtracting its weight in water 
from its weight in air } and subtract the less pf thpse re- 
i^nders from the greater. Then say, by proportion, 

As the last remainder. 
Is to the weight of the light body in air. 
So is tlie specific gravity of water. 
To the specific gravity of the body. 

That is, the specific gravity is ^ = t- — — TZ"! — ITIT* 
by cor. 6, prop. 64. 

. Example. Supppse a pi^ce of elm weighs 1 5 lb in air ; 
and that a piece or copper, which weighs 18H> in air and 
} 6 lb in water, is aflixed to it, and that the compound weighs 
^ lb in wat^ ; required the specific gravity of the elm ? 

Ans, ftOQ. 
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S28. Case hi. — For aJM of any sort.^^Tzke a piece'of 
a body of known specific gravity; weigh it both' in and oa^ 
pf the fiuid^ finding the loss of weight by taking tl^e differr ' 
ence of the two ; thfitsa^ ... 

As the whole or absolute w^ightj^ 
Is to the losis of weight, • ^ 
So is the specific gravity of the s^lid^ 
To the specific gravity of the fluid. 

B — ^ 

That is, the spec* grav. w 5= s, by cor. 6, pr. 64, . 

Example. A piece of cast iron weighed 35.^ ounces 
in a fluid, and 40 ounces x>ut of it f of what specific gravity: 
is that fluid ? Ans. lOOa* 



PROPOSITION txvx.. 

■• r .^ . . , : 
329. To find the Quantities of Two. Ingredients in a Given 

Compoun,d. ^ . 



«. / 



Take the three differences of every pair of the three spe* 
cific gravities, namely, the specific gravities of tte compound 
and each ingredient 5 and multiply each specific gravity by 
^he difference of the other two. Then say, by proportion. 

As the greatest product, 
is to the whole weight of the compound. 
So IS each of the other two products, 
To the w^i^ts of the two ingredients. 

That is, H = r r>c a the one, and l as 7- — —-7-0, 

the other, by cor. 6, prop. 64. 

Example. A composition of 1121b being made of tin 

and copper, whose specific gravity is found to be 8784 ; re* 

quired the quantity of each ingredient, the specific gravity 

of tin being 7320, and that of copper 9000 ? . 

Answer, there is 100 lb of copper, *> . - 

and consequently 12 lb of tiiT 5 ^^ ^^^ composition, 

SCHOLIUM. 

330. The specific gravities of several sorts of matter, as 
found from experimentSi are expressed by the numbers an-< 
> tiexed to their names in the following Table : 



< k- » . . • ■ - - » V. I ■, • 



SPECIFIC GRAVITY. 



2Si 



A Table of&pecifU Gravities of Bodies. 



Watina(pure) - .. 23000 
Fmegold - - - 19400 
Standard gold - " 17724 
Quicksilver (pure) - 14000 
Quicksilver (common) 1S600 
Lead j^ - - - ,. 
Fine silver , ^ - 
Standard silver - - 
Copper - - - - 
Copper halipence 
Gun metal - - • 
Cast brass * • ^ 
Steel ----- 
Iron - - - - - 
Cast iron - - — - 
Tin ----- 
Clear crystal glass - 
Granite - - - - 
Marble and hard stone 2700 
Common green glass 26d0 
JFlint r r - - - 2570 
Common stone • - 2520 



1 1,325 
11091 
10535 
5000 
8915 
8784 
8000 
7850 
7645 
7425 
7320 
3150 
3000 



Clay - - r r » 2160 

Brick - - - y ^ 2000 

Common eardi - -* 1984 

Nitre ----- 1900 

Ivory - - - - , 1825 

Brimstone « - - 1810 

Solid gunpowder • 1 745 

Sand ----- 1520 

Coal - - - . . 1250 

Box- wood - - - 1030 

Sea-water - - - - 1030 

Common-water - - lOOO 

Oak 925 

Gunpowder, close shaken 937 
Ditto, in a loose heap 

Ash 

Maple - - . - - 
Elm - . . . . 

Fir 

Charcoal - - - - 

Cork 

Air at a mean state - 



836 
800 
755 
600 
5«0 

240 



331. Note. The several sorts of wood are supposed to be 
4ry. Also, as a cubic foot of water weighs just 1000 ounces 
avoirdupois, the numbers in this table express, not only the 
specific gravities of the several bodies, but also the weight of 
a cubic foot of each, in avoirdupois ounces ; and therefore, 
by proportion, the weight pf any other quantity, or the 
quantity of any other weight, may be known, as in tl^g next 
two propositions. 



PROPOSITION LXVII. 

332. Tqfind the Magnitude of any Body ^ from its Weigit, 

As the tabular specific gravity of the body. 
Is to its weight in avoirdupois ounces, 
So is one cubic foot, or 1728 cubic inches, 
To its content in feet, pr inches, respectively. 

Example 1 . Required the content of an irregi^l^r Ulpck 9f 
common stone, which weighs 1 cwt, or 1 1 2 lb, i 

Ans. 1228||i|. <;ut)ic inches. 

Example 2. How many cubic inches pf gunpowder are 
^X^ in \ lb. weight ? Ans. 29i cubic Jn<;h^ nearly. 

^'' Exioimfle 8^ 
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Eimmple 3. How many cubic feet are there m a ton weight 
l^drjroak? An^. 3SJ4|. cubic feet« 

PROPOSITIOK I^XVlil. 

395. To find tie WHgbt of a Boiyfiom ks Utagnifwk. 

As one cubic foot, or 1728 cubic inches^ 
, Is to the content of the body, ' 
So is the tabular specific gravity. 
To the weight of the body. 

Example 1. Required the weight of a block of marble^ 
whose length is 63 feet, and breadth .and thickness each 
12 feet; being the dimensions e£ one of th^ stones ki die 
* walls of Balbeck ? 

Ans. 6B3^ ton, which is nearly equal to the burden of 
an East-India ship. 

Example 2. What M the weight of 1 pint, ale meiBtve, of 
gunpowder ? Ans. 19 oz. nearly. 

Example S. What is the weight of a block of dry oak» 
which measured 10 feet in Ifingth, 3 feet broad, and 2\ feet 
4eep or thick? '- Ans. 4335^ lb* 



Of HYDRAULICS. 
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> 

334. Htpraulics is the science which treats of th^ 
motidn of fliiidS]^ and the forces with which they act upon 
bodies. 

PROPOSITION LXIX. 

335. Jf a Fluid Rtm through a Canal or River j or Pipe of 
■' various' Widths f aiways filling it ; the Velocity of the Fluid in 

different Parts of it AB, CD, willie reciprocally as the Transm 

verse Sections in those Parts. 

That is, veloc. at a : veloc. 
at c > :CD vab; v^here ab and 
CD denotei not the diaftieters ' 
at A and $, but the areas or 
Siections th^re. ' 

For, as the channel is always <|quaHy full, the quantity of 
water ranning through ab is equal to the quantity running 
through cp, intbe same tim^vihat i5j the eoluoan through 
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AB is equal to the ccdnmn througll cd, is tbe same time t 
or AB X lei^th of its cohmm = CD x leagth of its 
column; Uieref<:u% ab : CB :': kngtli of cohmm throagh 
CD : loigth of column throvfrh ab. But the nnifbnn ve- 
locity of tbe water, is as the space roa over, or length of 
the columns -, therefore ab : CD : : velodty Uvoi^ CO i 
velocity through ab. 

336. Carol. Hence, by observing tbe velodty at any [dace 
AB) the quantity of water discha^ed in a second, or any 
other time> will be found, nanielyf t^ muhiplying the section 
AB by the velodty there. 

But if the channel be not a close pipe or tunnel, kept 
always full, but an open canal or river ; then the velocity in 
all parts of the section wUl not be the sam^, because the 
velocity towards the bottom and sides will be diminidied 1^ 
'thefriction against the bed or channel *, and therefore a me* 
^ium ainong the three ought to be taken. So, if the velo* 
-city atlbe top be - 100 feet per minute, 
that at the bottom - 60 

Bndthat vt the sides - 50 

3 ) ZIO sum ; 
dividing their stun by 9, gives 70 for the mean velocity, 
which is to be multiplied by the section, to give the qoaui- 
tity discharged in a minute. 

PROPOSITION LZX. 

337. TXe f^eixiiy viith ivhich a Fhid Rum out by a Hole in the 
Bottom or &ide of a Veistl, is Equal to that which is Gmerated 
iy Gravity ihrmgh the Height of the Water aiove the Hole : 
that is, the Vehcity of a Heavy Body acquired iy Falling freely 
through the Height AB. 

Divide the altitude ab into a great 
number of verysmall parts, each being ], 
their number a,oTa ^ the altitude ab. 

Now, by (Mvp. 61, the pressure of the 
fluid against the hole B, by which tbe 
motion is generated, ts equal to the 
weight df the column of fliud above it, • 
that is the column whose height is ab 
or a, and base the area of^the hole b. Therefore the 
pressure on the hole, or small part of the fluid 1, is to its 
weight, or the natural force of gravity, as a to I. ' But, by 
art as, the velocities gmerated in the same body in any 






fS4 HYDRAULICS. 

time, are as those forces ; and because gravity generates tli€ 
Telocity 2 in descending through the small space 1, therefore 
1 : tf : : 2 : 2^,'the velocity generated by the pressure of the 
column of fluid in the same tim^ But 2a is also» by coroL 1 
prop. 6t the velocity generated by gravity in descending 
through a or ab. That is, the velocity of the issuing water> 
is equal to that which is acquired by a body in falling 
through the height ab* 

, The same otherwise* 

Because the momenta, or quantities of motion, generate^ 
In tvtro given bodies, by the same force, acting 4^^% ^^P 
same or an equal time, are equal. And as the force in this 
ca$e, is the weight of the superincumbent column of the 
fluid over the hole. Let the one bqdy to be moved^ be that 
column itself, expressed by ah^ where a denotes the ^titude 
AB, and h the area of the hole ; and the other hpdy is th^ 
column of the fluid that runs out uniformly in ohe second 
suppose, with the middle or medium velocity of that interval 
of time, which is ^hvy if v be the Whole; velocity required* 
Then the mass ihv^ with the velocity v^ gives thf quantity 
of motion \hv x v, or ihv\ generated in one second, in the 
spouting water : also 2^, or S2^ feet, is the velocity gene-t 
rated in the mass ah^ during the same interval of one second; 
consequently ah x 2^, or 2^^^, is the motion generated in 
the column ah in the same time of one second. But as 
these two momenta must be equal, this gives \hv^ = 2ahg : 
hence then v* == 4^?gf, and v = 2x/'ag^ for the value of the 
velocity sought ; which therefore is exactly the same as the 
yelocity generated by the gravity in falling through the 
space^i, or the whole height of the fluid. 

For example, if the fluid were air, of the whole height of 
^le atmosphere, supposed uniform, which is about 5^ miles, 
or 27720 feet = a. Th^n 2Vag == 2-v/27720 x 16,^ = 
1335 feet = v the velocity, that is, the velocity with which 
common air would rush into a vacuum. 

338. Corol. 1 . The yelocity, and quantity run out, at^dif- 
ferent depths, are as the square roots of the depths. For the 
velocity acquired in feUing through ab, is as v^ab., 

339. Csroi. 2. The fluid spouts out with the same velocity, 
whether it be downward or "upward, qr sideways j because 
the pressure of fluids is the same in all directions, at the 
same depth. And therefore, if an adjutage be turned up^ 
ward, the jet will ascend to th^ height of the surface of th^ 
watipr in the vessel. And this is confirmed by experience, 
\jy which i^ is found that jets really ascend nearly to th^ 

' height 
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tkeif^t of the reservoir, abating a small quantity only, fer tlit 
Action against the sides, and some resistance from the air 
and from the oblique motion of the fluid in the hole. 

340. CorcL 3. The quantity run out in any time, is equsd 
to a column or prism, whose base is the area of the hole, and 
its length the space described in that tinie by the velocity 
^quif e4 ^Y falling through the aUitude of the fluid. And 
jthe quantity is the same, whatever be th^ figute of the oriv 
jpce, if it is of the same area. 

Therefore, if a denote the altitude of the fluids 
and ^ the area of the orifice, 
also^ = I^tV ^c^^t or 193 inches } 
then 2iji/ag will be the quantity of water discharged in a 
second of time $ or nearly 3^^ v^^ cubic fj^et, when a and i 
a^e taken in fj^t. 

So, for- example, if the height a he Q5 inches, and the 
orifice A*=^l square inch; then 2hs/ajg ^ 2^/25 x 193 =: 
139 cubic iojches, which is the quantity that would be dis- 
charged per second. 

SCIfOLIUM. 

S41. When the orifice is in the side of the vessel, then thf 
velocity is different in the different p^rts of the hoIe,bejng less 
in the upper parts of it than in thp low^r. However, when 
the ho}e is but small, the difference is inconsiderable, and the 
altitude may t>e estimated &om ^h^ centre of the whole, to 
obtain the mean velocity. But when the orifice is pretty ' 
large^ then the mean velocity is to be mere accurately com- 
puted by other principles, given in the next proposition. 

342. It is not to be expected that experiments, as to the 
quantity of water run out, will exactly agree with this theory, 
both on account of the resistance of the air^ the resistance of 
the water against the sides of the orifice, and the oblique 
motion of the particles of the water in entering it. For, it 
is not merely the particles situated immediately in the column 
over the hole, wj^jcl^ enter it and issue forth, as if that column 
only were in motion j but also particles from all the sur- 
rounding parts of the fluid, which is in a commotion quite 
around; and the particles thus entering the hole in all direc- 
tions, strike against each other, and impede one another's 
motion : from which it happens, that it is the particles in the 
centre of the hole only that issue out with the whole velo- 
city due to the entire height of the fluid, while the other 
particles towards the sides of the orifices jpass out with de« 
creased velocities ; and hence the medium velocity through 
the orifice, is somewhat less than that of a^'^ingle body onlyt 
urged with thp same pressure pf thp superin^jumbent column 
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of the fluid. And experiments on tbc^ qoantiiy of niRV 
discharged through apenures, show that the quaniitr tnmt 
be <iiminished, by thos* causes, rath«r more than the fourth 
part, when the oriticc is small, or such as to make the mean 
velocity nearly equal to that in a m-dy falling through f the 
height of the fluid above the orifice. 

343. Experiments have also been made on the extent to 
which the spout of water ranges on a horizontal plane, and 
compared with the theory, by calculating it as a projectile 
discharged with the velociry acquired by descending through 
the height of the fluid. For, when the aperture is in the 
side of the vessel, the fluid spouts out horizontally with a 
nniforro velocity, which, combined with the perpendicular 
velocity from the action of gravity, causes the jet to form 
the curve of a parabola. Then 
the distances to which the jet will 
tpout on the horizontal plane Bg, 
■will be as the roots of the rect- 
angles of the segments ac - CB, 
AD . DB, AE . EB. For the spaces 
BF, BG, are as the times and hori- 
zontal velncitiesj but the velocity 
is as Vac; and the time of the 
fall, which is the same as the time 

of moving, is as VcBj therefore the distance bf is as 
v'Ac. CE; and the distance bg as Vad . db. And hence, 
if two holes are made equidistant from the top and bottom, 
they will project the water to the same distance ; for if ac = 
Eh, then the rectangle ac . CB is equal the rectangle ae . ebj 
which makes Ef the same for both. Or, if on the-diameter 
AB a semicircle be described i then, because thf squares of 
the ordinates Ch, di, EK are equal to the rectangles ac . EEj 
&c i therefore the distances bf, bc are as the ordinate^ 
CH, Di, And bence also it follows, that the projection from 
the middle point □ will be farthest, for di is the greatest 
ordinate. 

These arc the proportions of the distances i but for the 
absolute distances, it will be thus. The velocity through 
any hole C, is such as will carry the water horizontally 
tlirough a space equal to 2ac in the time of falling through 
AC : but, after quitting the hole, it describes a parabola, and 
comes to r in the time a body will fall through cflj and 
to find this distance, since the times are as the roots of 
the spaces, therefore Vac : ,/cB : : 2ic ; 2 Vac . cb = 

2CH 
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SCti != BP^ the space ranged on the horizoDtal plane. And 
the greatest rang« BG = 2lii, or 2ad, or equal to AB. 

jGid as these ranges answer very exactly to the ezperi- 
mgata, this confnna the theory^ as to the velocity assigned. 

P&OFDSITIOM LXXU 

. 844. IfaNnth orSlitv.U in form of a ParaUehgrmi^lt cut 
in the Side of a VeiftU Pull of Watery AD ,- the quMntily / 
Wafer Jluvnng through it, ivHl he \ if the Quanttty fiovMitg 
through an Equal OrijSce, placed at toe WMe Depth Ec, (# 
at the Base GB, in the Same Time i it ieing suppated that tbt 
Vestdij oliiMytictptfuU. 

FoK thevelot^ at CH is to the velo- 
city at iL, as ^eg to Vbe -, that is, as 
GH or IL to IK, the ordinate of a para- 
bola BKB, whose axis Is EQ. Therefore 
the-somt^the velocities at all the points 
I, it to as many times the velocity at g, 
as the sum of all the ordinates iKt to the 
torn of all the il's ; namely, as the area 
of the parabola eoh, is to the area ECHF ; that i^ tfae 
quantity running through the notch BH, is to the quantitf 
running through an equal^ horizontal area placed atOH>as 
tGHKB, to EGHF, or as 2 to 3 ; the area of a parabola bcinj 
^ of its circumscribii^ parallelogram. 

345. Cord. 1. The mean velocity of the water in the 
notch, is equal to'f of that at CH. 

S46. Cord. 2. The quantity flowing though the hole 
I.GHL, is to that which would flow through an equal orifice 
placed as low i&Ga, as the parabolic &ustum ighk, is t9 
the rectangle ighl. As appears from the demonstration. 



Of pneumatics. 

3*7. PnBOMATics is the science which treats of the 
ptopntift of air, or elastic Quids. 

PROPOSITION LXXlI. 

848. Jir is a Heavy Fluid Body; and it Surrounds tlk -Earth, 
and Grovkeies en all Parts of its Surface. 

These prwerties of air are proved by experience.— 
That it is » fluid, is evident from its easily yielding to any 
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the least force Impressed on iu without making a sensilA^ 
resistances . - ,; r . 

But whiin it is moTed briskly, by any means, as by a hxk 
or a pair of bellows ; or when any body is moved veryi 
briskly through it ; in these cases we become sensible of 
it as a bbdy, by the resistance it mikes in such motions^ 
and also by its impelling or blowing away any ligl^ sub-, 
stances. So that> being capable ot resisting, ox^ niovin^ 
other bodies, by its impulse, it must itself be a body, mSi 
be heavyj like all dther bodies, in proportion to the* matter, 
it contain^ ; aiid therefore it will press on all bodies that' 
are placed under it. - . ^ 

Also, as it is a fluid, it spreads itself 2II over on the 
earth; and, like other, fluids, it gravitates and presses 
everywhere on the earth's sur£sce^ 

S49; Thl6 gravity and pressure ot the aif 
is also evident from many experiments. 
Thus, for instance, if water, or quicksilver, 
be poured into the tube ace, and the air be 
suffered to press on it, in both ends of the . 
tube, the fluid will rest at the same height in 
both legs: but if the air be drawh otit of one 
end as b, by any means; then the air press-^ 
ing on the other end a, will press down the 
fluid in this leg at b, and raisef it up in the other to D, as 
much higher than at b, as the pressure of the air is equal 
to. From which it appears, not only that the air does 
really press, but also how much the intensity of that 
pressure is equal to^ And this is the principle of the 
barometer* 

PR0i»0SiTI0K LXXIII. 

$50. Tie Air is also ah Elastic Fluids being Condenslble and 
Expansible, And the Laiv it observes is thisy that its Density 
and Elasticity are proportional to the Force or Weight whim 
Compresses it. 

This property of the air is proved By many experiments*' 
^ Thus, if the handle of a syringe be pushed inward, it will 
^ condense the inclosed air int6 l^ss space, thereby showing its 
condensibility. But the included air, thus .^londensed, if 
felt to act strongly against the hand, resisting the^orce com* 
pressing it more and more ; and, on withc^awing the handy^ 
the handle is; pifshed back again to wh€r<^' it was at £rst. 
Which shoWs th^t the air is elastic. . 

3^1'. Again/ 
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^51 ; Agaiii, fill a strong bottle half foil o^ 

Vrater ; then insert a small glass tube into 

it, putting its lower fend down near to the 

bottom, and cementing it very close round 

the mouth of the bottlef. Then, if air be 

strongly injected throtigh the pipe/ as by 

blowing with the mouth or otherwise; it 

will pass through the water from the' lo^er 

tod, ascending into the parts before octu* 

pied with air at i, and the whole mass of 

air become there condensed, because the 

water is npt compressible into a less space. But, on rcmof-' 

ing the force which injected the air at a, thewatef will 

begin to rise from thence in a jet, being pushed up the pipc^ 

by the increased elasticity of the air B, by which it presses 

On the surface of the watery and forces it through the pipet 

till as much be expelled as there was air forc^ in ; whea 

the air at B will be reduced to the same density as at firsts 

and, the balance being restored, the jet will cease* 

352. likewise, if into a jar of water 
AB, be inverted an empty glass tumbler. 
CD, or such-like, the mouth downward; 
the water will enter it, and partly fill 
it, but not near so high as the water in 
the jar, con^ipressing and condensing 
th^ air into a less space in the upper 
parts c, and causing the glass to make a 
sensible resistance to the hand in push<>> 
ing it down. Then, on removing the hand, the elasticity 
of the internal condensed air throws the glass up again. 
All these showing that- the air is condensible and elastic 

353. Again, to show the rate or proportion 
of the elasticity to the condensation : take a 
long crooked glass tube,equally wide through- 
out, or at least in thopart 6d, and open at a^ 
but close at the other end b. Four in a little 
quicksilver at a, just to' cover the bottom to 
the bend at CD, and to stop the communica- 
tion between the external ^ir and the air in 
^D. Then pour in more quicksilver, and 
mark the corresponding heights at whicji it 
stands in the two legs : so, when it rises td 
tt in the open leg ac, let it rise to e in the 
dose one, reducing its included air from the 
Jiatutal bulk BD. to the contracted space bV 
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by die pressure of the column He; and when the qiilck- 
Mlver stands at i and k, in the open leg, let it rise to F and G 
in the other, reducing the air to the respective spaces bP, 
BG, by the weights of the columns if. Kg. Then it is al- 
ways found, that the condensations and elasticities are aa 
the compressing weights or columns of the quicksilver, 
and the atmosphere together. So, if the natural bulk of 
the air bd be compressed into the spaces BE, bf, bc, which 
are f, |> i of bd, or as the nimibers 3, 2, 1 i then the at- 
mosphere, together with the corresponding columns Hf, if. 
Kg, are also found to be in the same proportion reciprocally, 
viz. as y, -i, T, or as the numbers 2, 3, 6. And then Re = 
^a, ]f= A, and Kg = 3a; where a is the weight of atmo- 
^here. Which show, that the condensations are directly 
as the compressing forces. And the elasticities are in the 
same ratio, since the columns in AC are sustained by the 
elasticities in BD. 

From the foregoing pruiciples may be deduced many u 
fill remark!!, as in the following corollaries, viz. 

354. Corel. 1. The space which 1 

any quantity of air ts confined in, ''^J'' 

is reciprocally as the force that 
compresses tt. So, the forces which 
confine-a quantity of air in the cy- 
lindrical spaces AG, BG, CG, are 
reciprocally as the same, or reci- 
procally as the heights ad, bd, CD. 
And therefore if to the two per- 
pendicular lines DA, DH, as asymptotes, the hyperbola m 
be described, and the ordinaies Ai, bk, cl be drawn ; then 
the forces which confine the air in the spaces ag, bc, CG, 
will be directly as the corresponding ordinates Ai, bk, cl, 
since these are reciprocally as the abscisses ao, bd, CD, 

by the nature of the hyperbola. 

aSTi. Cord. 2. AH the air near the earth is in a state of 
compression, by the weight of the incumbent atmosphere. 

?,SQ. Carol. 3. The air is denser near the earth, than in 
high places ; or denser at the foot of a mountain, than at 
the top of it. And the higher above the earth, the less 
dense it is. 

357. Carol. 4. The spring or elasticity of the air, is eqnal 
to the weight of the atmosphere above it ; and they will 
produce the same effects : since they always sustain and 
balance each other. 

S58. Corel. 5. 
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3^8. C^rd. 5. If the density of the air be increased, pre* 
serving the same heat or t^mperaturei its spring or elasticity 
is also increased, and in the same proportion ^ 

359. Cord. 6. Bf the pressure and gravity of the atmo- 
sphere, on the sur&ce of fluids, the fluids are made to rise in 
any pipes or viessels, \vhen the spring or pressure within is 
decreased or taken off. 



PROPOSITION LXXIV. 

"360. Heat Increases the Elasticity of the Air^ and Cold Dimi* 
nishes it. Or, Heat Expands, euid Cold CondensiS the Air. 

This property \s also proved by Experience. 

361. Thus, tie a bladder very close with some air in it; 
and lay it before the fire: then as it warms, it will more and 
more distend the bladder, and at last burst it, if the heat ha 
continued, and int^reased high enough. But if the bladder 
be removed' from thie fire, as it cools it will contract dgain, 
as before. And it was on this principle that the first aii^-> 
balloons were made by Montgolfier : for, by heating the air 
within -them, by a fire beneath, the hot air distends them 
to a size which occupies a space in the atmosphere, whose 
weight of common air exceeds that of thfe balloon. 

36^. Also, if a cup or glass, with a little air in it, be in- 
verted into a vessel of water ; and the whole be heated over 
the fire, or otherwise ; the air in the top will expand till it 
fill the glass, and expel the water out oi it ; and part of the 
air itself will follow, by continuing or increasing the heat. 

Many other experiments^ to the same effect, niiight be 
adduced, all proving the properties mentioned in the pro* 
position. ^ 

SCHOLltTU. 

• ■ ^ • * ■ 

363. So that> when the force of the (Elasticity of air u 
considered, regard must be had to its heat or temperature; 
the same quantity of air being more or less elastic, as iti 
heat is more or less. And it has been found, by experi^ 
ment, that the elasticity is increased by the 4S5th pat-t, for 
each degree of heat, of which there are 180 between the 
freezing and boiling heat of water. 

364. N, B. Water expands about the ij-o^BTr .P^rt^ with 
each degree of heat. (Sir Geo. Shtickburgh, Philds. Trans^ 
1777, p. 560, 5cc.) 

Vol: II. R 
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Spec. grav. of air 1*201 or 1 
water 1000 
mercury 13592 



Or thus, air TE 

water 
mercury 



1 

or in 

1000 >■ 
13600) 



when the barom. is 29' 

and the therm, is 5S' 
which are their mean heights 

in this country, 
when the barom. is 30, 
and thermometer 55. 



PROPOSITION LXXV. 



i65. The Weight or Pressure of the Jlmnfphere, en any Ba. 
the Earth's Surface, is Equal to the Weight of a Column oj 
Quicksilver^ of the Same Base, and the Height of iubich it be- 
t-ween 28 and ZV inches. 

This is proved by the barometer, an instrument which 
mi^asures the pressure of the air, and which is described 
below. For, at some seasons, and in some places, the air 
sustains and balances a column of mercury, of about 28 
inches: but at other times it balances a column of 2:>, or 30, 
or near Si inches high; seldom in the extremes 28 or SJ, 
but commonly about the means 29 or 30, A variation 
which depends partly on the different degrees of heat in the 
air near the surface of the earth, and partly on the commo- 
tions and changes in the atmosphere, from winds and other 
causes, by which it is accumulated in some places, and de- 
pressed in others, being thereby rendered denser and hea- 
vier, or rarer and lighter ; which changes in its state are 
almost continually happening in any one place. But the 
medium state is commonly about 29^ or 30 inches. 

366. Coral. 1, Hence the pressure of the atmosphere on 
every square inch at the earth's surface, at a medium, is very 
near 1.5 pounds avoirdupois, or rather 14| pounds. For, a 
cubic foot of mercury weighing 13600 ounces nearly, an 
inch of it will weigh 7-86(> or almost 8 ounces, or nearly 
half a pound, which is the weight of the atmosphere for 
every inch of the barometer on a base of a square inch; and 
therefore 30 inches, or the medium height, weighs very 
near 144 pounds. 

367. Corol. 2. Hence also the weight or pressure of the 
atmosphere, is equal to that of a column of water from 32 
to 35 feet high, or on a medium S3 or 3* feet high. For, 
water and quicksilver are in weight nearly as I to 13"6; 
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so that the atmosphere will balance a column of water l$'S 
times as^high as one of quicksilver ; consequently 

13*6 times 28 inches = 381 inches^ or 3 If ket, 
13*6 times 29 inches zi 394 inches^ or S2^ feetji 
13*6 times 30 inches = 408 inches, or 84 feet, 
13*6 times 31 inches = 422 inches, or 35^ feet. 

And hence a conamon sucking pump will not raise water 
higher than about S3, or 34 feet. And a siphon will not 
run, if the perpendicular height of the top of it be more 
than about 33 or 34 feet. 

368. CoroL 3. If the air were of the same unifonn den- 
sity at every height up to the top of the atmosphere, as at 
the surface of the earthy its height would be about 5^ 
miles at a medium. For, the weights of the same bulk of 
air and water, are nearly as 1*222 to 1000} therefore as 
1-222 : 1000 :: 3S|^ feet: ^7600 feet,^or ^\ miles nearly. 
And so high t&e atmosphere would be, if it were all of 
uniform density, like w^^. But, instead of that, from 
iit| esqpannve and elastic quality, it becomes continually 
more and more rare, th^ fiifth^ above the earth, in a cer- 
tain proportion, whidii wiU be treated of below, as also th^ 
method of measuring heights by the barometer, which 
depends on it. 

369. QoroL 4* From this proposition and the last it fol- 
lows, that the height is always the same, of an uniform 
atmosphere above any place, whidh shall be all of the uni- 
form density with the air there, and of equal weight or 
pressure with the real height of the atmosphere above that 
place, whether it be at the same place, at different times, 
or at any different places or heights above the earth \ and 
that height is always aboqt $^' miles, or 27600 feet, as 
aboye found. For, as the density varies in exact propor- 
tion to the weight of the column, therefore it requires a 
column, of the same height in 2|U cases, to make the re- 
spective weights or pressures. Thus, if w and nu be the 
weights of atmosphere above any ^aces, D and d their 
densities, and H and h the heights of the uniform^ columns, 
of the same densities and weights ; Then 9 x d *= w, and 

Ax d ^W'y therefore — or h is equal to -j- or b. The 

temperature being the same. 
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PROPOSITION LXXYU 

370. The Density of the Atmosphere ^ at Drfferent Heights above 
the Earthy Decreases in such Sorty that 'when the Heights In'* 
crease in Arithmetical Progressiorty the Densities Decrease in 
Geometrical Progression, 

LbI* the indefinite perpendicular Unt A|>y ;jp 

erected on the earth , be conceived to be diidded 
into a great number of very small equal parti , 
A, B, c, D, &c, forming so many thin strata of -J3 

sir in the atmosphere, all of different density, -A 

gradually decreasing from the greatest at A: 
then the density of the several strata a, b, c, 
D, &c, will be in geometiical progression de* 
creasing. 

For, as the strata a , b, c, &c, are all of equal 
thickness, the quantity of matter in each of them, is as the 
density there ; but the density in any one, being as the com- 
pressing force, is as the weight or quantity of all the matter 
from that place upward to th« top of the atmosphere j there- 
fore the quantity of matter in each stratctm, is also as the 
whole quantity from that place upward. Now, if from the 
whole weight at any place as B, the weight or quantity in the 
stratum b be subtracted, the remainder is the weight at the 
next stratum c ; that is, from each weight subtracting a part 
which is proportional to itself, leaves the next weight ; or, 
which is the same thing, from each density subtracting a 
part which is proportional to itself, leaves the next den- 
sity. But when any quantities are continually diminished by 
parts which are proportional to themselves, the remainders 
form a scries of continued proportionals: consequently 
these densities are in geometrical progression. 

Thus, if the £rst density be r>, and from each be taken 

its /rth part; there will then remain its part, or the — * 

n *^ n 

part, putting m for /»— 1 ; and therefore the series of den- 

\« i_ m m^ tn^ m^ 
sities will be D, — d, — d, —tD, — -d, &Gi the common ratio 

n fr n* n^ 

of the series being that of n to m. 

SCHOLIUM. 

37 1. Becaiise the terms of an arithmetical series, are prcK 
portional to the logarithms of the terms of a geometrical 
series : therefore different altitudes above the earth's sur- 

face» 
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a 

face, are as the logarithms of the densitieSf or of the w^eighcs 
of air, at those altitudes. 

So that, if D denote the density at the altitude A, 
and d - the density at the altitude a ; 
then A being as the log. of dj and s as the log. of/, 

the dif. of alt. A — a will be as the log. d — log. d» or log.-r . 

And if A=0, or d the tlensity at the surface of the earth ; 

jthen any altitude above the surface #, b as the log. of -y. 

a 

Or, in general, the log. of -~ is as the altitude of the one 

place above the other, whether the lower place be at the 
surface of the earth, or any wkere else. 

And from this property is derived the method of deter- 
mining the heights of mountains and other eminences, by 
the barometer, which is an instrument that measures the 
pressure or density of the air at any phce. For, by taking, 
with this instrument, the press u re or density, at the foot of 
a hill for instance, and again at the top of it, the differ- 
ence of the logarithms of thfese two pressures, oi' the loga- 
rithm .of their quotient, will be as the difference of altitude, 
or as the height of the hill ; supposing the temperatures of 
the air to be the same at both places, and the gravity of air 
not altered by the different distances from the earth's 
centre. 

372. But as this formula expresses only the relations be- 
tween different altitudes with respect .to their densities, re- 
course must be had to some experiment, to obtain tlie rejd 
altitude which corresponds to any given density, or the den- 
sity which corresponds to a given altitude. And there are 
various experiments by which this may be done. The first, 
and most natural, is that which results from the known spe- 
cific gi'avity of air, with respect to the whole pressure of the 
atmosphere on the surface of the earth. Now^ as the ahi- 

D P 

tude 4r is always as log. — ; assume h so that ^ 3= * x log. --, 

where ^ will be of one constant valtie for ;ill altitudes; and l!o 
determine th^t value, l^t a case be taken in wliich we know 
the altitude a corresponding to a known density af; i% for 
instance; take o = 1 foot^ or 1 inch, or some such small ^al- 
titude ; then, because the density p may be measured by ^^^ 
pressure of the atmosphere, or the unlfonn column of 276W 
feet^ when the temperature is ,'5.5% tf^erefore ?7600 feet will 
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ItOcM ite density S at the lower ^ace, and £7599 the IHs 
, . , , , . , 2760O 

density a at 1 foot above it; consequently I=j&x log. - .; -'~ ; 

\rbich, by the nature of logarithms, is nearly =h x 



*: rr-T— nearly; and hence B 

for any altitude in general, this theorem, viz, a 



27600 
63551 feet; which gives, 



63551 X 
10592 X log.— 



log. -J, or = 6S551 X log. — feet, 

fathoms; where m is the coluraa of mercury which is equal 
to the pressure or weight of the atmosphere at the bottom, 
and m that at the top of the altitude a ; and where m and m 
may be taken in any measure, either feet or inches. Sec, 

373. Note, that this formula is adapted to the mean tem- 
perature of the air 55°. But, for every degree of tempe- 
rature different from this, in the mediuin between the tem- 
peratures at the top and bottom of the altitude a, that alti- 
tude will vary by ils 4:i5th part ; which must be added, whea 
tWt medium exceeds 55°, otherwise subtracted. 

374. Note, also, that a column of 30 inches of mercury- 
varies its length by about the -j^ part of an inch for every 
degree of heat, or rather - ^a -n of the whole volume. 

375. But the formula may be rendered much more con- 
venient for use, by reducing the fiictor 10592 to 10000, by 
changing the temperature proportionally from 55° ; thus, 
as the diff. 592 is the 18th part of the whole factor 10592; 
and as 18 is the 24-th part of 4-35 ; therefore the correspond- 
ing change of temperature is 24", which reduces the 55° to 



So that the formula i; 



= lOOOO X log. — fathoms. 



when the temperature is 3 1 degrees ; and for every degree 
above 'that, the result is to be increased by so many times its 
435tb part. 

376. Exam. 1. To find the height of a hill when the 
pressure of the atmosphere is equal to 29'68 Inches of mer- 
cury at the bottom, and 25'28 at the top ; the mean tem- 
perature being 50° .' Ans. 4378 feet, or 730 fathoms. 

sn. Exam. 2. To find the height of a hill when the 
atmosphere weighs 2tf'45 inches of mercury at the bottom, 
and 25"82 at the top, the mean temperature being 33° ? 

Ans. 2385 feet, or 397i fathoms. 




37s. Exam. 3. At what altitude is the density of the at- 
mosphere only the 4th. part of what it is at the earth's sur- 
face ? Alls. 6020 fiitboms. 

By the freight and pressure of the atmosphere, the effect 
and operatibns of pneumatic engines may be accounted for, 
and explained ; such as siphons, pumps, barometers, &c ; of 
which it may not be improper here to give a brief descrip- 
tion. 



Of the siphon. 

379. THxSipfaon, or Syphon, is any 
bent tube, having its' two legs either of 
equal or of unequal length. 

If it be filled with water, and then 
inverted, with the two open ends 
downward, and held level in that po< 
sition ; the water will lemun suspend- 
ed in it, if the two legs be equal. For 
the fltmoiphere will press equally on 
the Euriace of the water in each end, 
and support them, if they are not more than 84 feet high t 
and the lep being equal> the water in them is an exact 
counterpoise by their equd weights ; so that the one has no 
power to move more th«i the other ( and they are both sup- 
ported by the atmosphere. 

But if now the siphon be a little inclined to one side, so 
that the orifice of one end be lower than that of the other; 
or if the legs be of unequal length, which is the same thing; 
then the equilibrium is destroyed, and the wuer will all de- 
scend out by the lower end, and rise up in the higher. 
FOr, the air pressinjg equally, but the two ends weighing 
unequally, a motion must commence where the power is 
greatest, and so continue till all the water has ruu out by the 
lower end. And if the shorter leg be immersed into a vessel 
of water, and the siphon be set a runniag as above, it wil) 
continue to run till all the water be exhausted out of the 
vessel, or at least as low as that end of the siphon. Or, it 
may be set a running without filling the siphon as above, by 
only inverting it, with its shorter leg into the vessel of waterj 
then, with the mouth applied to the lower orifice a, suck 
the air out; and the water will presently follow, being forced 
up into the uphon by tbe pressure of the air on the water 
in the vessel. 

Of 
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Of the PUAJP. 

380. These are three sorts . 
oF pumps : the Sucking, the 
Lifting, and the Forcing Pump. / 
By the firsi , water can be raised 
only to about 34 feet, viz. by 
the pressure of theatmoiphere; 
bm by the others, to anyhetght; 
but then they require more ap- 
paratus and power. 

The anneiedfigure represen ts 
a common sucking pump, ab 
is the barrel of the ptimp, being 
a hollow cylinder, made of me- 
tal, and smooth within, or of 
wood for ¥ery common ptir- 
po^es. CD i^ the handle, moTe- 
able about the pin s, by moving 
the end c up and down. DF 
an iron rod turning about a pin 
D. which connects it to the 
end of the handle. This rod is fijed to the piston, bucket, 
or supkor, fg, by which this is moved up aod down within 
the barrel, which it must fit very tight and close, that no air 
or water may pass between the piston and the sides of the 
barrel; and for this purpose it is commonly armed with 
leather. The pisto^ is made hollow, or it has a perforation 
through it, the orifice of which is covered by a valve a 
Opening Upwards, i is a plug firmly fixed in the lower part 
of the barrd, ^so perf<»ated, and covered by a valve k 
opening upwards. 

381. When tb»pump is first to be worked, and the water' 
is below the plug I } raise tjie end c of the handle, then the 
piston descending, compresses the air in hi, which by its 
spring shuts fast the valve K, and pushes up the valve H, 
and so enters into the barrel above the piston. Then put- 
ting the end C 6f the handle down again, raises the piston 
or sucker, which lifts up with it the column of air above it, 
the external atmosphere by its pressure keeping the valve h 
shut : the air in the barrel being thus exhaitst^, or rarefiedj 
is no longer a' couhterpoise to that which presses on the sur- 
face of the water in the well; this is forced up the pipe, and 
through the valve K, into the barrel of the pump. ■ Then 
pushing the piston down again into this water>'noWin the 

barrel. 
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barrel, its weight shuts the lower valve k, and its resistance 
forces up the valve of the piston, and enters the upper part 
of the barrel, above the piston. Then, the bucket being 
raised, lifts up with it the water which had passed above its 
valve, and it runs out by the -cock L; and taking off the 
weight below it, the pressure of the external atmosphere on 
the water in the well again forces it up through the pipe and 
lower valve close to the piston, all the way as it ascends, 
thus keeping the barrel always full of water. And thus, by 
repeating the strokes of the piston, a continued discharge is 
made at the cock, l. 



Of the AIR-PUMP. 



382. N£ARLT on the same principles as the water-pumpj 
is the invention- of the Air-pump, by which the air is drawn 
out of any vessel, like as water is drawn out by the former, 
A brass barrel is bored and potished truly cylindrical, and ex- 
actly fitted with, a turned piston, so that no air can pass bv 
the sides of it, and furnished with a proper valve opening 
upward. Then, by lifting up the piston, the air in the close * 
vessel below it follows the piston, and fills thfe barrel ;^ and 
being thus diffiised through a larger space than before, when 
it occupied the vessel or receiver only, but not the barrel, 
it is made rarer than it was before, in proportion as the ca- 
pacity of the barrel and receiver together exceeds the re- 
ceiver alone. Another stroke of the piston exhausts another 
barrel of this now rarer air, which again rarifie^ it in tlsjA 
same proportion as before. And so on> for any number -w 
strokes of the piston, still exhausting in the same geometri- 
cal progression, of which the ratio is that which the capacity 
of the" receiver and barrel together exceeds the receiver, till 
this is exhausted to any' proposed degree, or as far as the na- 
ture of the machine is capable of performing; which happens 
when the elasticity of the included air is so far diminished, 
by rarefying, that it is too feeble to push up the valve of the 
piston, and escape. 

383. From the nature of tlys exhausting, in geometrical 
progression, we may easily find how much the air in the re- 
ceiver is rarefied by any number of strokes of the piston; or 
what number of such strokies is necessary, to exhaust the re- 
ceiver to any given degree.^ Thus, if the capacity of the re- 
C<eiver aud barrel together, be to that of the receiver alone, 
*• ■ • ' a.% 



Of the diving BELL. 
-, and I denote the natural density of the air'afn 

: : 1 * — , the density after 1 stroke of the piston, 
: J — : — , the density after 3 strokes, 



I 



f 

&c, and — , the density after w strokes, 

So, if the barrel be equal to i nf the receiver j thei 

S : 4i and — = 0.8" is = d the density after n turns. And 

if n be 20, then 0-8* "' = -01 15 is the density of the included 
air after 20 strokes of the piston; which being the 66 j^ pan 
of 1, or the first density, it follows that the air is 86^ times 
rare Bed by the 20 strokei. 

384, Or, if it were required to find the number of strokei 
necessary to rarefy the air any number of timeS; because 

— is = the proposed density d; therefore, taking the loga- 
rithms, (I X log, — = loff. d, and n = : '—. — , the num- 

' ** c * ' 1. r - 1. c 

ber of strokes required. So if >* be f of c, and it be re- 
quired to rarefy the air 100 times : then d = -r^ or "01 ; 

. . toe. 100 

and hence « = j — — ^ = ZO-f nearly. So that 

'strokes the air will be rarefied 100 times, 



:*• Of the diving BELL & CONDENSING MACHl 

Jf 385. On the same principles too depend the operation? 

I ' and effect of the Condensing Engine, by which air may be 

j condensed to any degree, instead of rarefied as in the air- 

i pump. Andrlike as the air-pump rarefies the air, by ex- 

(■ tracting always one barrel of^ air after another ; so, by this 

f other machine, the air is condensed, by throwing in or add- 

I ing always one barrel of air after another; which it is 

I evident may be done by only turning the valves of the 

[ piston and barrel, that is, making them to open the con- 

• trarf way, and working the piston in the same manner -, 



I 
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so that, as they both open up'vrard or outward in the air- 
pump, or rarefieri they will both open downward or inward 
in the condenser. 

386. And on the same principles, namely, of the com- 

Eession and elasticity of the air, depends the use of the 
iving Bell, which is a large Tessel, in which a person de- 
scends to the bottom of the sea, the open end of the vessel 
being downward ; only in this case the air is not condensed 
by forcing more of it into the same space, as in the condens- 
ing engine j but by compressing the same quantity of air 
into a less space in the bell, by increasing always the force _ 
which compresses it. J 

387. If a vessel of any sort be inverted into water, and I 
pushed or let down to any depth in it; then by the pressure -' 
sf the water some of it will ascend Into the vessel, but not 

so high as the water without, and will compress the air into 
less space, according to the difference between the heights of 
the internal and external water j and the density and elastic 
force of the air will be increased in the same proportion, as 
its space in the vessel is diminished. 

So, if the tube ce be inverted, and pushed down into 
water, till the external water exceed the internal, by the 
height AS, and the air of the tube be reduced to the space 
CD ; then that air is pressed both by a co> 
lumnofwaier of the height AE.andbythe ..\. -- — -> 

whole atmosphere which presses on the ' „^ ~) 

upper surface of the water; consequently ■•■ J" j 

the space cd is to the whole space ce, as ' " ! I 1 

the weight of the atmosphere, is to the •'■j ^"'; ! ; -j 

■' weights both of the atmosphere and the ■"; | _"'\ 

column of water ab. So that, if ad be | H"-' j 

about 34' feet, which is equal to the ferce '■ ^" ^ 

of the atmosphere, then cd will be equal 

, to 4CE ; but if AB be double of that, or 

68 feet, then cd will be ^CE; and so on. .\ ■ , 
knowing the depth af, to which the vessel is sunk, vie can 
easily find the point d, to which the water will rise within 
it at any time. For let the weight of the atmosphere at 
that time be equal to that of 3+ leet of water ; also, let the 
depth AF be 20 feet, and the length of the tube ce 4 feet : 
then, putting the height of the internal water de ^ x, 
it is 34 + AB : 34 ; : CE : CD, 
that is 3+ 4- AF — DE ; 3+::CE : CE - DE, 
or 54 - * : 34 ; : 4 : 4 - X i 

hence, multiplying extremes and means, 216 — 58x -V *' 
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= 136, anJ the root is k = s/2 very nearly = 1'41* of s 
foot, or 1 7 iocbes nearly; bcing'the height db to which the 
water will riise within the tube. . . ■ 

388. But if the vessel be not equally 
.wide throughout, but of any other 
shape, as of a bell-like form, such as 
is used in diving i then the altitudes '^S-S 
will not observe the proportion above, 
but the spaces or bulks only will re- 
Bpect that proportion, namely^ »♦ - 
AB : 34 : : capacity ckl : capacity ^ . ., 
CHI, if it be common or A'esh water j f 

and 33 + AB : 33 : : capacity ckl ; f 
capacity CHi, if ii be sea-water. From 
which proportion, the height DEmay 
be found, when the nature or shape of the vessel or bell ctl. 
is known. 




Of the barometer. 



389. THE BAKOHETEa it an inatriiment Cot measuring 
the pressure of the atmosphere, and elasticity of the air, at 
sny time. It is commonly made of a glass tube, of ne« 
3 feet long, close at one end, and filled with mercury. 
When the tube it full, by stopping the open end with the 
finger, then inverting the tube, and immersing that end widi 
the finger into a bason of quicksilver, on removing the 
finger from the orifice, the fluid in the tube will descend 
into the bason, till what remains in the tube be of the same 
weight with a column of the atmosphere, which is com- 
monly between 28 ^nd 31 inches of quicksilver ; and leav- 
ing an entire vacuum in the upper end of the tube above 
the mercury. For, as the upper end of the tube is quite 
void of air, there is no pressure downwardf but from the 
coVimn of quicksilver, and therefore that will be an exact 
balance to the counter pressure of the whole column of at- 
mosphere, acting on the orifice of the tube by the quick- 
silver in the bason. The upper 3 inches of the tube, namely, 
from 28 to 31 inches, have a scale attached to them, divided 
into inches, tenths, and hundredths, for measuring the 
length of the column at all times, by observing which divi- 
sion of the scale the top of the quicksilver is opposite to ; as 
it ascends and descends within tfiese limits, according to the 
Kale of the atmosphere, 

So 



THE THERMOMETER. 

So that the weight cS the qaick- 
silver in the tube, above that in 
the basoDi is at all times cquftl to 
the weigkt or pressure of die co- 
hmm of atmosphere above it, and 
of the same l^se with the tube; 
and hence the weight of it may 
at alt times be computed; being 
nearly at the rate of half a pound 
avoirdupois for every inch of 
quicksilver in the tube, on every 
square inch of bases or more 
exactly it is -^ of a pound on 
the square inch, for every inch in 
the altitude of the qu icksil ver wei ghs 
just ^'^Ib, or nearly \ a pound, in 
the mean temperature of 5S° of 
heat. And consequently, when the 
barometer stands at 30 inches, or 
24: feet high, which is nearly the 
medium or standard height, the 
whole pressure of the atmosphere is equal 
on every square inch of the base: and s 
other heights. 




14|- pounds, 
in proportion for* 



Of the thermometer. 

390. THE ThkRUOmetcr is an instrument for mea-< 
luring the temperature of the air, as to heat and cold. 

It is found by Experience, that all bodies expand b^ heat^ 
Ind contract by cold : and hence the degrees of expansion 
become the measure of the degrees of beat. Fluids are 
more convenient for this purpose than solids : and quick- 
silver is now most commonly used for it. A very fine gla« 
tube, having a pretty large hollow ball at the bottom^ is 
0led about half way up wiih quicksilver : the whole bemg 
then heated very hot till the quicksilver rise quite to 
the top, the' top is then hermetically sealed, so as perfectly 
to exclude all communication with the outward air. Theoj 
incooling, the qilicksilror contracts, and consequently its 
surface descends in the tube, till it come to a certaia point, 
correspondent to the temperature or heat of the air. And - 
when tlie weather becomes warmer, the quicksilver expands. 




25* thb thermometer. 

and i» surface rises in the tube; and 
again contracts and descends when the 
weather becomes cooler. So that, by 
placing a scale of any divisions against 
the side of the tube, it will &how the 
degrees of heat by the expansion and 
contraction of the quicksilver in the 
tube; observing at what division of the 
scale the top of the quicksilver stands. 
And the method of preparing the scale, 
as used in England, is thus; — Bring the 
thermometer Into the temperature of 
freezingjby immersing the ball in water 
just A'eezingiorin ice just thawing, and 
mark the scale where the mercury then 
Stands, fortbe point of freezing. Next, 
immerge it in boiling water ; and the 
quicksilver will rise to a certain height 
in the tube ; which mark also on the 
»cale, for the boiling point, or the heat 
of boiling water. Then the distance be- 
tween these two points, is divided into 
ISOequaldivisionsjOrdegreesi andthe 
like equal degrees are also continued to 

any extent below the freezing point, and above the boiling 
point. The divisions are then numbered as follows, namely, 
at the freezing point is set the number 32, and consequently 
212 at the boiling point; and all the other numbers in their 
order. 

This division of the scale is commonly called Fahrenheit's.' 
According to this division, 55 is at the mean temperature of 
the air in this country; and It is in this temperature, and i». 
an atmosphere which sustains a column of 30 inches of 
quicksilver in the barometer, that all measures and speci&C 
gravities are taken, unless when otherwise mentioned; and 
in this temperature and pressure, the relative weights, or 
specliic gravities of air, water, and quicksilver, are as 

l-§ for air, ( and these also are the weights o( a cu- 

tOOOfor water, ■ faic foot of each, in avoirdupois ounces. 
13600 for mercury; (in that state of the barometer and 
thermometer. For other stales of the thermometer, each 
of these bodies expands or contracts according to the fol- 
lowing rate, with each degree of heat, viz- 
Air about - yf-; part of its bulk, 
Water about tttz P^'^ '*^ "^ bulk. 
Mercury about 5-^ part of its bulk. 

On 
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On th£ measurement of ALTITUDES bt thb 
BAROMETER and THERMOMETER. 

391. FROM the principles laid down in the scholium to 
prop. 16j concerning the measuring of altitudes by the 
barometer, and the foregoing descriptions of the barometer 
and thermometer, we may now collect together the precepts 
for the practice of such measurementSj which are as follow : 

First, Observe the height of the barometer at the bottom 
of any height^ or depths intended to be measured \ with the 
temperature of the quicksilyer, by means of a thermometer 
attached tO the barometer, and also the temperature of the 
air in the shade by a detached thermometer. 

Secondly, Let the same thing be done also at the top of the 
ssdd height or depth, and at the same time, or as near the 
same time as may be. And let those altitudes of barometer 
be reduced to the same temperature, if it be thought neces- 
sary, by correcting either the one or the other, that is, aug- 
ment the height of the mercury in the colder temperature, 
or diminish that in the warmer, by its 7/^ part for every de- 
gree of difierence of the two* 

Thirdly. Take the difference of thie common logarithms 
of the two heights of tKe barometer, corrected as above if 
necessary, cutting off 3 figures next the right hand for 
decimals, when the log-tables go to 7 figures, or cut off only 
2 figures when the tsu>les go to 6 places, and so on ; or in 
general remove the decimal point 4 places more towards the 
right hand, those on the lert hand being fathoms in whole 
numbers. 

Fourthly. Correct the number last found for the difference 
of temperature of the air, as follows ; Take half the sum of 
the two temperatures, for the mean one; and for every de- 
gree which this differs from the temperature Sl°, take so 
many times the -^ part of the fethoms above found, and 
add them if the mean temperature be above 3 1°, but subtract 
them if the mean temperature be below 31®; and the sum or 
difference will be the true altitude in fathoms : or, being 
multiplied by 6, it will be the altitude in feet. 

392. Example 1. Let the state of the barometers and 
thermometers be as follows ; to find the altitude, viz. 



Barom. 


attach. 


detach. 


Ans. the alt. is 


Lower29-68 


^7 


57 


7l9|fethoms. 


Upper25*28 


43 


42 


393. Exam. 
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39 3 i Exam. 2. T(> 6nd the ahimde, when the ^tate of 
the baroxhet^rs and thermometers is as follows, viz; 

Thennom. 



Barom. 

Lower 29*45 
Upper 26-82 



attach. 
38 
41 



detach* 
35 



Ans. the alt. is 

4ddV|' i^thoms, 
or 2458 feet. 



On the resistance or FLUIDSi with thbir 
FORCES AND ACTIONS dN BODIES. 

w 

PROPOSITION LXXrit. 

i94. if any Body Move through a Fluid at Rist, or the FtM 
Move against the Body at Rests the Force or Resiitatiie of the 
Fluid against the Body, 'wtU be as the Square of the Velocity 
and the Density of the Fluid. That is^ K oc rfv*. 

FoRi the force or resistance is as the quantity of ipatter 
or particles strack, and the velocity with which they are 
struck. But the quantity or number of particles, struck in 
any time» are as the velocity and the density of the fluid. 
Therefore the resistance, or force of the fluid, is as the den- 
sity and square of the velocity. 

895. CofoL 1. The resistance to any plane, is also more 
or less, as the plane is greater or less; and therefore the 
resistance on any plane, is as the area of the plane a, the 
density of the medium, ind the square of the velocity. 
That is, R oc adv\ 

396. CoroL 2. If the motion be not perpendicular, but 
oblique to the plane, or to the face of the body; then the 
resistance, in the direction of motion, will be diminished in 
the triplicate ratio of radius to the sine of the angle of in- 
clination of the plane to the direction of the motion, or as 
the cube of radius to the cube of the sine of that angle. So 
that R oc adv'-s^y putting 1 = radius, and / =: sine of the 
angle of inclination cab. 

For, if AB be the plane, ac the 
direction of motion, and bc perpen- 
dicular to AC; then no more particles 
meet the plane than what meet the 
perpendicular bc, and therefore their 
number is diminished as ab to bc or 
as 1 to X. But the force of ezth par- 
ticle, 
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ticlej striking the plane oUiqaelj in the diiedion CA, b 
also diminished as ab to BC, or as 1 to /; therefore the 
resistance, which is perpendicular to the fiice of the plane 
by art. 52, is as 1^ to A But again^ this resistance in the 
direction perpendicular to the face of the plane, is to that 
in the direction AC, by art. 51j as ab to BC, or as i to /• 
Consequently, on all these accounts, the ressiaiice to the 
plane when moving perpendicular to its bce^ is to that 
when moving obliquely, as I' to j*, or 1 to /*. iTiat is, 
the resistance in the direction of the motion, is dinnnished 
as 1 to s^, or in the triplicate ratio of radios to the sne of 
inclination. 
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397. Tie Real Resiitmnce to a Plane, by a Fluid Meting in m 
Direction perpendicular to its Face, is equal to the Weight of a 
Column of the Flmd, wbou Bass is toe Plane, and Altitude 
equal to that which is due to the Velocity of tber Motion, or 
unrough which a Heavy Body must fall to acquire that Ve» 
locity. 

Thb resistance to the plane moving through a fluid, is 
the same as the force of the fluid in motion with the same 
velocity, on the plane at rest. But the force of the fluid in 
xnotion, is equal to the weight or pressure which generates 
that motion ; and this is equal to the weight or pressure of 
a columti of the fluid, whose base is the area of the plane, 
and its altitude that which is due to the velocity. 

S98. Corol* 1. If « denote the area of the plane, v the 
velocity, n the density or specific gravity of the fluid, and 
g =: 16-,^ feet, or 193 inches. Then, the altitude due to 

the velocity v being — , therefore a x » x j- = -- — will 

be the whole resistance, or motive force r. 

399. CoroL 2. If the direction of motion be not poq>cn« 
diciilar to the face of the plane, but oblique to it, in ;\ny 
angle, whose sine is /. Then the resistance to the plane will 
. annf-s^ 

400. CoroL S. Also, if w denote the weight of the bod)-, 
whose plane face a is resisted by the absolute forte \k\ then 

the retarding force^ or — will be "TTI^ • 

401. Corel. 4. And if the body be a cylinder* whwM factf 
Vol. II. S or 
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6t end is «> and radius r, moving in the direction of its axts^ 
because then / = i, and a ^s: pr*, where/ = 8'1416; theif 

\T. will be the resisting fierce r, and ■ the retarding 

tofcc/l 

402, Coroi. S. This Is the value of the fesistance when 
the end of the cylinder is a plane perpendicular to its axis^ 
6r to the direction of motion. But were its face an elliptic 
Section, or a conical surface, ot any other figure everywhere 
Equally inclined to the axis, or direction of motion, the sine 
or inclination being s : then, the number of particks of the 
fluid striking the face being still the same, but the force of 
each, opposed to the direction of motion, diminished in ther 
duplicate ratio of radius to the sine of inclination^ the resist"* 

uig force R would be — - — . 

PROPOSITION LXXIX. 

403. The Resistance to a Sphere moving through a Fluidy is but 
Half the Resistance to its Great Circle^ or to the End of 
a Cylinder of the same Diameter^ movhfg with an Eqiial 
Velocity. 

. Let afeb be half the sphere, moving 
in the direction ceg. Describe the para- 
boloid AIEK6 on the same base. Let any 
particle of the medium meet the semicir- 
cle in F, to which draw the tangent fg, 
the radius FG,and the ordinate fih. Then 
the force of any particle on the surface at 
I, is to its force on the base at h, as the 
square of the sine of the angle G, or its 
equal tl>e a;ngle fch, to the square of radius, that is, as 
HF* to CF*. Therefore fhe force of all the particles, or the 
whole fluid, on the whole surface, is to its force on thcf 
circle of the base, as all the hf* to as many times cf\ 
But CF^ is = GA* = AC . CB, and hf* = ah . hb by the 
nature of the circle : also, ah . hb : ac • cb : : m : ce by 
the nature of the parabola ; consequently the force on the 
spherical surface, is to the force on its circular base, as 
all the Hi's to as many Ce's, that is, as the corjtentjof the 
paraboloid to the content of its circumscribed cylinder, 
namely, as 1 to 2. 

404. Corol, Hence, the resistance to the sphere is r == 

^-— — y being the half of that of a cylinder of the same 

diameter/ 
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* 

diameter. For example, a 9lb iron ball, whose diameter is 
4 inches, when moving through the air with a vetocirj of 
1600 feet per second, would meet a resistance wluch is equal 
to a weight of 132ylb, over and above the pressure of the 
atmosphere, for want of the counterpoise behind the ball. 



PRACTICAL EXERCISES in MENSURATION. 

Quest, h WHAT difference is there between a floor 
fiS feet long by 20 broadj and two others, each of half the 
dimensions 5 and what do all three come to at 45s. per 
square, or 100 square feet ? 

Ans. dif. 280 sq. feet. Amount 1 8 guineas. 

Quest. 2. An elm plank is 14 feet 3 inches long, and I 
would have just a square yard slit off it ; at what distance 
from the edge must the line be struck ? Ans. 744 inches. 

. Quest. 3. A cieling contains 11 4. yards 6 feet of plaster- 
ing, and the room 28 feet broad i what is the length of it ? 

Ans. 36^ feet. 

QuEsti 4. A common joist is 7 inches deep, and 2 J- 
thick 'y but wanting a scantling just as big again, that shall 
be 3 inches tluckj what will the other dimension bo ? 

Ans. ] I j inches. 

QufisT. 5. A wooden cistern tost me 3/. 2^/. painting 
within, at 6d. per yard; the length of it was 102 inchcsi 
and the depth 21 inches ; what was the width ! 

Ans. 27^ inches. 

Quest. 6. If my court-yard be 47 feet 9 inches square, 
and I have laid a foot-path with Purbeck stone, of 4 feet 
wide, along one side of it ; what will paving the rest with 
flints come to, at 6d; per square yard? Ans. 5/. \6s. 0{d. 

Quest. 7. A ladder, 26|. feet long, may be so planted, 
that It shall reach a window 22 feet from the ground on 
one side of the street; and, by only turning it over, without 
moving the foot out of its place, it will do the same by a 
window 14 feet lugh on the other side -, what is the breadth 
of the street ? Ans. 37 feet 9^ mches. 

Quest. 8. The paviiig of a triangular cpurt, at 18d. 
per foot, came to 100/.; the longest ot the three sides watf 
68 feet ; required the sum of the other two equal sides ? 

^ Ans. 106-85 feeU 

S 9 Quest. 9, 
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Quest. 9. There are two columns in the ruins of Perse* 
polls left standing upright : the one is 64 feet above the 
jdain, and the other 50 : in a straight line between thes«^ 
stands an ancient small statue^ the head of which is 91 feet 
from the summit of the higher, and 86 feet from the top of 
the lower column, the base of which measures just 76 feet 
to the centre of the figure's base. Required the distance be- 
tween the tops of the two columns ? Ans. 151 feet nearly. 

QuBsT. 10. The perambulator, or surveying wheel, is 
so contrived, as to turn just twice in the length of 1 pole, or 
I6i feet ; required the diameter i Ans. 2*626 feet- 

Quest. 11. In turning' a one-horse chaise within a ring 
of a certain diameter, it was observed that the outer whew 
made two turns, while tlie inner made but one : the wheels 
were both 4 feet high ; and supposing them fixed at the 
distance of 5 feet asunder on the axletree, what wasf the 
circumference of the track described by the outer wheel ? 

- Ans. 62-83 feet. 

Quest. 12. What is the side of that equilateral triangle, 
whose area cost as much paving at 8d. a foot, as the palli* 
sading the three sides did at a guinea a yard ? 

Ans. 72 '746 feet;^ 

Quest. 13. In the trapezium ABcOy are given, ab = 13, 
BC = 31y, CD a= 24, and da = 18, also b a right angle j 
required the area ? Ans. 4 10* 1 22., 

Quest. 14. A roof which is 24 feet 8 inches by 14 feet 
6 inches, is to be covered with lead at 8lb. per square foot : 
what will it come to at 18s per cwt. ? Ans. 22/. 19j. 10^. 

Quest. 15. Having a rectangular marble slab, 58 inches 
by 27, 1 would have a square foot cut off parallel to the 
shorter edge ; I would then have the like quantity divided 
firom the remainder parallel to the longer side; and this 
alternately repeated, till there shall not be the quantity of 
a foot left : what will be the dimensions of the remaining 
piece ? Ans. 20*7 inches by 6-086» 

Quest. 16. Given two sides of an obtuse-angled triangle, 
which are 20 and 40 poles -y required the third side, that 
the triangle may contain just an acre of land ? 

Ans. 58*876 or 23-099* 

Quest. 17. The end wall of a house is 24 feet 6 inches 
in breadth, and 40 feet to the eaves; -J. of which is 2 bricks 
thick, j^ more is 1 ^ brick thick, and the rest 1 brick thick*. 
Now the triangular gable rises 38 courses /of bricks, 4 of 
^hich usually make a foot in depth, and tins is but 4:^ inches, 

or 
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^fc half a brick thick : what will this piece of work come to 
jsit 5L lOj". per statute rod ? Ans. 20/. 11/, lid. 

Quest. 18. How many bricks will it take to build a wall, 
10 feet high, and 500 feet long, of a brick and h^ thick; 
reckoning the brick 10 inches long, and 4 courses to the foot 
in height i Ans. 72000. 

Quest. 19. How many bricks will build a square pyra* 
mid of 100 feet on each side at the base, and also 100 feet 
•|)erpendicular height : the dimensions of a brick being sup* 
posed 10 inches long, 5 inches broad, and 3 inches thick? 

Ans. 3840000. 

Quest. 20. If, from a right-angled triangle, whose base 
Is 12, and perpendicular 16 feet, a line be dniwn parallel to 
the perpendicular, cutting off a triangle whose area is 24 
square feet ; required the sides of this triangle ? 

Ans. 6, 8, and 10. 

Quest. 21. The ellipse in Grosvenor-square measures 
d^O links across the longest way, and 612 the shortest,within 
the rails : now the walls being 14 inches thick, what ground 
doHhey enclose, and what do they stand upon ? • 

* C enclose 4 ac. r. 6 p. 
^^' ^ stand on l760i sq. feet. 

Quest. 22. If a round pillar, 7 inches over, have 4 feet 
of stone in it: of what diameter is the column, of equal 
length, that contains 10 times as much ? 

^ Ans. 22' 136 inches. 

Quest. 23. A circular fish-pond is to be made in a gar- 
den, that shall take up just half an acre ; what must be the 
length of the chord that strikes the circle? Ans. 27^^ yards. 

Quest. 24. When a roof is of a true pitch, or making a 
right angle at the ridge, the rafters are nearly ^ of the 
breadth of the building : now supposing the eaves-boards; to 
project 10 inches on a side, what will the new ripping a 
house cost, that measures 32 feet 9 inches long, by 22 feet 
^ inches broad on the flat, at 15s, per square ? 

Ans. 8/. 1 5s, Bid. 

Quest. ^5. A c^ble, which is 3 feet long, and 9 inches in . 
compass, weighs 22lb^ what will a fathom of that cable 
weigh, which measures a foot about ? Ans. 78~ lb. 

Quest. 26. My plumber has put 28lb. per square foot 
into a cistern, 74 inches and twice the thickness of the lead 
long, 26 inches b?oad, and 40 deep : he has also put three 
stays across it within, of the same strength, ^nd 16 indies 

? deep J 
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deep, and reckons 22/. per dwt. for work and materials. I, 
being a mason, have paved him a workshop, 22 feet 10 inched 
broad, with Piirbeck stone, at 7d. per foot ; and on the 
balance ! find there is Ss. 6d: due to him j what was th0 
length of the workshop, supposing sheet lead of -rv of an 
inch thick to weigh 5*8991b. the square foot ? ^ 
: Ans, 32 feet, 0| inch. 

Quest. ^7. The .distance of the centres of two circles, 
whose diameters are each 50, being given, equal to30 j what 
is the area of the space enclosed by their circumferences ? 
% Ans. 559-119. 

Qc/EST. 28. If 20 feet of iron railing weigh half a ton, 
when the bars are an inch and quarter square; what will 
50 feet come to at Sid. per lb, the bars being -J^ of an inclf 
squaf e ? . Ans. 20/. Os. 2d^ 

Quest. 29.. The area of an equilateral triangle, w|iose 
base falls gx\ the diameter, and its vertex in the middle o£ 
tjie arc of a semicircle, is equal to 100: what is the diameter 
of the semicircle ? Ans. 26-32148i 

Quest. 30. It is required to find the thickness of the 
lead in a pipe, of ah inch and quarter bore, which weighs 
14Jb. per yard in length \ the cubic foot of lead weighing 
11323 ounces? ... Ans. '20737 inches* 

Quest. 3 1 . Supposing the expense of paving a semicir- 
cular plot, at 2s, 4d. per foot, come to 10/.; what is the 
diameter of it.? ■ ■ " Ans. I4*7737 feet. 

Quest. 3^. What is the length of a chord which cuts off 
^ of the area from a circle whose diameter is 289 ? 

Ans. 278*6716. 

Quest. 33. My plumber has set me up a cistern, and, his 
shop-book being burnt, he has no means of bringing iq the 
charge, and I do not choose to take it down to have it weigh- 
ed ; but by measure he finds it contains 64t^ square feet,^ 
and that it is precisely \ of an inch in thickness. Lead was 
then wrought at 21/. per fother of 19^ cwt. It is required 
ffom these items to make out the bill, allowing 6|. oz. for 
the weight of a cubic Ingh of Jiead ? Ans. 4/.. 1 1/. 2d. 

Quest. 34. What will the diameter of a glpbe be, when , 
tbe solidity and superficial content are' expressed by the same 
number.? . Ans. 6. 

Quest. S5. A sack, that: would hold 3 bushels of corn,, 
i^ 22i- inches 6road when empty; what will another sack 

. . ' containj 
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contain, which, being of the same lengthy has twice its 
breadth^ or circumference ? Ans. 12 foiishebr. 

Quest. 36. A carpenter is to put an oaken curb to z 
rpund well,* at SJ. per foot square : the breadth of the curb 
is to be 7^ inches, and the diameter within 3 ^ feet 5 what 
will be the expense ? Ans. 5s. 2^. 

Quest. 37. A gentleman has a garden 100 feet Jong, and 
SO Teet broad ; and a gravel walk is to be made of an equal 
sv^idth half round it : what must the breadth of the walk be^ 
to take up just half the ground ? Ans. 25*968 feet. 

Quest. 38. The top of a may-pole, being broken off by a 
blast of wind, struck the ground at 10 feet distance from the 
foot of the pole ; what was the height of the whole may- 
pole, supposing the length of the broken piece to be 26 feet? 

Ans. 50 fcet^ 

Quest. 39. Seven men bought a grinding stone, of 60 
inches diameter, each paying f part of the expense 5 what 
part of the diameter must each grind down for his share ? 

Ans. the 1st 4-4.508, 2d 4*8400, 3d 5*3535, 4th 6*0765, 
5th 7-2071?, 6th 9-3935, 7th 22*6778 inches. 

Quest. 40. A maltster has a kiln, that is 16 feet 6 inches 
square ; but he wants to pull it down, and build a new one, 
that may dry three times as much at once as the old one j 
what must fee the length of its side ? Ans. 28 feet 7 inches. 

Quest. 41. How many '3-inch cubes may be cut out of 
a 12-inch cube? Ans. 64; 

Quest. 42. How long must the tether of a horse be, that 
will allow hiin to graze, quite around, just an acre of ground? 

Ans. 394- yards. 

Quest. -fS. What will the painting of a conical spire come 
t®, at Sd. per yardj supposing the height to be 118 feet, and 
the circumference of the base 64 feet? Ans. 14/. Oj. S^d, 

Quest. 44. The diameter of a standard cprn bushel is 
ISi inches, and its depth 8 inches; then what must the 
diameter of that bushpl b^, ^ylpse ^lepth is 7^ inches ? 

An5. 19- 1067 inches. 

Quest. 45^ Suppose the ball on the top pf St. Paul's 
church is 6 feet in diameter ; what did the gilding of it cost 
at 34 per square inch i Ans. 237/. lOx. W, 

Quest. 46. What will a frustpm of a Snarble cone come 
to, at 125. per solid Foot; the diameter of the greater end 
being 4 feet, that of the less end 1-1-, and the length of the 
^ant sjde 8 feet ? ^ A.ns.'soA i/. I0i</, 



I 
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Quest. 47* To divide a cone into three equal parts by 
sections parallel to the base, and to find the altitudes of the 
three parts, the height of the whole cone being 20 Inches ^ 

Ans. the upper part 13'867. 
the middle part 3*605. 
the lower part 2-528. 

QuEsy. 4d. A gentleman has a bowling green, 300 feet 
long, and 200 feet broad, which he would raise 1 foot higher, 
by means of the earth to be dug out of a ditch that goes 
round it: to what depth must the ditch be dug, supposing its 
breadth to be every where 8 feet ? Ans. 7|| teet. 

Quest. 49. How high above the earth must a person be 
raised, that he may see -j of its surface ? 

Ans. to the height of the earth's diameter. 

Quest. 50. A cubic foot of brass is to be drawn into 
wire, of ^V of an inch in diameter ; what will the length of 
the wire be, allowing no loss in the metal ? 

Ans. 97784-797 yards, or 55 miles 984-797 yards. 

Quest. 5 1 . Of what diameter must the bore of a cannon 
be, which is cast for a ball of 24lb. weight, so that the dia- 
meter of the bore may be VW of an inch more than that of 
the ball ? Ans. 5-647 inches. 

Quest. 52. Supposing the diameter of an iron 9lb. ball 
to be 4 inches, as it is very nearly j it is required to find the 
diameters of the several balls weighing 1, 2, 3, 4, 6, 12, 18, 
24, 32, 36, and 421b, and the caliber of their guns, allowing 
^V of the caliber, or -^^^ of the ball's diameter, for windage. 

Answer 



Wt. o£ 


Diameter 


Caliber of 


ball. 


of ball. 


gun. 


1 


1-9230 


1-9622 


2 


2-4228 


2-4723 


S 


2-7734 


2-8301 


4 


3-0526 


3-1149 


6 


3-4943 


$'5656 


9 


4-0000 


4-0816 


12 


4-4026 


4-4924 


18 


5-0397 


5-1425 


24 


5-5469 


5-6601 


82 


6- 105 1 


6-2297 


36 


6-3496 


6-4792 


42 


6-6,844 


6-8208 



Quest. 53. 



1 
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Quest. 53. Supposing the winds^ of all mortars to be 
^ J of the caliber, and the diameter of the hollow part of the 
shell to be j2g. of the caliber of the mortar: it is required to 
determine the diameter and weight of the shell, and the 
quantity or weight of powder requisite to fill it, for each 'of 
the several sorts of mortars, namely, the 13, 10, 8, 58, 
and 4*6 inch mortar. Answer 



Calib.of Diameter 


sWt. of shell 


Wt. of 


Wt. of shell' 


mort. 


of shell. 

V 


empty. 


powder. 


filled. 


4-6 


4-523 


8-320 


0-583 


8-903 


5-8 


5-703 


16'677 


1168 


17-845 


8 


7-S67 


43-764 


S-065 


46-829 


10 


9-833 


85-476 


5*986 


91-462 


13 


12-783 


187-791 


18-151 


200-942 



Quest. 54. If a heavy sphere, whose diameter is 4 inches, 
be let fall into a conical glass, full of water, whose diameter 
is 5,, and altitude 6 inches; it is required to determine how 
much water will nln over ? 

Ams. 26-272 cubic inches, or nearly |. of a pint* 

Quest. 55. The dimensions of the sphere and cone being 
the same as in the last question, and the cone only I full of 
water; required what part of the axis of the sphere is im- 
mersed in the water ? Ans. -546 parts of an inch. 

Quest. 56. The cone being still the same, and 4 full of 
water ; required the diameter of a sphere which shall be 
just all covered by the water ? Ans. 2 •445996 inches. 

Quest. 57. If a person, with an air balloon, ascend ver- 
tically from London, to such a height that he can just sde 
Oxford appear in the horizon j it is required to determine 
his height above the earth, supposing its circumference to be 
25000 miles, and the distance between London and Oxford 
49-5933 miles ? Ans. -r^yViy of a mile, or 547 yards I foot. 

Quest. 58. In a garrison there are three remarkable ob- 
jects A, B, c, the distances of which from one to another are 
known to be, ab213, ac 424, and BC 262 yards; I am de- 
sirous of knowing my position and distance at a place or sta- 
tion s, from which I observed the angle asb 13° SO', and the 
fingle CSB 29° 50', both by geometry and trigonometry. 

Answer, 

AS 605-7122; 

Bs 429-68 14-, 

qs 524-2365. 
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Quest. 59. Required the same as in the last question^ 
when the point b is on the other side of ic^ supposing ab 9y 
AC 12, and BC 6 furlongs^ also the angle asb 33^ 45', and 
the angle Bsc 22° Stf. 

Answer, . _B 

AS 10*64, 98 15'64, C9 14-OU ' 




Quest. 60. It is required to determine the magnitude of 
« cube of gold, of the standard fineness^ which shall be equal 
to a sum of 480 million of pounds sterling; supposing a 
guinea to weigh 5 dwts 9^ grams. Ans. 18*691 feet. 

Quest. 61. The ditch of a fortification is 1000 feet 
long, 9 feet deep, 20 feet broad at bottom, and 22 at top j 
how much water will fill the ditch ? 

Ans. 115H127 gallons nearly. 

QyEST. 62. If the diameter of the earth be 7930 miles, 
;ind that of the moon 2160 miles: required the ratio of their 
surfaces, and also of their solidities : supposing them both to 
\>e globular, as they are very nearly? 

Ans. the surfaces are as 13 J to 1 nearly | 
5md the solidities as 49| to 1 nearly. 



PRACTICAL EXERCISES concerning SPECIFIC 

GRAVITY. 

The Specific Gravities of Bodies are their relative weights 
contained under the same given magnitude; as a cubic foot 
or a cubic inch^ &c. * 

The specific gravities of several sorts of matter, are ex^ 
pressed by the numbers annexed to their names in the Table 
of Specific Gravities, at page 231; from which the numbers 
are to be taken, when wanted. 

Note, The several sorts of wood are supposed to be drv. 
Also, as a cubic foot qf water weighs just 1000 ounces 
avoirdupois, the numbers in the table express, not only the 
specific gravities of the several bodies, but also the weight 
of a cubic foot of each in avoirdupois ounces ; and hence 
by proportion, the weight of any other quantity, or the 

quantity . 
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quantity of any other weight , may be known^ as in the 
lowing problems, 

PROBLEM I. 

To find the Magnitude of any Bodyifrom its Weight. 

A5 the tabular specific gravity of the body. 
Is to its weight in avoirdupois ounces. 
So is one cubic foot, or 1728 cubic inches. 
To its content in feet, or inches, respectively. 

EXAMPLES* 

Exam. 1. Required the content of an irregular block of 
common stone, which weighs Icwt. or 1 121b. 

'■ ■ • Ans. 122 84 cubic inches* 

Exam. 2. How many cuUc inches of gunpowder are there 
in lib weight ? ' Ans* 29^ cubic inches nearly« 

Exam. 3. How many cu^iic feet are there in a ton 
weight of dry oak,^ Ans. 38441 cubic feet, 

PROBLBM II. 

To find the Weight of a Body from its Magnitude. 

As one cubic foot, or 1 728 cubic inches, 
Is to the ^content of the body, 
So is its tabular specific gravity. 
To the weight 01 tHtf%ody. 

EXAMPLES* 

Exam. 1 . Required the weight of a .block of marble, 
whose length is 63 feet, and breadth and thickness each 
J2 feetj'being the dimensions of one of the stones in the 
walls of Balbeck? 

Ans. 683,2^ ton, which is nearly equal to the burden 
' of an East-India ship. 

Exam. 2. What is the weight of 1 pint, ate measure, 
of gunpowder? Ans. 19 oz. nearly. 

Exam. 3. "What is the weight of a block of dry oak, 
which measures 10 feet in length, 3 feet broad, and 24 
feet deep? Ans. 43354.yb» 

PROBLEM 
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. PROBLEM m* 

Itofini the Specific Gravity of a Body* 

Case l . When the body is heavier than water, weigh it 
both in water and out of water, and take the difference, 
which will be the weight lost in water. Then say, 

As the weight lost in water. 

Is to tlie whole weight. 

So is the specific gravity of water. 

To the specific gravity of the body. 

EXAMPLK* 

A piece of stone weighed lOlh, but in water only 6flb, 
required its specific gravity \ Ans. 2609, 

Case 2. When the body is lighter than water, so that it 
will not quite sink, affix to it a piece of another bodyj heavier 
than water, so that the mass compounded of the two may 
"sink together. Weigh the denser body and the compound 
mass separately, both in water and out of it ; then find how 
much each loses in water, by subtracting its weight in water • 
from its weight in air ; and subtract the less of these re* 
mainders from the greater. Then say. 

As the last remainder. 
Is to the weight of the light body in air. 
So is the specific gravity of water. 
To the specific gravity of the body. 

EXAMf%^. 

Suppose n piece of elm weighs 15lb in air; and that a 
piece of copper which weighs i8lb in air, and 16lb in water, 
is affixed to it, and that the compound weighs 61b in water ; 
required the specific gravity of the^elm ? ' Ans. 600* 

PROBLEM IV. 

Tofind the Quantities of Two Ingredients in a Given Compounds 

Take the three differences of every pair of the three 
specific gravities, namely, the specific gravities of the com- 
pound and each ingredient; and multiply the difference of 
every two specific gravities by the third. Then say, as the 
greatest product, is to the whole weight of the compound, 
so is eacl\ of the other products, to the two weights of th« 
ingredients. 

•EXAMPLE. 
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BXAICPLE. 

A composition of 1121b being made of tin and copper^ 
whose specific gratity is found to be 8784 ; required the 
quantity of each ingredient^ the specific gravity Qi tin being 
7320, and o/ copper 9000 ? 

Ans. there is 1001b of copper? • ^i. 
and consequently 121b o?tm5 *^ ^^ composiuon. 



Of the weight and DIMENSIONS op, BALLS and 

SHELLS. 

THE weight and dimensions of Balls and Shells might be 
found from the problems last given, concerning specific gra- 
vity. But they may be found still easier by means of the 
experimented weight of a ball of a given size, from the 
known proportion of similar figures, namely, as the cubes 
of their diameters. 

PROBLEM I. 

Tojitii the WAght of an Iron Ball^from its Diameter^ 

An iron ball of 4 inches diameter weighs 91b, and the 
weights being as the cubes of the diameters,, it will be, as ^^ 
(which* is the cube of 4) is to 9 its weight, so is the cube of 
the diameter of any other ball, to its weight. Or, take -^ of 
the cube of the diameter, for the weight. Or, take \ of ' 
the cube of the diameter, and \ of that again, and add the 
two together, for the wwght. 

EXAMPLES. 

Exam. 1. The diameter of an iron shot being 6*7 inches, 
required its weight ? ^ . Ans. 42'294lb. 

Exam. 2. What is the weight of an iron ball, whose dia« 
meter is 5*54 inches ? Ans. 241b nearly. 

» 

< 

PROBLEM II. 

To find the Weight of a Leaden Ball. 

A leaden ball of 1 inch diameter wei^s -,31. of a lb ; Acre- 
fore as the cube of 1 is to 7^, or as 14 is to S^ so is the cube 



of the diameter of a leaden ball, to its weight. Or, take ^ 
of the cube of the diameter, (ot th6 weight, nearly^ 

EXAMPLES* 

£xAM. 1. Required the weight of a leaden, ball of 6'6 
inches diameter ? ..,* ' 'Ans^61'6061b. 
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• £xAM. 2. What is the weig)it of a leaden ball of 5-30 
inches diameter ? Ans* 32lb nearly^ 

. PROBLEM III* 

t&find the Diameter of An Irofi Ball. 

Multiply the weight by 7-y, and the cube root of th^ 
l^oduct will be the diameter. 

laXAMPtES. 

E:]^Aif . 1 1 Required the diameter of a 421b iron ball ? 

Ans. 6*685 inches^ 
Exam. 2. What is the diameter of a 241b iron ball ? 

Ans. 5' 54: inchest 

i^ROBLEM if. 

To find the Diameter of a Leaden BalU 

Multiply the weight by 14, and divide the produ^;! 
by 8; then the cube root of the quotient will be the di^ 
Stmeter* 

EXAMPLES. 

£xAM4 1. Required the diameter of a 641b leaden ball \ 

Ans. 6 '6 8 4 inches* 

Exam. 2. What is the diameter of an 8lb leaden ball ? 

Ans. S'S4S inches/ 

PfeOttLBM V. * 

To find the Weight of an Iron Shell. 

'i'AltE -5^ of the difference of the cubes of the external 
tod internal diameter, for the weight of the shell. 

That is, from the cube of the external diameter, take thei 
cube of the internal diameter, multiply the remainder hj 9^ 
$SbA dividd the product by 64. 
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EXAMPLJES. 

Exam. 1. The outside diameter of an iron shell being 12*4, 
and the inside diameter 9*1 inches; required its weight? 

Ans. 188-94 lib. 

Exam. 2. What is the weight of an iron shell, whose ex* 
ternal and internal diameters are 9*8 and 1 inches ? 

Ans.84|lk 

:^ROBL£M Vt. 

Tojind how much Powder will Jill a Shell. 

Divide the cube of the internal diameter^ in inches^ hf 
i7*3, for the lbs of powdei*. 

EXAMPLES* 

Exam. 1. How much powder will fill the shell whose in* 
ternal diameter is 9*1 inches ? Ans. 13^^ lb nearly^ 

Exam. 2. How much powdef wHl fill a shell- whose in- 
ternal diameter is 7 inches ? Axis* 61b* 

t>ROBLEM VI^ 

To find how much Powder will Jill a Rectangular Box. 

Find the content of the box in inches, by multiplying the 
length, breadth, and depth all together. Then divide by 30 
for the pounds of powder. 

EXAMPLES. 

Exam. 1. Required the quantity of powder that will fill 
k box, the length being 15 inches, the breadth 12, and the 
depth 10 inches ? Ans. 601b. 

Exam* 2. How much powdef will fill a cubical box whose 
side is 12 inches ? Ans. 57j^lb. 

I^ROBLEM VIII. 

Tojind how much Powder will Jill a Cylinder. 

Multiply the square of the diameter by the length, then 
divide by 88*2 for the pounds of "powder* 

examples. 

Exam. 1. How much powder will the. cylinder hoId> 
whose diameter x%\Q inches^ and length 20 inches ? 

Ans. 52j-lb nearly^ 
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Exam. 2. How much powder can be contained in thi! 
cylinder whose diameter is i inches^ andiength 1 2 inches ? 

Ans. 5-r^b. 

PROBLEM }X. 

Tpfndibe Size rf a Shell to cmUm a given If^eight tfPvwd^r. 

Multiply the pounds of powder by 57*3^ and the cube 
root of the product will be the diameter in inches* 

EXAMPLES. 

Exam. 1. What is the diameter of a shell that will hold 
13^1b of powder ? Ans. 9*1 inches. 

Exam. 2. What is the diameter of a shell to contain 61b 
of powder ? Ans. 7 inches* 

PROBLEM X. 

To find the Size of a Cubical Box, to contain a given Weight of 

Powder. 

Multiply the weight in pounds by 30, and the cube root 
of the product will be the side of the box in incites. 

EXAMPLES. 

Exam. I. Required the side of a cubical box, to hold 501b 
of gunpowder ? Ans. \ 1 •44 inches. 

Exam. 2. Required the side of a cubical box, to hold 
4001b of gunpowder ? Ans. 22*89 inches. 

» 

PROBLEM XI. 

To find what Length of a Cylinder will be filled by a given 

Weight of Gunpowder. 

Multiply the weight in pounds by 38-2, and divide the 
product by the square of the diameter in inches, for the 
length. 

EXAMPLES. 

Exam. 1. What length of a 36-pounderguh, of 6f inches 
diameter, will be filled with 12lb of gunpowder ? 

Ans. l6'3 14 inches. 

Exam. 2. What length of a cylinder, of 8 inches diameter, 
may be filled with 201b of powder ? Ans. 1 1|4 inches. 

Of 



Of the piling of BALLS ind SHELLS. 

Iron Balls and Shells are commonly piled by horizontal 
courses^ either in a pyramidical or in a wedge-like form; the 
base being either an equilateral triangle, or a square, or a 
rectangle. In the triangle and square, the pile finishes in a 
single ball; but in the rectangle, it finishes in a single row 
of balls, like an edge. 

In triangular and square piles, the number of horizontal 
rows, or courses, is always equal to the number of balls in 
one side of the bottom row. And in rectangular piles, the 
number of rows is equal to the number of balls in the breadth 
of the bottom row. Also, the number in the top row, or 
edge, is one more than, the difference between the length 
and breadth of the bottom row. 



PROBLEM I. 
To find the Number of Bails in a Triangular Pile. 

Multiply continually together the number of balls in 
one side of the bottom row, and that number increased by i, 
also the same number increased by 2; then i of the last pro- 
duct will be the answer. 

1 hat IS, -r-: is the number or sum, where 

n is the number in the bottom row. 

I EXAMPLES. 

Exam. 1. Required the number of balls in a triangular 
pile, each side of the base containing 30 balls ? Ans. 4960. 

Exam. 3. How many balls are in the triangular pile, each 
side of the base containing 20 i Ans. 1540. 



PROBLEM II. 

To find the Number of Bails in a Square Pile. 

Multiply continually together the number in one side 
of the bottom course, that number increased by 1, and double 
the same number increased by 1 j then ^ of the la^t product 
will be the answer. 

That is, ^'^+ 1 .2n+ 1 .^ ^^^ ^^^j^^ 

6 
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EXAMPLES. 

Exam. 1. How many balls are in a square pile of SO rows^ 

Ans. 9455. 

Exam. 2. How .manj balls are in a square pile of 20 rows ? 

Ans. 2870. 

PROBLEM III. 

To find the Number of Balls in a Rectangular Pile. 

From 3 times the number in the length of the base row> 

subtract one less than the breadth of the same, multiply the 

remainder by the same breadth, and the product by one more 

dian the same; and divide by 6 for the answer. 

.3.^+1. 3/ -* + l. 
That is, ~- is the number; where lis 

the length, and b the breadth of the lowest course. 

Note. In all the piles the breadth of the bottom is equal to 
the number of courses. And in the oblong or rectangular 
pile, the top row is one more than the difference between 
the length an4 breadth of the bottom. 

EXAMPLES. 

Exam. 1. Required the number of balls in a rectangular 
pile, the length and breadth of the base row'being 46 and 
15? Ans. 4960. 

Exam. 2. How many shot are in a rectangular complete 
pile, the length of the bottom course being 59, and its breadth 
*20? Ans. 11060. 

PROBLEJSI IV. 

To find the Number of Balls in an Incomplete Pile. 

From the number in the whole pile, considered as com- 
plete, subtract the number in the upper pile which is want- 
ing at the top, both computed by the rule for their proper 
form; and the remainder will be the number in the frustum, 
or incomplete pile. 

EXAMPLES, 

Exam. 1. To find the number of shot in the incomplete 

triangular pile, one side of the bottom course being 40, and 

the top course 20 ? Ans. 10150. 

. Exam. 2. 
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Exam. 2. How many skot areia the incomplete triangultr 
pile, the side of the base being 24, and of the top 8 i 

Ans.251€. 

ExjlM. 3. How many balls are in thft incomplete, square 
p^le, the side of the basis being 24, and of the top 8 ? 

^ Am. 4760. 

Exam. 4. How many «ho( are in the incon]^plete rectan- 
gular pile, of 12 courses, the length apd breadth of the base 
being 40 and 20 ? Ans. 6 1 46. 



Of distances ^v the VELOCTTT ov 90UNB. 

By various experiments it bas been found, that sound fliesj 
through the air, uniformly at the ratis of atx>ut 1142 f^et in 
I second of time, or a mile in 4|. or y seconds. And there- 
fore, by proportion, any distance may be found corresponding 
to any given time ^ i^amjply, mukiplying the giyen time, in 
•seconds, by 1142, for the correspcmding distance in feet; 
or taking ^ of the given time for th^ distance in miles. Or 
dividing any given distance b^ thfse numfaiprs, to find the 
irorresponding time. 

Note, The time ibr the passage of sound in the interval 
)>etween seeing this flash of a gun, or lightning, and hearing 
the report, may be observied by a watch, or a small pendulum. 
Or, it may be observed by the beats of the pulse in the wrist, 
counting, on an average, about 70 to a minute for persons in 
moderate healthy or 5^ pulsations to ^ mil|^ i and mor^ or 
less aecprdinjg to cir$:umstances* 

EXAMPLES. 

Exam. V After observing a flash of lightning, it was 1 2 
seconds before the thunder was heard; required the distance 
of the cloud from whence it came ? Ans. 2^ miles. 

Exam. 2. How long, after firing the Tower gun«, may 
tlie report be heard at l^ootex*s-]HilI, supposing the distance 
to be 8 miles in a straight line ? Ans. 37f seconds. 

Exam. 3. After observing the firing of a large cannon at 
a distance, it was 7 seconds before the report was heard i 
what was its distance ? Ans. l^ mile. 

Exam. 4. Perceiving a man at a distance hewing down a 
tree with an axe, I remarked that 6 of my pulsations passed 
b^twe^n seeing hk6c\ j^ike and hearing the report of thcf 

T2 I' 
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blow I what was the distance between us, allowing 70 pulses 
to a minute ? Ans. 1 mile and 198 yards. 

Exam. 5. How far off was the cloud from which thunder 
issued, whose report was 5 pulsations after die flash of light- 
ning ; counting 75 to a minute ? Ans. 1523 yards. 

Exam. 6. If I see the flash of a cannon, fired by a ship in 
distress at sea, and hear the report 8S seconds after, how 
far is she off? * Ans. 7-,^ miles. 



PRACTICAL EXERCISES in MECHANICS, STATICS, 
HYDROSTATICS, SOUND, MOTION, GRAVITY, 
PROJECTILES, AND oTHEK BRANCHES of NA- 
TURAL PHILOSOPHY. 

(Question 1. Required the weight of a cast iron ball of 
S inches diameter, supposing the weight of a cubic 'inch of 
the metal to be 0'258lb avoirdupois ? Ans. S'64739lb. 

Quest. 2. To determine the weight of a hollow spherical 
iron shell, 5 inches in diameter, the thickness of the metal 
being one inch ? Ans. 13'23871b. 

Quest. 3. Being one day ordered to observe how far a 
battery of cannon was from me, I counted, by my watch, 
1 7 seconds between the time of seeing the flash and hearing 
the report; what then was the distance ? Ans. 3|. miles. 

Quest. 4. It is proposed to determine the proportional 
quantities of matter in the earth and moon ; the density of 
the former being to that of the latter, as 10 to 7, and their 
diameters as 7930 to 2160. Ans. as 71 to 1 nearly. 

Quest. 5. What difference is there, in point of weight, 
between a block of marble, containing 1 cubic foot and a 
half, and another of brass of the same dimensions ? 

Ans. 4961b 14oz. 

Quest. 6. In the walls of Balbeck in Tutfcey, the ancient 
Heliopolis, there are three stones laid end to end, now in 
sight, that measure in length 61 yards; oneof which in par- 
ticular is 21 yards or 63 feet long, 12 feet thick, and* 12 feet 
broad: now if this block be marble, what power would ba- 
lance it, so as to prepare it for moving ? 

Ans,"683TV to'^s, the burden of an East -India ship. 

Quest. 7. Thfe battering-ram of Vespasian weighed, sup- 
pose lOfiOO pounds } and was moved, let us admit, with 

such 
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stich a velocity, hj strength of luuad, as to 

20 feet in one second of time ; and this was fbund 

to demolish the walls of Jerusalem. The q n eiu o n is, wkh 

what velocity a S2lb ball most move, to do the 

tion ? 

QuBST. 8. There are two bodies, of which the 
tains 25 times the matter of the other, or is 25 times 
heavier ; but the less moves with 1000 times the velocity of 
the greater : in what proportion then are the mooientat or 
forces, with which they moved ? 

Ans. the less moves with a fixce 40 times greater. 

Quest. 9. A body, wdghing 2(Hb, is impelled by soch a 
force, as to send it throagh 100 feet in a seamd ; wtth 
velocity then woold a body of 81b we^fat more, if it 
impelled by the same force ? Ans. 950 feet per second. 

Quest. 10. There are two bodies, the one of which 
weighs lOOlb, the other 60; but the less body is impelled 
by a force 8 times greater than, the other; the propor ti on of 
the velocities, with which these bodies move, is required ? 
Ans. the velocity of the greater to that of the less, as S :o 40. 

Quest. 11. There are two bodies, the greater cmtains 
8 times the quantity of matter in the less, and is movd with 
a force 48 times greater : the ratio of the velocities of thsse 
two bodies is required ? 

Ans. the greater is to the le.-s, as 6 to 1 • 

Quest. 12. There are two bodies, one of which moves 
40 times swifter than the other ; but the switter body has 
moved only one minute, whereas the other has been in mo- 
tion 2 hours : the ratio of the spaces describc-d by these two 
bodies is required ? 

Ans. the swifter is to the slower, as 1 to 3. 

Quest. 13. Supposing one body to move 30 times swifter 
than another, as also the swifter to move 12 minjies, the 
other only 1 : what difference will there be between the 
spaces described by them, supposing the last has moved 5 
feet? Ans. 1795 feet. 

Quest. 14. There are two bodies, the one of which has 
passed over 50 miles, the other only 5 j and the first had 
moved with 5 times the celerity of the second;, what is the 
ratio of the times they have been in describing those spaces? 

Ans. as 2 to 1 . 

Quest. 15. If a lever, 40 effective inches long, will, by 
a certain power thrown successively on it, in 13 hours, 
rgise a weight 104 feet ; in what time will two other levers, 

each 
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each 19\ effective inches longy raise an equal weight 'ii 
feet ? AnSi !(^ hours 8-^ minutes; 

QvEsr. 16. Whatt weight will n man be able to raise, wha 
presses with the force of a hundred and- a half/ on the end 
of an eqtiipoised handspike, lOO inches long, meeting with 
a convenient prep exactly li inches from the lower end of 
the machine? Ans. 2072lb^ 

Quest. 17. A weight of l^lb, laid on the shoulder of a 
Afian, is no greater burden to him than its absolute weight, 
or 24 ounces : what difference will h^ fed,, between the said 
weight appKed near his elbow, at 13 inches firbm the shoul- 
der, and in the palm of hb hand, 2<B inches from the same ; 
and how much more must his muscles then draw, to support 
h at right angles, that is, liaving^his arm stretched right out f 

Ans. 244b avoirdupois. 

Quest. 18. What werght hung on at 70 inches from the 
Centre of motion of a steel-yard, will balance a small gun of 
i^i cwt, freely suspended at 2 inches; distance from the said 
centre on the contrary side ? Ans. 30|lb. 

SUEST. 19. It is proposed to divide the beam of a steel- 
, or to find the pomts of division where the weights of 
1, 2, 3, 4, &c, lb, on the one side, will just balance a constant 
weight of 9 31b. at the distance of 2 inches on the other side^ 
of the fulcrum ; the weight of the beam being lOlb, and its 
whole length 36 inches ? 

Ans. 30, 15, 10, 7i, 6, 5, 4^, 3|, 3 J, 3, 2^^, 2|., &c. 

Quest. 20. Two men carrying a burden of 2001b weight 
i)£tw.een them, hung on a pole, the ends of which rest on 
ilieir shoulders ; how much of this load is borne by each 
man, the weight hanging 6 inches from the middle, and 
the whole length of the pole being 4 feet ? 

Ans. 1251b and 75Ib. 

Quest. 21. If, In a pair of scales, a body tveigh 90lb in 

one- scale, and only 401b in the other -, required its true 

weight, and the proportion of the lengths of the two arms of 

the balance beam, on each side of the point of suspension ? 

Ans. the weight 60lb, and the proportion 3 to 2. 

Quest. 2.2. To find the weight of a beam of timber, or 
Other body, by means of a man's own weight, or any other 
weight. For instance, a piece of tapering timber, 24 feet 
long, being laid over a prop, or the edge bf another beam, 
is'found to balance itself when the prop is 13 feet from the 
l(?ss end ; but removing the prop a foot nearer to the said 

]j it takes- a man's weight of 21 Gib, standing on the less 

end. 
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. «ilcl, to^ hold it in equilibrium* Required the weight of the 
tree ? Ans. 25201b* 

Quest. liS. If ab be a cane or walking*»stick, 40 inches 
long, suspended by a string sd fastened to the middle point 
"B : now a body being hung on at b, 6 inches distance firon^ 
t>p is balanced by a weight of 2lb; hung on at the larger end 
a; but removing the body to f, one inch nearer to d, the 
2lh weight on the other side is mov6d to g, within 8 inches 
of D, before the cane will rest in equilibrio. Required the 
weight of the body ? Ans. 241b. 

Quest. 24. If ab, bC be two inclined planes, o^ the 
lengths of 30 and 40 inches, and moveable about the joint 
at B : what will be the ratio of two weights p, q, in equi- 
librio on the planes, in all positions of them : and what will 
be the altitude bd of the angle b above the horizontal plane 
AC, when this is 50 inches long ? 

Aiis. £t) = 24; and p to q as AB to Bc^ or as 3 to 4« 

Quest, 25. A lever, of 6 feet long, is fixed at right angles 
in a screw, whose threads are one inch asunder, so that the 
lever turns just orice round in raising or depressing the screw 
one inch. If then this lever be urged by a weight or force 
of 50lb, with what force will the screw press ? 

Ans. 2261 9ilb» 

Quest. 26. If a man can draw a weight of l5(Ah up the 
side of a perpendicular wall, of 20 feet high ; what weight 
will he be able to raise along a smooth plank of 30 feet long^ 
laid aslope from the top of the wall? Ans. 2251b* 

Quest. 27. If a fonie of 1 5olb be applied on the head of 
a rectangular wedge, its thickness being 2 inches, and the 
length of its side 12 inches ; what weig& will it raise or ba- 
lance perpendicular to its side ? Ans. 9001b. 

Quest. 28. If a round pillai* of 30 feet diameter be 
raised on a plane, inclined to the horizon in an angle of 73% 
or the shaft inclining 15 degrees out of the perpendicular ; 
what length will it bear before it overset ? 

Ans. 30 (2 +V3) or 1 1 1-9615 feet. 

Quest. 29. If the greatest angle at which a bank of na- 
tural earth will stand, be 45° ; it is proposed to determine 
what thickness an upright wall of stone must be made 
throughout, just to support a bank of 12 feet high ; the spe- 
dfic gravity of the stone being to that of earth, as 5 to 4. 

Ans. ^^ v't* or * -29325 feet. 

Qubst^ so. If the stone wall be made Hke^ a wedge, or 
having its upright section a triangle, tapering to a point at 
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top) but its side next the bank of earth perpendicular to the 
horizon ; what is its thickness at the bottom, so as to sup- 
port the same bank ? Ans. 12-v/4, ^^ S'S6656 feeu 

QuBST^ SI. But if the earth will only stand at an angle of 
80 degrees to the horizontal line; it is required to determine 
the thickness of wall in both the preceding cases ? 

Ans. the breadth of the rectangle 12 ^f, or 5*36656, 
but the base of the triangular bank i2v^-^,or 6*53667. 

QuB8T.'32. To' find the thickness of an upright rectan- 
gular wall, necessary to support a body of water ; the water 
being 10 feet deep, and the wall 12 feet high ; also the speci- 
fic gravity of the wall to that of the water, as 11 to 7. 

An^. 4-204374? feetl 

Quest. 38. To determine the thickness of the wall at the 
bottom, when the section of it h triangular, and die altitudes 
as before. . Ans. 5-1492866 feet* 

Quest. 34. Supposing the distance of the earth from the 
sun to be 95 millions of miles ; I would know at what distance 
from him another body must be placed, so as to receive light 
and heat quadrifple to that of the earth. 

Ans. at half the distance, or 47^ millions* 

Quest. 35. If the mean distance of the sun from us be 
106 of hiy diameters ; how much hotter is it at the surface 
of the sun, than under our equator ? 

Ans. 11236 times hotter. 

Quest. 36. The distance between the earth and the sun 

being accounted 95 millions of miles, and between Jupiter and 

the sun 495 millions ; the degree of light and heat received 

by Jupiter, compared with that of the earth, is required ? 

Ans. -^^t^y or nearly ^ of the earth's light and heat.^ 

Quest. 37. A certain body on the surface of the earth 
weighs a cwt, or 1 1 2lb ; the question is whither this body 
must be carried, that it may weigh only lOlb ? 

Ans. either at 3*3466 semi-diameters, or -/^ of a semi-* 

diameter, from the centre. 

Quest. 38. If a body weigh 1 pound, or 16 ounces, on 
the surface of the earth j what wHl its weight be at 50 miles 
above it, taking the earth's diameter at 7930 miles ? 

Ans. 15oz. 9|dr. nearly. 

Quest. 39. Whereabouts, in the line between the earth 
and moon, is their common centre of gravity; supposing the 
earth's diameter to be 7930 miles, and the moon's 2160; als<» 

the 
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the density of the former to that of the latter, as 99 to 68, or 
as 10 to 7 nearly^ and their mean distance 30 of the earth^t 
diameters ? 

Ans. at iy4- p^ts of a diameter from the earth's centre, 

or 3^ parts of a diameter, or 648 mites below the 

surface. 

Quest. 40. "Whereabouts, between the earth and moon, 
are their attractions equal to each other i Or where must 
another body be placed, so ^s to remain suspended in equi* 
librio, not being more attracted to the one than to the other, 
or having no tendency to fall either way? Their dimensions 
being as in the last question. 

Ans. From the earth's centre 26^ 1 of the earth^i 
From the moon's centre 3-^ / diamjeters. 

QuEfti. 41. Suppose a stone dropt Into an abyss, should 
be stopped at the end of the ilth second after its de* 
livery; what space would it have gone through i 

Ans. 1946^ feet. 

Quest. 42. What Is the difference between the depths of 
two wells, into each of which should a stone be dropped at 
the same instant, the one will strike the bottom at 6 seconds, 
the other at 10? ' Ans. 1029^ feet. 

Quest. 43. If a stone be 19^ seconds in descending from 
the top of a precipice to the bottom, what is its height ? 

Ans. 6113-;-^ feet. 

Q0EST. 44. In what time Avill a musket ball, dropped 
from the top of Salisbury steeple, said to be 400 feet high, 
reach the bottom ? Ans. 5 seconds nearly. 

Quest. 45. If a heavy body be observed to fall through 
100 feet in the last second of time, from what height did it 
fdjl, and how long was it in motion ? 

Ans. time S-*4^sec. and height 2094H4 ^^^^* 

Quest. 46. A stone being let fall into a well, it was ob- 
served that, after being dropped, it was 10 seconds* before 
the sound of the fall at the bottom reached the ear. What 
is the depth of the well ? Ans. 1 270 feet nearly. 

Quest. 47. It is proposed to determine the length of a 

pendulum vibrating seconds, in the latitude of London, 

where a heavy body falls through l'^^ feet in the first second 

of time ? ' -Ans. 39*1 1 inches. 

By experiment this length is found to be 39|- inches. 

Quest. 48.' 
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QCEST. 48. What is the length of a^pendulam vibrating 
in 2 seconds y also in half a second, and in ^ quarter second? 

Ans. the 2 second pendulum l56j; 
the i second pendulum 9^i 
the j- second pendulum '^^Qrt ^ches. 

Quest. 49. What difference will there be in the number 
df vibrations^ made by a pendulum of 6 inches long, and 
another of 12 inches long, in an hour's time ? Ans. 2692^. 

QtJSsT 50. Observed that while a stone wis descendmgy 
to measure the depth of a well, a string and plummet, that 
from the point of suspension, or th6 f^ace where k was held, 
to the centre of oscillation, measured }ast 18 inches, had 
made 8 vibrations, when the sound from the bottom re- 
turned. What was the depth of the well ? 

Ans. 412^'61 feet. 

QufisT. 51. If a ball vibrate in the arch of a circle, 1 de- 
greed on each side of the perpendicular; or a ball roll dowii 
the lowest 10 degrees of the arch; required the velocity at 
the lowest point ? the radius of the circle, or length of the 
pendulum, being 20 feot- Ans. 4*4213 feet per second. 

Quest. 52. If a ball descend down a smooth inclined 
plane, whose length is 100 feet, and altitude 10 feet ; how 
long will it be in descending, and what will be the last ve- 
locity.^ 

Ans* the veloc. 25 '3 64 feet per sec. and time 7'8852 sec. 

Quest. 53. If a cannon ball, of lib weight, be fired 
against a pendulous block of wood, and, striking the centre of 
oscillation, cause it to vibrate an arc whose chord is 30 inches; 
the radius of that arc, or distance from the axis to the lowest 
point of the pendulum, being 118 inches, and the pendulum 
vibrating in small arcs 40 oscillations per minute. Required 
the velocity of the ball, and the velocity of the centre of 
oscillation of the pendulum, at the lowest point of the arc ; 
the whole weight of the pendulum being 5001b ? 

Ans. veloc. ball 1956*6054 feet per see. 
and veloc. cent, oscil. 3*9054 feet per sec. 

Quest. 54. How deep will a cube of oak sink in common 
iw-arer ; each side of the cube being 1 foot ? 

Ans. U-r^^ inches. 

Quest. 55. How deep will a globe of oak sink in water ; 
the diameter being 1 foot? Ans' 9*9867 inches* 

Quest* 
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Quest. 56. If a cube of wood» floating in common water, 
Have three inches of it dry ^bove the water, and 4^4^ 
inches dry when in sea-water; it is proposed to determine 
tlie magnitude of the cube^ and what sort of wood it is made 
of ? Ans. the wood is osdc, and each side 40 inches. 

QuBsT. 57. An irr^[ular piece of lead ore weighs, in air 
12 ounces, but in water only 7$ and another fragment 
'weighs in air 14|- ounces, but in water only 9 ; required their 
comparative densities, or specific gravities ? 

Ans. as 145 to 132^ 

Quest. 58. An irregular fragment of g^s, in the scale, 
weighs 171 grains, and another of magnet 102 grains; but 
in water the first fetdbes up no more than 120 grains, and 
the other 79 ; what then wiU their ^>ecific gravities turn out 
to be ? Ans. glass to magnet as 3933 to 5202 

or nearly as 10 to 13. 

Quest. 59. Hiero, king of Sicily^ ordered his jeweller to 
make him a crown, containing, 63 ounces of gold. The 
workmen thought that substituting part silver was only a 
proper perquisite; which taking an-, Archimedes was ap- 
pointed to examine it ; who, on putting it into a vessel of 
water, foimd it raised the fluid 8*2245 cubic inches : and 
having discovered that the inch of gold more critically 
weighed 10*86 ounces, and that of silver but 5-S5 ounces, he 
found by calculation what part of the king's gold had been 
changed. And you are desired to repeat the process. 

Ans. 2«-8 ounces* 

Quest. 60. Supposing the cubic inch of common glass 
weigh 1 '4921 ounces troy> the same of sea- water "59542, and 
of ''brandy *5368; then a seaman having a gallon of this 
liquor in a glass bottle, which weighs S*84lb out of water, 
and, to conceal it from the officers of the customs, throws 
it overboard* It is proposed to determine, if it will sink^ 
bow much force will just buoy it up ? 

Ans. 14' 1496 ounces* 

Quest. 6 1 . Atiother person has half an anker of brandy, 
of the same specific gravity as in the last question ; the wood 
of the cask suppose measures ^ of a cubic foot; it is proposed 
to assign what quantity of lead is iust requisite "to keep the 
C9sk and liquor under water i Ans. 89*743 ounces. 

Quest. 62. Suppose, by measurement, it be found that a 
man-of-war, with its ordnance, rigging, and appointments, 

smk* 
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sinks so deep as to displace 50000 cubic feet of fresh 
waters what is the whole weight of the vessel ? 

Ans". 1395-^ tons, 

OuEST. 63. It is required to determine what would be the 
hcigkt of the atmosphere, if it were every where of the 
$ame density as at the surface of the earth, when the quick- 
silver in the barometer stands at SO inches ; and also, what 
would be the height of a water barometer at the same time ? 
Ans. height of the air 29166f feet,or 5*5240 miles, 
height of water 35 feet. 

Quest. 64. With what velocity would each of those 
three fluids, viz. quicksilver, water, and air, issne through 
A small orifice in the bottom of vessels, of the respective 
heights of 30 inches, 35 feet, and 5*5240 miles, estimating 
the pressure by the whole altitudes, and the air rushing 
into a vacuum i 

Ans. the veloc. of quicksilver 12*681 feet. 
the veloc. of water - 47'447 
the veloc. of air - - 1369.8 

Quest. 65. A very large vessel of 1 feet high (no mat- 
ter what shape) being kept constantly full of water, by a 
lafge supplying cock at the top ; if 9 small circular holes, 
each -J of an inch diameter, be opened in its perpendicular 
«de at every foot of the depth : it is required to determine 
the several distances to Which 'they will spout on the hori- 
zontal plane of the base, and the quantity of water discharge^ 
by all of them in 10 minutes ? 

Ans. th^^ distances are 
-/36 or 6 '00000 
^/64 - 8-00000 
V84 - 9*16515 
y/96 - 9*79796 
V 100 - 10-00000 
V96 - 9*79796: 
V'84 - 9*165r5 
^64 - 8-00000 
V^36 - 6-00000 
and the quantity discharged in 10 min, 123.8849 gallon^. 

NqU, In this solution, the velocity of the water is sup- 

i)Osed to be equalto that which is acquired by a heavy body 
h falling through the whole height of the water above the 
orifice, and that it is the same in every part of the holes. 

Quest, 
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Quest. 66. If the inner axis of .a hollow g^obe of cop* 
per, exhausted of air, be 100 feet; what thickness must it 
be of, that it may just float in the air ? 

Ans. *0268Sof an inch thick* 

Quest. 67. If a spherical balloon of copper, of -ri^ oif^ ^^^ 
inch thick, have its cavity of 100 feet diameter, and be filled 
with inflammable air, of 7% of the gravity of common iMr> 
what weight will just balance it, and prevent it from rising 
up into the atmosphere ? ' Ans. 2127311x 

Quest. 68. If a glass tube, 36 inches long, close at top, 
be sunk perpendicularly into water, till its lower or open 
end be 30 inches below the surface of the water ; how high 
will the water rise within the tube, the quicksilver in th6 
common barometer at the same time standing at 29i inches i 

Ans. 2*26545 inches. 

Quest. 69. If a diving bell, of the form of a parabolte 
conoid, be let down into the sea to the several depths ot 
5, 10, 15, and 20 fathoms; it is required to assign th0 
respective heights to which the water will rise within it : 
its axis and the dianleter of its ba^e being each 8 feet, 
and the quicksilver in the barometer standing at 30*1^ 
inches? 

Ans. at 5 fathoms deep the water rises 2*03546 ie^t* 
at .10 . . ^ S-06393 

at 15 - - - 3*70267 

at 20 ^ - . 4*I465S 
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sinks so deep » to diifilace 50000 cnbie 
water ; what is the wliole wei^ of tlw ^e^ 

Quest. 6S. It is required to deter /LUXIONS. 

hogbt of the atmosphere, S it t 
same density as at the aut^n o^ 
silver in the barometer ttutk^g miwotljb. 
vould be the Iteight of a wr 
Ans. height of t^ 

heigiU 'P'^ije of Fluxions, magnitudes or quan* 

OuEST 6* VRfl" ..I'lsidered, not as made up of a number 

thrw fluids, la^U^^.g^^"'^*^ ^y continued motion, by 

a smaU ori&B itf'-iVi^J' 'n"«i"« or decrease. As, a Ime by 

heights of 3d,fV >in' i.a.surfice by the motion of a line; 

the wessure ' J/. ib"^'^^9'^ O' * surtace. bo likewise, time 

into a vacu- l^'^ ** represented by a line, increasing uni- 

Ai^ motion of a point. And quantities of all 

A^er, which are capable of increase and decrease, 

^^ manner be represented by geometrical magni-;- 

^^ived to be generated by motion. 

■^ '^flf quantity thus generated, and variable, is called 3 
t, ^( or a Flowing Quantity. And the rate or proportion 
-^i'ng to which any Sowing quantity increases, at any 
^'on or instant, is the Fluxion of the said quantity, at that 
^tiou or instant ; and it is proportional to the magnitude 
^^bich the flowing quantity would be imiformly increased 
-0 a given time, with the generating celerity uniformly con- 
tinued during that time. 

3. The small quantities that are actually generated, pro- 
duced, or described, in any small given time, and by any 
continued motion, either uniform or variable, are called In- 
crements. 

4. Hence, if the motion of increase be uniform, by which, 
increments are generated, the increments will in that case be 
proportional, or equal, to the measures of the fluxions ; but 
if the motion of increase be accelerated, the increment so 
generated, in a given finite lime, will exceed the fluxion : 
and if it be a decreasing motion, the increment, so generated, 

. will be less than the flujion. But if the time be indefinitely 
small, so that the motion be considered as uniform for that 
instant ; then these nascent increments will always be pro- 
portional, or equal, to the fluxions, and may be substituted 
instead of them, in any calculation, 

5, To 
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^, To illustrate these definitions : Sup- 
pose a point m be conceived to move from 
the position A, and to generate a line ip^ A P p 

by a motion any how regulated; and 
suppose the celerity of the point w, at 
any position p, to be such, as would, if from thence it 
should become or continue uniform, be sufficient to cause 
the point to describe* or pass uniformly over, the distance 
vpy in the given time allowed for the fluxion : then will the 
said line p/> represent the fluxion of the fluent, or flowing 
line, AP,at that position. 

6. Again, suppose the right 
line mn to move, from the posi- 
tion AB, continuallv parallel to 
itself, with any.contmued motion, 
so as to generate the fluent or 
flowing rectangle aB(^j while the 

point »2 describes the line ap: also, let the distance vp be 
taken, as before, to express the fluxion of the line or base 
Ap; and complete the rectangle vqqp% Then, like as p^ 
is the fluxion of the line AP, so is tq the fluxion of the flow- 
ing parallelogram aq; both these fluxions, or increments, 
being uniformly described in the same time. 
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7. In like manner, if the solid 
AERP be conceived to be gene- 
rated by the plane pqr, moving 
from the position abe, always 
parallel to itself, along the line 
4D ; and if vp denote the fluxion 
of the line-Ap : Then, like as the 
rectangle ^Q.qpi or P(^ x P/, de- 
notes the fluxion of the flowing rectangle abqp, so also shall 
the fluxion of the variable solid, or prism aber^p, be de- 
noted by the prism PQKrqpy or the plane pr x p/>. And, in 
both these last two cases, it appears that the fluxion of the 
generated rectangle, or prism, is equal to the product of the 
generating line, or plane, drawn into the fluxion of the line 
along which it moves. 

8. Hitherto the generating line, or plane, has been con* 
sidered as of a constant and invariable magnitude ; in which 
case the fluent, or quantity generated, is a rectangle, or a 
prism, the former being described by the motion of a linet 
and the latter by the motion of a plane. So, in like manner 
are other figures, whether plane or solid, conceived to be de- 

^ scribed 
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scribed by the motion of a Variable Magnitude, whether it 
be a line or a plane. Thus, let a variable line PQ^be carried 
by a parallel motion along ap ; or while a point p is carried 
along, and describes the line aP| suppose another point 






rr 



^ to be carried by a motion perpendicular to the former^ 
and to describe the line pqj let pq be another position 
of PQ, indefinitely near to the former; and draw qr pa- 
rallel to AP. Now in this case there are several fluents, 
e*^ flowing quantities, with their respective fluxions: name- 
ly,^the fine or fluent AP, the fluxion of which is vp or qr; 
the line or fluent p^ the fluxion of which is rq\ the curve 
or oblique line aq, described by the obliaue motion of the 
point (ijL the ^uxion of which is Q^ 5 and lastly^ the sur- 
face APQ> described by the variable line pq, the fluxion of 
which is the rectangle Pq^, or p<^x 1^, In the same manner 
may any solid be conceived to be described, by the motion of 
« variable plane parallel to itself, substituting the variable 
plane for the variable line 5 in which case the fluxion of the 
solid, at any position, is represented by the variable plane, at 
that position, drawn into die fluxion of the line along which 
it is carried* 

9. Hence then it follows in general, that the fluxion of 
any figure, whether plane or solid, at any position, is equal 
to the section of it, at that position, drawn into the -fluxion 
of the axis, or line along which the variable secti6n is sup- 
posed to be perpendicularly carried ; that is, the fluxion of 
the figure Aqp, is equal to the plane pq^x vp, when that 
figure is- a solid, or to the ordinate p<^ x p^, when the figure 
J& a surface. 

\Q. It also follows from the same premises, that in any 
curve, or oblique line aq, whose absciss is ap, and ordinate 
is PQjt the fluxions of these three form a small right-angled 
plane triangle Q^^r ; for Qr = vp is the fluxion of the absciss 
Ai?, qr the fluxion of the ordinate pq, and Qy the fluxion of 
the curve or right line Aq. And consequently that, in any 
curvcj the square of the fluxion of the curve, is equal to the 

sum 
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sum o^the squares of the fluxions of the absciss and ordinate, 
when these two are at right angles to each other. 

11. From the premises it also s^pears, that contempora- 
neous fluents, or quantities that flow or increase together, 
which are always in a constant ratio to each other, have their 
fluxions also in the same constant ratio, at every position- 
For, let AP and Bq^be two contempo- 
raneous fluents, described in the same ^ ^ 
time by the motion of the points f Ind 
Q, the contemporaneous positions be- 
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^"g P> Q> and /, f j and let jfcp be to .g q 

MQy or A^ to By, constantly in the ra- ^ 

tio of 1 to />. 

Then - - - - - is fi x ap = bq!, 

and ft X Apzzuqi 
therefore, by subtraction, /I x p/ = q^^j 
that is, the fluxion - i^ : fluxion qqi:\ i n^ 
the same as the flueint a^ : fluent B<^: \\ : Hi 
or, the fluxions and fluents are in the same constant ratio. 

But if the ratio of the fluents be variable, so w91 that of 
the fluxions be also, though not in the same variable ratio 
with the former, at every position. 

^0TATi(3fN, &C. 

12. To apply the foregoing principles to the detenhination 
of the ^uxions of al|;eDraic quantities, by means of which 
those of all other kinds are assigned, it will be necessaiy first 
to premise the notation commonly used in this science, with 
some observations. As, first» that the final letters of the 
alphabet :&, y, x^ u, &c, are used to denote variable or flow** 
ing quantities ; and the initial letters a, by r, d^ &c, to denote 
constant or invariable onesi Thusi the variable basef ap of 
the flowing rectangular figure abqp, in art. 6, may be repre- 
sented by M ; and tht. invariable altitude pq, by a : also, the 
variable base or absciss ap, of the figures in art. 8, may be 
represented by 9Sy the variable ordinate PQ,byy; and the 
variable curve or line aq, by t. 

Secondly, that the fluxion of a quantity denoted by a 
single letter, is represented by the same letter with a point 
over it : Thus, the fluxion of x is expressed by ^, the fluxion 
of jF by i, and the fluxion of as by «. As to the fluxions of 
constant or invariable quantities, as of a^ i, Cy &c, they are 
equal to nothing, because they do ncrilow or change their 
magnitude. 

You IL tJ Thirdltt 
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ThircUy^that the increments of variable or flowing quan- 
tities are also denoted by the same letters with a sman ' over 
them : Thusi the increments of Xj jy iS| are x, 'y\ vdV 

IS. From these notations, and the foregoing principles^ 
the <^antities, and their fluxions^ there con^dered> ^will be 
denoted as below* Thus, in all the foregoing figures^ put ^ 
the variable or flowing line > . ap =s Xy 
in art. 6, the constant line - '* vq^zz, a^ \~ 

in art. S, the variable ordinlite - p(^ =s y, 
also, the variable line or corve - Aq^ ==,»:. - 
Then shall the several fluxions be thus represe2ited,>^nainejj^ 
X = vp the fluxion of the line ap, * * * 

nx z=z vi^qp the fluxion of abqp in art. €, 
^»jf =r pqr^thefluxioti of^APC^in art. 8, 
% 2= Q^ = v^(a:* -f jf )the fluxion of aq,; and 
nie =2 pt' the fluxion of the solid in art^7, if » denote 

the constant generatiiig plane pqjt. \ alsoj^ 
nx =: iKi^in the figure to art. 1 1, and 
n;^ =5 o^ the fluxion of the same. 

J 4. The principles and notation being now laid down, we 
may proceed to the practice and rules of this doctrine ; which 
consists of two principal parts, called the Direct and Inverse 
Method of Fluxions; namely, the direct method, which 
consists in finding the fluxion of any proposed -fluent or 
flowing quantity; and the^inverse method, which consists in 
finding the fluent of any proposed fluxion. As to the former 
ojF these two problems, it can always be determined, and that 
in finite algebraic terms ; but the latter, or finding of fluents, . 
can only be efiected in some certain cases, except by means 
of itifinite series. — ^First then, of 

The DIRECT METHOD OF FLUXIONS. 

To find the Fluxion of the Product or Rectangle cf^ two Variable 

Quantities. 

15. Let ARQP, = *>•, be the flow- 
ing or vari^le rectangle, generated ] 
by two lines PQ^and ^IQ, moving al- 
ways perpendicular to each other,fi-om 
the positions AR andAP; denoting 
tlie one by x^ and the other by y\ sup- 
posing *: and j; to be so related, that 

the curve line AQ^may always pass through the intersection 
<;^ of those lines, or ^he opposite angle of the rectangle. - 

Now, 
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Now^ thi^ rectangle consists of the two trilinear spaces 

APQ, ARQ, of which) the 

fluxion of the former b pq^ ^ P/» or ji,^ 

that of the latter is - RT^ x rt, or xy, by art. 8 ; 

therefore the sum of the two xy + ^r is the fluxioo of the. 

whole Rectangle xy or ARqf • 



the Sdme Oihetwse^ 

16. Let the sides of the rectangle at a^d y^ by dowIng» 
become ^r + x' and y + S* ^^n the product of these two, 
or xy + ^y.+ yx'+xyynil be the new or contem^raneous 
value of the flowing rectangle PR or xy : subtract the one 
value from the other, an4 the remainder, xy^ y^' + xjy 
will be the increment generated in the same thne as x or^; 
of which the last term x'j is nothing, or indefinitely small, 
in respect of the other two terms, because x' and y are in- 
definitely small ,in respect of x and yi which term being 
therefore omitted, there remains xy + yx^ for the value of 
the increment^ and hence, by substituting x zndy for x' and 
Sf to which they are oroportional, there arises xy + yx for 
the true value of the fluxion ofxy; the same as before. 

17. Hence may be easily derived the fluxion of the 
powers and products of any number of flowing or variable 
quantities whatever ; as of xyzy or uxyz, or vuxyz, &c. And 
first, for the fluxioQ of xyz : put p == xy^ and the whole 
given fluent xyz = q, or q =■ xyz = pz. Then, taking the 

fluxions of ^ = pZy by the last article, they ate q := pz + 

pz ; but / = xy, and so / = iy + *i by the same article f 

substituting therefore these values o£ p and p instead of 

them, in the value of $», this becomes q = xyz + xyz + xyz, 
the fluxion of xyz required ; which is therefore equal to the 
sum of the products, arising from the fluxion of each letter, 
or quantity, multiplied by the product of the other two. 

Again, to determine the fluxion of uxyz, the continual 
product of four variable quantities; put this product, namely 
uxyz, or qu = r, where q =: xyz2& above. Then, taking the 

fluxions by the last article, r = ^i + ^«; which, by sub- 
stituting for q and q their values as above, becomes - -. - 

r =z uxyz + uxyz 4- uxyz +• uxyk, the fluxiofi of UHcyZ^zs 
required : consisting of the fluxion of each quantity, drawn 
into the products ot the other three. 

* U 2 . In 



293 DIRECT METHOD o» FLtTXIONS. 

In ihe very same manner it is found, that the fluxion of 
vuxys is viixy^s -+ vuxyz + -nuxys + vuxyx + vuxyi; and 
so on, for any number of quantities whatever ; in which it 
is always found, that there are as many terms as there are 
variable quantities in the protioseil fluent; and that these 
terms consist of the fluxion of each variable quantity, mul- 
tiplied by the product of all the rest of the quantities. 

18. Hence is easily derived the fluxion of any power of 
a variable quantity, as of .r', or .r', or jr*, Sec. For, in the 
product or rectangle xy, if * ^ y, then is xy ^ xx or x", 
mnd also its fluxion xy + xj ^ ix + xx or 2**, the fluxioa 
of.r'. 

Again, if all the three v,ji, she equal; then is the prodix 
of the three xyz » x^ \ and consequently its fluxion iyz-^ 
xyz-\~xyk=xXX-\-xxx-\-xxx or 3i'i, the fluxioa of 4^'. 

In the same manner, it will appear that 
the fluxion of ^* is = *jr^*, and 
the fluxion of r' is =; 5x*x and, in general, 
the fluxion oi x" is = ax^~*x; 
where n is any positive whole number whatever. 
That is, the fluxion of any positive integral power, is equal 
to the fluxion of the root (i), multiplied hy the exponent 
of the power (n), and by the power of the same root whose 
index is less by 1, (*""'). 

And thus, the fluxion of a + fx being ex, 
that of (fl + cxf is 2ci X (a + f* ) or 2acx + 2c'*.r, 
that of (o +1^**)' is '^cxx x (a + ex'') or iacxx + 4£^*'x, 
thatof(.r'+/)M5(4*i + +j7) x (*' + /), 
that of (j- +c/)'is(3i -j-6c,» X {x 4-fy^)'- 

19. From the conclusions in the same article, we may 
also derive the fluxion of any fraction, or the quotient of one 
variableguantity divided by another, as of 

— . For, put the quotient or fraction - = j ; then, multiply- 
ing by the denominator, x ^= qy; and, taking the fluxions, 
i =. qy + qy, or qy — X — qy t and, by division, 
q = — — X = (by substitutine the value of a, or ), 

. > . y. y 

, = -^— :; — , the fluxion of — , as required. 
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That IS, the fluxion of any fraction, is equal to the fluxion 
e^ the numerator drawn into the denominator, minus the 
fluxion of the denominator drawn into the numerator» and 
the remainder divided by the square of the denominator. 

So that the fluxion of — is ^ x ^ > Qr "r— — >-. 

yyf 

20» Hence too is easily derived the fluxion of any negative 
integer power of a variable quantity, as of*"", or — , which 

is the same thing. For here the numerator of the fraction 
is I, whose fluxion is nothing; and therefore, by the hut 
article, the fluxion of such a fraction, or negative powert 
is barely equal to minus the fluxion of the denominator^ 
divide4 hy the square of the said denominator. That is, the 

fluxion of ;r", or — is -^p or ^ or — «4r-«»-'i j 

or the fluxion of any negative integer power of a variable 
quantity, as oT*, is equal to the fluxion ot the root, multiplied 
by the exponent of the power, and by the next power less 
by 1 ; the same rule as for^ positive powers. 

The same thing is otherwise obtained thus: Put the 
proposed fraction, or quotient •-- == y j then is qaf^ = 1 i 

and, taking the fluxions, we have 

yx*+ qnx'^^x = 0\ hence qx^ a: ^qnx^^x j divide by jr», then 

y « - T^ ^ ^^y substituting — for q), -~^ or is 

— »*^""';t J the ssune as before. 

1 ^ 
Hence the fluxion of pT^ or — is — x'^x. or ;; 

1 2x 

that of r «f"* or -r is — ^x'^x or r, 

«* x^^ 

that of - »~'or -jis - 3.r""^;for — -^ 
th^t of - <ix_^ or -::t is — 4«4r* JT or -^ ^^, 

X^ iT* ' 

1 -^ 

that of (fl+;r)^' or — r— is - {a +x)^x or - 
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21. Much in the same manner is obtsiin^ the fluxion of. 

any fractional power of 9 fluent ^uantity^ as of <r°t or^jr™. 

For, put the proposed quantity :r" i=^ y } th^n^ raising each 
side to the n power, pves jr*°^ = ^f* j 
taking the fluxions, gives iw*"~'i = n^'^^q^ then 

J. .J. u \^-i • • ^^"^^^ ^^""'^ J2r~'. 
dividmg by /i/-', giv^ y = - ^^,n^ =5 : 5 = ^ "^^ » x, 

Which is still the same rule, as before, for finding the fluxion 
of any power of a fluent quantity, and which therefore is ge- 
neral, whether the exponent be positive or negative, intej^al 

or fractional. ' And hence the fluxion of <m7^ is }#JF*x ; 

th2X of ax^ IS lax^-^x:=ziaar^ ^s= — 7 = — j- ; and that of 

^ 2x^ ^^-^ 

22. Having now found out the fluxions of aill theordiV 
^try forms of algebraical quantities ; it remains to deter- 
mine those of logarithmic expressions ; and also of expo* 
nential ones, that is, such powers as have their exponents 
variable or flowing quantities. And first, for th^ fluxion of 
Napier's, or the hyperbolic logarithm. 

23. Now, to determine this from 
the nature of the hyperbolic spaces. 
Let A be the principal vertex of an 
hyperbola, having its asymptotes CD,, 
cp, with the ordinates da, BA, pq, 
&c, parallel to them. Then, from 
the nature of the hyperbola an^ of 
logaridims, it is known, that any space abpq^is the log. of 
the ratio of cb to cp, to the modulus abcd. Now, put 
1 = CB or BA the side of the square or rhombus db; 
m == the modulus, or cb x ba; or area of db, or sine of 
the angle c to the radius 1 ; also the absciss cp = or, and 
the ordinate P<^=? y* Then, by the nature of the hyperbolaj^ 
CP X PQ^ is always equal to db, that is, xy :=: m\ hence 

y =3= — , and the fluxion of f he space, ^j is — = VQqp:^ 

the fluxion of the' log. of jr, to ihe modulus nt. And^ in 
'^ ^vperbolic logari&ms, the modulus tn being 1, there- 
fore, 
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X 

fore — is the fluxion 45f the hyp. log. of jtj which is there- 

fore equal to the fluxion of the qnantitji divided by tl^ 

"quantity itself. ' 

Hence the fluxion of the hyp. log. 



of 1 + or is 
of 1 — r is 



•r-' X 



• • • 

or *r + 2 IS — •: — , ♦ 

'a-k-x, jr (a — jr) +*(«» + •*') ^r^jf 24jf 

of IS 7 vT X — j =: . ^, 

^ . najf^^^x nx 
of jjr** IS s~ =: — . 

24. By means of .the fluxions of logarithms, are usually 
determinecl those of exponential quantities, that is, quan- 
tities which have their exponent a flowing or variable letten 
These exponentials are of two kinds, namely, when the root 
IS a constant quantity, as. ^% and when the root is variable as 
well as the exponent, as f. 

25. In the Er$t>case, put the exponential, whose fluxion 
is to be found, equal to^ single variable qu^tity r, namely^ 
Z^^'j then take the logarithm of each, so shall log. zzzx x 

log.V; take the fluxions of these, so shall — = x x log. e^ 

by the last article; hence x^ zx x log. e :=z e^ x x log. ^, 

which is jthe fluxion of the proposed quantity tf'^ or s: ; and 

which therefore is equal to the said given quantity drawn into 

the Quxion of theexponent, and into the log. of the root. 

Hence also, the fluxion of (« + cY^ is {a +. c^ x nx x 

log. <# + c).. 

•• ■ * 

^0. In like manner, in the second case, put the given 

quantity /=:«:; then the logarithms give log. z=ir x log.y, 
and the fluxions give -^ = ;r k log.;? + x ,x — ; hence - 

zxy 

js = XX X log. j; rf — 7 =5 (by substituting / for z) fx x. 

leg. y + or/^'j, which is the fluxion of. the proposed quan- 
tity / '{ and which therefore cohsist of two terms, of wb 
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the one is the fluxion of the given quantity considering the 
exponent as constant, and the other the fluxion of the same 
quantity considering the root as constant. 



Of second, third, &c, FLUXIONS. 



I 



Hating explained the manner of considering and deter- 
mining the first fluxions of flowing or variable quantities ; it 
remainii now to consider those of the higher orders, ai 
second, third, fourth, &c, fluxions. 

27, If the rate or celerity with which any flowing quan- 
tity changes its magnitude, be constant, or the same at every 
position i then is the fluxion of it also constantly the same. 
But if the variation of magnitude be continually changiag, 
either increasing or decreasing ; then will there be a certam 
degree of fluxion peculiar to every point or position j and 
the rate of variation or change in the fluxion, is called the 
Fluxion of the Fluxion, or the Second Fluxion of the given 
fluent quantity. In like manner, the variation or fluxion of 
this second fluxion, is called the Third Fluxion of the first 
proposed fluent quantity i and so on. 

1 hese orders of fluxions are denoted by the same fluent 
letter with the corresponding number of points pver it: 
namely, two points for the second fluxion, three points for 
the third fluxiop, four points for the fourth fluxion, and so 
on. So, the different orders of the fluxion of .r, are x, ji, 
g, X, &ci where each is the fluxion of the one next before «■ 

2S. This description of the higher orders of fluxions 
may be illustrated by the figures exhibited in art. 8, page 28S ; 
where, if jt denote the absciss 4P, and y the ordinate pqj 
and if the ordinate PQ^ory flow along the absciss ap or .r, 
with a uniform motion ; then the fluxion of x, namely, 
X = tjj or Qr, is a constant quantity, or ji — 0, in all the 
Also, in fig. I, in which aq^Is a right line, J = rq, 
I the fluxion of p(J, is a constant quantity, or y = } for, 
the angle e, = the angle ^, being constant, ty is to ry, or 
* to y, in a constant ratio/ But in the 2d fig. i-q, or the 
^uxion of F^ continually increases more and more } and 
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In fig. 3 it continually decretses more and morCi and there* 
fore in both these cases y has a second fluxion^ being positive 
in fig. 2, but negative in fig. S. And so on, for the other 
orders of fluxions. 

Thus if, for instance, the nature of the curve be such, 
that x^ is every where equal to a^y\ then, taking the fluxions, 
it is a^y = SjtV ; and, considering i always as a constant 
quantity, and taking always the fluxions, the equations of 
the several orders of fluxions will be as below, viz. 

the 1st fluxions ^ =» 3a:^x. 

the 2d fluxions ti^y = ^xx^^ 

the 3d fluxions e^y rz 6i', 

(the 4th fluxions a^y a= 0, 

and all the higher fluxions also == 0, or nothing. 

Also, the higher orders of fluxions are found in the sam^ 
manner as the lower ones. Thus, 
the first fluxion of y is - - - - - Sfy-, 
its 2d flux, or the flux, of Zy^y, con-^ 

sidered as the rectangle of 3/, > 3y^y + Syy*: 

and:^, is -^-•--•J 
and the flux, of this again, or the 3d 1 « • •' , , „ . • , ^., 

flux.of/,is . ... . . P/y+i8w + ^j'"- 

29. In the foregoing articles, it has been supposed that 
the fluents increase, or that their fluxions are positive ; hut 
it often happens that some fluents decrease, and that there- 
fore their fluxions are negative : and whenever this is the 
case, the sign of the fluxion must be changed, or made con^ 
trary to that of the fluent. So, of the rectangle xy^ when 
both X and j/!.increase together, the fluxion is xy -\- xy\ but 
If one of them, as ^, decrease, while the other, Xy increases; 
then, the fluxion of y being -^ ^, the fluxion of Xy 
will in that case be xy — xy. This may 
be illustrated by the annexed rectangle, ^ 
APQH = xyt supposed to be generated ' 
by the motion or the line Pc^from a to- ^ 
wards c, and by the motion of the line 
RQ. from B towards a : For, by the mo- 
tion of PQ, from A towards c, the rect- 
angle is increased, and its fluxion is + _ 
xy'j but, by the motion of rq, from b to- ^ * "' 
wards a, the rectangle is decreased, and 
^he fluxipn of the decrease is x^y there. 

fore^ 
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fore^ taking the fluxion of the decrease from that of the in^ 
crease^ the fluxion of the rectangle xy^ when sT increases and 
j^deoreases^ is iy — 'jry. ^.* * / 

30. We may now crollect ail the rules together^ which 
have been demonstrated in the foregoing articles, for finding 
ihe fluxions of all sorts of quantities. ' And hence^ 

1st, For ihe fluxion of Any Power of a Jlowtng quandty. 
^—Multiply all together the exponent of the power, the 
fluxion of the root, and the power next less by 1 of th« 
same root. 

2d, For the fluxion of the Rectangle of t*wo quantities, ^'-^yA" 
tiply each quantity by the fluxion of the other, and connect 
the two products together by their proper sign^. 

3d, For the fluxion of the Continual Product of afiy number of 
flowing ^//««^///V/.— ^Multiply the fluxion of each quantity by 
the product of all the other quantities, and connect all the 
products together by their proper signs. 

4th, For theflttxim of a Fraction.-^^From the fluxion of the 
numerator drawn into the denominator, subtract th& fluxion 
of the denominator drawn into the numerator, and divide 
the result by the square of the denominator. 

5th, Or, the 2dy 3^, and 4fth casis may be all included under 
cne, and performed thus.'t^T^ke the fluxion of the given ex»- 
pression as often as there are variable quantities in it, sup- 
posing first only one of them variable, and the rest constant; 
then another variable, and the rest constant ; and so on, 
till they have all in their turns been singly supposed variable; 
and connect all these fluxibns together with their own signs 

6th, For the Fluxion of a i^i^nV^.-^Divid^ the fluxion 
of the quantity by the quantity itself, and multiply the result 
by the modulus of the system of logarithms. 

N^e. The modulus of the hyperbolic logarithms is 1 , 
9Uiid the modulus of the common l^gs, is • 0*4342944S, 

7th, For the fluxion of an Exponential quantity y having the 
Rdca Constant. — Muhiply all together, the given quantity the 
fluxion of its exponent, and the hyp. log. of the root. 

8th, For the fluxivn of an Exponential quantity having the 
Root Variable. — ^I'othe fluxion of the given quimtity, found 
by the 1st rule, as if the root only were vari^We, add the 
fluxion of the same quantity found by the 7th rule, as if the 
exponent only were variable; and the sum will be the 
fluxion for botii of them variable. 

Note, When the given quantity consists of several terms, 
find the fluxion of each term separately, and connect them 
all together with their proper signs. 

31, PRACTICAL 



FLUXIONS^ S9» 

?1. P&AencAL EXAMPLies to fiXB&CISE THE fORECOING 

1. The flus^ion of asy, U 

2. The fluxion of bzyz is 

3. The 4uxion of f 4^ X {ax t- fA/) if : 
♦. The fluxion of x^jT ^ 

.5, ITie fluxion of ^"ya?' i^ 

6. The fluxion of (4? +y) >!? (x* — ^) b 

7. The fluxion of tax^is 
S. The fluxion of 2j:^ if 
9. The fluxion of 3x^ is 

40. The fluiion erf 4x^jf^h 

Jl. The flu:!i:Ion of.ax^y r- or'y is 

12. The fluxion of 4^?* — J;**^ + SAy« if 

13. The fluxion of !^x or x^ is 

J4. The fluxion pf i/x« or ^ is 

** • - 

15. The flaxion of ^r-^ or —^ or -r"" n is 

^-^ ' ;?: 

X 

)6. Th^ fluxion of Vr or 4:^ is 

X 

17. The fluxion of l/x or ^r^ is 

18. The fluxion of^jr* or ^^""^ is 

' 19. The fluxion of Vx^ or x^ is 

20. The fluxion of ^or' or :r^ is 

21. The fluiion oi^x^ or ^"^ is 

22. The fluxion of Via"- + ^*) or (a* + ^*)^ is 

23. The fluxion of V(<i^ - x^) or («* - ;r^) ^ is 

24. The fl4ixion of V{2rx — :i\r) or (2nr - x.r)^ is 

1 "^ 

25. The fluxion of Tjn Tn or («* "^ •^') * is 

/ 

I 

I 

26. The fluxion of {ax — .r.r)T is 
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27. The fluxion of 2x Vj* ± ;r* fa ' 
88. The fluxbn of (a* - jr*)^ is 
29. The fluxion of t^x% or [x%f is 



30. The fluxion of t^x% — AT or (jr:s — zz}t is 

1 X 

SI. The fluxion of — — r- or — f« * 13 

32. The fluxion of — ; is 

^ + 4r 

33. The fluxion of^is 

34. The fluxion of^is 

c 

55* The fluxion of — i$ 

56. The fluxion of — —\% 

a — X 

57. The fluxion of -4- is 

x + % 

x^ 

35. The fluxion of -r i^ 

89. The fluxion of — is 

40. The fluxion of -^^ is 

3 

41. The fluxion of /.^_ ,^ is 

42. The fluxion of the hyp. log* of at is 

43. The fluxion of the hyp. log. of 1 -f 4^ is 

44. The fluxion of the hyp. log. of 1 — a: is 

45. The fluxion of the hyp. log. of jr* is 

46. The fluxion of the hyp. log. of y/j^ is 

47. The fluxion of the hyp. log. of jr°* is 

48. The 
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48. The fluxion of the hyp. log. of ^ is 

X 

1 + jr. 
49^ The fluxion of the hyp. log. of ^ is 

1 -Ix 
10. The fluxion of the hyp, log. of ---t- — is 

51« The fluxion of ^ is 

52. The fiuxioQ of 10^ is 

53. The fluxion of (^ + r)« is 

54. The fluxion of 100*'' is 
hh. The fluxion of x^ is 

56. The fluxion of y^ is 

57. The fluxion of x* is 

58. The fluxion of (jry)« is 

59. The fluxion .of xy is 

60. The fluxion of ;r>» is . 

61. The second fluxion of xy |s 

62. The second fluxion of xy^ when x is constant, is 

63. The second jfuxion of or" is 

64. The third fluxion of x**, when x is constant, is 
^S. The third fluxion of xy is 



The inverse METHOD, on the FINDING of 

FLUENTS, 

32. It has been observed, that a Fluent, or Flowing Quan* 
tity, is the variable quantity which is considered as increasing 
or decreasing.' Or, the fluent of a given fluxion, is such a 
quantity, that its fluxion, found according to the foregoing 
rules, shall be the same as the fluxion given or propos^. 

33. It may further be observed,that Contemporary Fluents, 
or Contemporary Fluxions, are such as flow together, or for 
the same time.— When contemporary fluents are always 
equal, or in any constant ratio ; then also are their fluxions 
respectively either equal, or in that same constant ratio. 
That is, if a; zzyy then \% x => ; or \i x xy \\n\ 1, then 
\% x\y \\n\\\ oxii X zz nyj then is ;r = ny. 
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S4. It is easy to find the fluxions to all tbejgiven fbrms of 
fluents ; but^ on the contrary, it is* difficult to nnd the fluents 
of many given fluxions ^ ztid indeed there are numberless 
cases in whkh this cannot at all be done^ Excepting by the 
quadrature and rectification of curve lines^ (mt by logarithms, 
or by infinite series* Fori it is only in certain particular forms 
and cases that the fluents of givm fluxions can be found 9 
there being no method of performing this universallyjra priori, 
by a direct investigttioni like finding the fltixidn of a given 
fluent quantity. We can only therefert knr down a few 
rules for such forms of fluxions as we know^ nrom the direct 
method^ belong to such and such lands of flowing quantities : 
and these rulesi it is evident^ must chiefly consist in per- 
forming such operations as are the reverse of those by which 
the fluxions are found of given fluent quantities. The prin- 
cipal cases of which are as follow. 

35. To find the Fluent of a Simple Fluxion; or of that in nohich 
there is no variable quantity, and only onefiuxwnal quantity • 

This is done by barely substituting the variable or flowing 
quantity instead of its fluxion; being the result or reverse 
of the notation only. — Thus, 

The fluent oi ax is ax. 

The fluent of ^ 4- ^ is iij? + 2y* 

The fluent of ^^+1F* is v^^* +^. 

36. When any Power of a fiowing quantity is Multiplied by the 

Fluxion of the Root : 

Then> having substituted, as before, the flowing quantity, 
for its fluxion, divide the result by the new index of the 
power. Or, which is the same thing, take out, or divide by, 
the fluxion of the root ; add 1 to the index of the power i 
and divide by the index so increased. Which is the re- 
verse of the 1st rule for finding fluxions. 

So, if the fluxion proposed be - - Zx^x. 
Leave out, or divide by, x^ then it is - Zx^ j 
add 1 to the indej, and it is - - - Zx^\ 
divide by the index 6, and it is ^ - - ^x^ or l^r^ 
which is the fluent of the proposed fluxion Zx^x. 

In like mannei*, 

The fluent of 2^-r;e is /j.r\ 
The fluent of Zx'^x is ;r^ 

, ^ The 
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1 3 

The fluent of 4^^i is U*". 



7 



The fluent of 2i/^y is f y^. 

. The fluent of az^x is -^^riwj * . 

The fluent of .r** +. Sy^j is f .r ^ + f j^|.. 
The fluent of JT"""'* is i^\ 
The fluent of rn/'"~^y is 



K 



The fluent of -^^ or ar*« {s 



Z' 



The fluent of -r- is 

The fluent of (^ + xYx is 
The fluent of (^ +yjy'!r is 
The fluent of {a^ + z^Yz'z Is 
The fluent of (a" + :r")"»x*-'jc is 
The fluent ofia^+jf'ypk 

The fluent of ,,^, ~ . is 

X 

The fluent of ■■ .. ■ ■ ; — r is 

rj7. JrXf» M^ i?^ under m Vinculum is a Compound Quaff f if y^ 
and the Index of the part or factor Withntt the Vinculum^ in- 
creased by 1, fx some Multiple of that Ujtder the Vinculum : 

Put a single variable letter for the compound root j and 
substitute its powers and fluxion instead of those of the same 
value, in the given quantity; so will it be reduced to a sim- 
pler form, to which the preceding rule can then be applied. 

Thus, if the given fluxion be F = {a^ + x^Yx'^Xy where 
3, the index of the quantity without the vinculum, increased 
by 1, making 4, which is just the dotible of 2, the exponent 
of a:** within th^ vinculum : therefore, putting « zz d^ -{- x\ 

thence :r* =r « — ^j% the fluxion of which is 2xx = « ; hence 

• 

then x^x = ix^x = ^z(z — a*), and the given fluxion f, or 

2 2 5.2 

(fl* + x^)^x^x, is = iz^z (z — ^^) or = -Jz"^ s — ia^z^z j and 

8 5 5 

hence the fluent f is = -^z^ —-^d^v^^ = 3z^ ( j^ % — ^V*)- 
Qr, by substituting the value of z instead of it, the same 

fluent is3(«* + ^^^)'^ X (VT*r*--^V')>or A(^*+^i'') X Gi'^~ i^*)/ 

Vol 
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In like maimer for the following examples. 
To find the fluent of ^a + cx x x^xi 
To find the fluent of {a + rar)Tr*;r. 
To find the fluent ol{a + cx^)^ x tbfiif. 
To find the fluent of — ±=. or {a + %)^czL 

To find the fluent of — — rr-or (^ +z")-4rt;^' i. 
To find the fluent of 5 — or (^ + «*)^2r^i. 



To find the fluent of — ; — ^ or [a - x^yx st. 

x^' . 



SB* Wl^en there are several TerntSy involving 7W or more Va^ 
riable Quantities ^ having the Fluxion of each Multiplied by the 
dher Quantity or Quantities :■ 

Take the fluent of each term, as if there were only one 
variable quantity in it, namely, that whose fluxion is con- 
tained in it, supposing all the others to be constant in that 
term ; then, if the fluents of all the terms^ so found, be the 
very same quantity in aUx>f them, that quantity will be the 
fluent of the whole. Which is the reverse of the 5th rule 
for finding fluxions : Thus, if the given fluxion be ;ry + xyt 
then the fluent of xy is xy, supp<^ng y constant : and the 
fluent of :ry is also xy, supposing x constant : therefore xy is 
the required fluent of the given fluxion xy + xy. 

In like manner. 
The fluent ofxyz -{-xyz + xyk is xt/z. 
The fluent of 2xyx + x'^y is x^y. 

The fluent of 4^"'^;vy-J-2^^j(/ is 
The fluent of -^—i — or f is 

3/ y y 



I • 



The fluent of "^.axxy^ - ^ax^^y ^X 2axx ax'^y j^ 

y ^y 2yVy 

S9. When 
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39. tVien the given FlupAmal ExpressUn is in this F&rm -^-i — $ 

namely f a Fraction^ including Tkvo Quantities, being the J^uirion 
of the former of them drawn into the Utter, nanus the Fluxion 
of the latter drawn into the former, and divided by the Square 

of the latter: 

Then, the fluent is the fraction — , or the ftrmer quantity 
divided by the latter. That is. 

The fluent of -^2— ^ — is -^, And, in lik^ manner. 

The fluent of ^^^^^ ^ ""^^^ is 4. 

Though, indeed, the examples of this case may be per* 
formed by the foregoing one. Thus, the given fluxion * - 
xy — xy , X xy X , ' - , . >, 
'z — reduces to —r, or ^yjT > ^* whicn* 

the fluent of — is -=^ su{qK>9ingy ccmstant ; and 

X 

the fluent of — xyjf^ is also xjf^ or — , when x is constant ; 

' X XU *■" Xj 

therefore, by that case, — Is the fluent of the whole -* — ■: — . 

40. When the Fluxion of a Quantity is Divided by the Quantity 

itself: 

Then the floient is equal to the hyperbolic logarithm of 
that quantity ; or, which is the same thing, the fliient is 
equal to 2*30258509 multiplied by the common logarithm of 
the same quantity. 

• 

X 

So, the fluent of — or ;r~^;r, is the hyp. log. pf ^, 

X « ■ ' 

2x ' 
The fluent of -— is 2 x hyp. log. of x, or =» hyp. log. ;f % 

•^ 

ax g» ^ 

The fluent of—, is ^ X hyp. log. *r, or « hjp^log. xA j^\ 



The fluent of —T— , is 

a + X 

1ix*'x 
The fluent of — • — i, U 

a + x^ ■, 

Vol.. IL X 4:1. Man^ 
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41, Manjfiuents may he found by the Direct Method thus i 

, Take the fluxion again of the given fluxion, or the second 

fluxion of the fluent sought \ .into which substitute — for Xy 

i- 

--- for >', &c ; that is, make r, Xy x, as also .y,i,/, &c, to 

•J' 

be in continual proportion, or so that x \ x \\ x \ atV and - 

y -y ::i : i*, &c; then divide the square of the given 

fluxional expression by the second fluxion, just found, and^ 

the quotient will be the fluent required in many cases. 

Or the same rule may he otherwise delivered thus : 

In the given fluxion f, write x for x, y for^, &c, and call 

die result g, taking also the fluxion of this quantity, G ; then 

make G : f : : G : f; so shall the fourth proportional f be 
the fluent sought in many cases. 

It may be proved if this be the true fluent, by taking the 
fluxion of it again, which, if it agree with the proposed 
fluxion, will show that the fluent is right ; otherwise, it is 
wrong. 

EXAMPLES. 

Exam. K Let it be required to find the fluent of nx^^^^i. 

Here f = nx^^x. Write x for x^ then tix^^x or war" = g ; 

the fluxion of this is g = t^x^'^x ; therefore (i : f : : G : F, 
becomei rC-x^^^x : nx'^'^x : : «jr° : x^ = F,the fluent -sought. 

Exam. 2. To AikI the fluent of xy + xy. 

Here s •;=i ky -V xy \ theh, writing x for a-, andj^ for i, 

it is xy + xy or 2xy = g 5, hence G = 2iy + 2a^i ; then 

G : F : : G : F, becomes 9.xy + 2xy : xy-^xyw 2xy :xy z=. v^ 
the fluent sought. 

42. To find Fluents by means of a T^hle of Forms of Fluxmis and . 

Fluents, 

In the following Table are contained the most usual forms 
of fluxions that occur in the practical solution of problems, 
with their corresponding fluents set opposite to them ; by 
means of which, namely, by comparing arty proposed fluxion 
with the corresponding form in the table, the fluent of it will. 

b^ found. 

' ' ' , Forms^ 
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Forms. 



II 



m 



IV 



Fluxions. 



x-^x 



{a ± x^y^xf^x 



x""-** 



(a-± x°)»+' 



{a ± x")"-'* 



jp"'° + i 



V 



VI 



VII 



viii 



IX 



XI 



XII 



^* 



{myx-^-nxy) x \r™~y~*, 

or( h— k 5 

^ X y ^ 



or (m;cy2f + nxyz + r^ji«);r'" ^j^-^z**-^, 

V mx ny , rx 

or (— + — H )^°'vV, 

^ a J? 2 



— or ar^x 

X 



x'^^x 



a -^ X 



x~x 



a±x' 



X i 



a — X* 



X 



ao-1;p 



a'\'X' 



x'^'^x 



V ±a + x' 



Fluents. 



— or — *r 
n n 






m 



■ ^ w 



\ 



X 



^iBn 



/wwflf {a ± x")°* 



— 1 (£±0;^) 



m 



/»;70 



JT 



mn 



jr"/ 



X"v"2*' 



log. of jr 



± — log. of ^i ± ^" 



— log of — ; — 
na ^ a±x. 



1 , ^r ^^^+^- ^" 

T- lOff. Of — --- 



2 jt 

X arc to tan.y^*— > or 



a 



n^ a 

1 . /2— ^" 

— — X arc to cosine— -.—r 
nva a+x" 



-J'log.of^jr"+v'±^+^'' 



X2 



•««K*i«M|»i 



\ 

Ibwrmi 



SOS FORMS or FLUil&OMS and PLUE^fTS. 



Forms. 



XUI 



XIV 



XV 



XVI 



XVII 



XVIII 



Fluxions. 



' 



F/ttents. 



*1»-1. 



V^a — x' 



xT^x 



V'^**" 



2 . ^ 

-T- X arc to sin. v^ — ^ or 

1 2x" 

— X arc to vers. — 
n a 



— 7" log of ' 



a:"^;r 



-v/— ^ + j:' 



A'y^d;^ — jr* 



^nx^ 



x/iog^2+j«y^ 



2 :r» 

— ^ X arc to secant a/ — , or 
ns^a ^ a 

1 . 2^j - j;-" 
X arc to cosin. — 



n»J a 



2 

— circ. seg. to diam.i/ & vers.ar 

Is 



•nx 



« log. C 



Note. The logarithms, in the above forms, are the hyper- 
bolic ones, which are found by multiplying the common 
logarithms by 2-302585092994. And the arcs, whose sine, 
or tangent, &c, are mentioned, have the radius 1, and are 
those in the common tables of sines, tangents and secants. 
Also, the numbers m, n, &c, are to be some real quantities, 
as the forms fail when i« = 0, or « = 0, &c. 

Tie Use of the foregoing Table of Forms of Fluxions and Fluents. 

43. In using the foregoing table, it is to be observed, that 
the first column serves only to show the number of the forrri; 
in the second column are the several forms of fluxions, which 
are of different kinds or classes ; and in the third or last 
column, are the corresponding fluents. 

The method of using the table, is this. Having any 
fluxion given, to find its fluent: First, Compare the given 
fluxion with the several forms of fluxions in the second co- 
lumn of the table, till one of the forms be found that agrees 
with it ; which is done by comparing the terms of the given 
fluxion with the like parts of the tabular fluxion, namely, 
tberzikdX quantity of the one, with that of the other; and 

the 
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the exponents of the v:uriable quantities of each, bpth within 
and without the vmcuhim ^ all which, being found to agree 
or correspond, will give the particular values of the general 
quantities in the tabular form: then substitute those par- 
ticular values in the general or tabular form of the fluent, 
and the result will be the particular fluent of the given 
fluxion ; after it is multiplied by any co-efficient the pro- 
posed 'fluxion may have. 

EXAMPLES. 

Exam. l. To find the fluent of the fluxion Sx^x. 
This is foimd to agree, with the first form. And, by com- 
paring the fluxions, it appears that x zz. x^ and « — 1 = j., 
or /I = f ; which being substituted in the tabular flueQti or 

^J^jt", gives, after multiplying by S the co-efllcient, 3 x {x^^ 

or 1^"^, for the fluent sought. 

Exam. 2. To find the fluent o{5x''xs/F^\ or 5x'^x{c^-x^Y' 

This fluxion, it appears, belongs to the 2d tabular form : 
for a = c\ and — ;r" = — x^y and « = 3 under the vinculum, 
also m — \ zzz^^^oT m^ ii and the exponent °~^ of .r°"^ 
without the vinculum, by using 3 for «, is n — 1 =»= 2, which 
agrees with :r* in the given fluxion : so that all the parts of 
the form are found to correspond. Then, substituting these 
values into the general fluent, ;- an (^ — •^'')' > 

it becomes - i- X f (r^ - ^')* = - ^ (^ — •=^')* 



x^x 



Exam. 3. To find the fluent of f-;^ »• 

This is found to agree with the 8th form ; where - - - 
± jr" = + x^ in the denominator, or « = 3 ; and the niune- 
rator x""^ then becomes x^^ which agrees with the numerator 
in the given fluxion; also ^i == 1. Hence then, by substi- 
tuting in the general or tabular fluent, t log. of a + -^"j it 
becomes \ log. 1 + ^'. 

Exam* 4. To find the fluent of ax^x. 






Exam. 5. To find the fluent of 2 (10 + x'^xx. 

ox 

Exam. 6. To find the fluent of , ■ . ^x| -, 

' {c" + ^T 
^x^x 
Exam. 7, To find the fluent of t-^ 



Exam. 6. 



* . / 
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Exam. 8. To find the fluent of — -r— - ^. 

1 + 3 J 
Exam. 9. To find the fluent of x. 

Exam. 10. To find the fluent of ( — | ) x^f. 

X y 

• • - ^ 

Exam. 11. To find the fluent of ( — + J-)'^^'^' 

3x 3 

Exam. 12. To find the fluent of ~ or — o;'"'^, 

ax a 

_ ax 
Exam. 13. To find the fluent of 



•^ 3 - 2x 

^ 3;r Sx^^x 

Exam. 14. To find the fluent of ^ ^^ or oTI^* 

2x 2:r""*3«* 
Exam. 15. To find the fluent of =- — -rr:5 or ; ttj 

Exam. 16. To find the fluent of - _ \ . 

J. . 

ax X 

Exam. 17. To find the fluent of 



Exam. 1 8. To find the fluent of 



2 -^5? 
2xx 



ax X 
Exam. 19. To find the fluent of 



2 + x>' 

SiVx 
Exam. 20. To find the fluent of 



v^l +0:^ 



Exam. 21. To find the fluent of 



.«.• 



Exam. 22. To find the fluent of — . 

Vi - x^ 

Exam. 23. To find the fluent of . ' 

- s/^ - x^ 

Exam. 24. To find the fluent of 



»*• 



VI - ^ 

ax 

Exam. 25. To find the fluent of 



Exam. 26. To find the fluent of — ==. 



^-sjct^.^lV 
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«»*•. 



ax 



• ^he fluent 


of— .z^-^ 


aJt* 


• 1 


of 2iy/2j: 


— -«* 




of tf'^i. 


^ 




of 3/i^^i. 




:..:cnt 


of 3z^x log. 


2 + 3X2^^i 


.r.c llueut 


of(l +Jr', 


XX. 


tiiiu the fluent 


of (2 + x^) 


x^x. 



• hnd the fluent of x^xVd^ + x*. 



To find Fluents by Infinite Series. 

4 k When a given fluxion, whose fluent is required, is so 

complex, tli:it it cannot be made to agree with any of the 
forms in the foregoing table of cases, nor made out from 
tlie general rules before given ; recourse may then be had 
to the method of infinite series ; which b thus performed : 

Expand the radical or fraction, in the given fluxion, into 
an infinite series of simple terms, by the methods given for 
that purpose in books of algebra; viz. either by division or 
extraction of roots, or by the binomial theorem, &c ; and 
multiply every term by the fluxional letter, and by such 
simple variable &ctor as the given fluxional expression may 
contain. Then take the fluent of each term separately, by 
the foregoing rules, connecting them all together by their 
proper signs ; and the series will be the fluent sought, after 
it is multiplied by any constant factor or co-efllcient which 
may be contained in the given fluxional expression. 

45. It is to be noted however, that the quantities must 
be so arranged, as that the series produced may be a con- 
verging one, rather than diverging : and this is eirected by 
placing the greater terms foremost in the given fluxion. 
"When these are known or constant quantities, the infinite 
series will be an ascending one s that is, the powers of the 
variable quantity will, ascend or increase; but if the variable 
quantity be set foremost, the infinite series produced will be 
a descending one, or the powers of that quan' -'e- ' 

crease always more and more in the succeedii^ i- 

crease in the denominators of them, which is tl 



'. 
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1 — X 
^or example^ to find the fluent of r— — "li'^* 

Here^ by dividing the numerator by the dencmiinsrtor, the 
proposed fluxion becomes iv —2xx+ %x*x — Bx^x+Sx^x — &c j 
then the fluents of all the terms being t^en, give - - - 
X -^ j^ + x^ -- ^x* + 4«*** "" &c, for the fluent sought. 
Again^ to find the fluent of xj/^l — x*. 

Here^ b y ext racting the root, or expanding the radical 

quantity v^l — a;*, the given fluxion becomes - - - - 
X - ijr^x - ix^x - ^^x - &c. Then the fltzerits of all 
the terms, being taken, give x — -^x^ — -^^^ — yt^x^ — &C;| 
for the fluent sought. 

OTHEH EXAMPLES. 

bxx 

Exam. 1. To find the fluent of •- — — both in an ascend- 

a — X 

ing and descending series. 

hx , 

Exam. 2. To find the fluent of — ;; — in both series* . 

" a ^ X 

5x 
Exam. 3. To find the fluent of 



(a + xf 

Exam. 4. To find the fluent of ; — - x . 

1 +x — x^ 



Exam. 5. Given % = ■:7— ; — ^ to find z. 



fl* + a:' 



Exam. 6. Given « = — ; — x to find %. 

a + X 

ExAM.«7. Given « = Sx^a + or, to find z. 

Exam. 8. Given k = 2x^a* +^% to find z. 

Exam. 9. Given z = 4:x^a^ — x*, to find j5« 

Exam. 10. Given « = ; ■ , to find z. 



Exam. 1 1 . Given z = 2x^a^ — 4:% to find 2. 

Exam. 12. Given « = — , to find «. 

i^ ax — .^.^ 



Exam. 13. Given z = 2*:^a;^ + ^* + ^S to find ^. 
Exam. 14. Given z = 5^A/tf;y - a;xt to find ;;, 



^ % 



7> 
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To Correct the Fluent of any Given Fluxion. 

46. The fluxion found from a given fluent, is always 
perfect and complete j but the fluent found from a given 
fluxion is not always so ; as it often wants a correction, to 
make it contemporaneous with that required by the problem 
under consideration, &c: for, the fluent of any given fluxion, 
as X may be either Xj which is foimd by the rule, or it may 
be jr + r, or a: — r, that is x plus or minus some constant 
quantity c ; because both x and x^t have the same fluxion x, 
jind the finding of the constant quantity r, to be added or 
subtracted with the fluent as found by the foregoing rules, 
is called correcting the fluent. 

Now this correction is to be determined from the nature 
of the problem in hand, by which we come to know the re- 
lation which the fluent quantities have to each other at some 
certain point or time. Reduce, therefore, the general fluen-^ 
tial equation, supposed to be found by the foregoing rules, 
to that poinjt or time ; then if the equation be true, it is 
correct; but if not, it wants a correction ; and the quantity 
of the correction, is the difference between the two general 
sides of the equation when reduced to that particular point* 
Hence the general rule for the correction is this : 

Connect the constant^ but indeterminate, quantity r, with 
one side of the fluential equation, as determined by the fore* 
going rules; then, in this equation, substitute for the variable 
quantities, such values as they are known to have at any 
particular state, place, or time ; and then, from that par- ^ 
ticular state of the equation, find the value of r, the Constant 
ijuantity of the correction. 

EXAMPLES. 

47. Exam. 1. To find the correct fluent of « = ax^i. 

The general fluent is jz: = ax'^^ or z = ax^ + Cy taking in 
the correction c. 

Now, if it be known that z an^^ begin together, or that 
;r is = 0, when ^ = ; then writing for both x and j;, the 
general equation becomes = + ^^, or = r ; so' that, the 
value of r being 0, the correct fluents are « == ax\ 

But if z be = 0, when x is = ^, any known quantity; . 
then substituting for %, and h for 4^*, in the general equa- 
tion, it becomes = ab^ + O and hence we find ^ = - ti** ; y 
which being written for c in the general fluential equation, • 
it becomes z = a:r* — ab\{ov the correct fluents. 
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Or, if it be known that z is == some quantity </, when x 
is, = some other quantity as h\ then substituting d for %y and 
h for jr, in the general fluential equation % = ^rx* -f Cy it 
becomes ^ = a^* + r j and hence )& deduced the value of 
the correction, namely, c^=^ d^ a}^\ consequently, writing 
this value for c in the general equation, it becomes - - -. 
X =: ax^ — ah^ + </, for the correct equation of the fluents 
in this case* 

48. And hence arises another easy and general way of 
correcting the fluents, which is this : In the general equation 
of the fluents, write the particular values of the quantities 
which they are known to have at any certain time or po- 
sitiqn ; then subtract the sides of the resulting particular 
equation from the corresponding sides of the general one^ 
and the remainders will give the correct equation of the 
fluents sought. 

So, the general equation being % == ax^ \ 
write d for 2, and h for x, then d^=^ ah^\ 
hence, by subtraction, - z — ^Z = ax^ — ah\ 
orat = ax^ — ab^ + r/, the correct fluents as before. 

Exam. 2. To find the correct fluents of a r: Sxx\ z being 
=s when ;r is = a. 



Exam. 3. To find the correct fluents of i = 3x^a + x% 
z and X being = at the same time. 

Ex AM. 4. To find the corrfect fluent of i = —; sua. 

posing 2 and x to begin to flow together, or to be each 

= at the same time. 

2x 
ExiM. 5. To find the correct fluents of z = -; . ; sup- 

posing z and x to begin together. 



Of maxima and MINIMA 5 or. The GREATEST and 
LEAST MAGNITUDE of VARI4.BLE or FLOWING 
QUANTITIES. 

49. Maximum, deipiotes the greatest state or quantity 
attainable in any given case, or the greatest value of a vari- 
able quantity: by which it stands opposed to Minimum, 
which is the least possible quantity in any case. 

Thusf, 
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SIS 



Thus, the expression or sum a* + ^r, evidently increases 
as x^ or the term hx^ increases ; therefore the given expres- 
sion will be the greatest, or a maximum, when x is the 
greatest, or infinite : and the same expression will be a mi- 
nimum, or the least, when x is the least, or nothing. 

Again, in the algebraic expression a* — &r, where a and h 
denote constant or invariable quantities, and x a flowing or 
variable one. Now, it is evident that the value of this re- 
mainder or difierence, a* — bx^ will increase, as the term hx^ 
or as X, decreases 5 therefore the former will be the greatest, 
when the latter is the smallest ; that is a* — *x is a maxi- 
mum, when X is the least, or nothing at all ; and the differ- 
ence is the leasts when x is the greatest. 

50. Some variable quantities increase continually \ and so 
have no maximum, but what is infinite. Others again de- 
crease continually ; and so have no minimum, but what is of 
ncTmagnitude, or nothing. But, on the other Jiand, some 
variable quantities increase only to a certain finite magnitude, 
called their Maximum, or greatest state, and aft^r that they 
decrease again. While others decrease to a certain finite 
magnitude, called their Minimum, or least state, and after- 
wards increase again. And lastly, some quantities have 
several maxima and minima* 




J^ 



Thus, for example, the ordinate bc of the parabola, or 
such4ike curve, flowing along the axis ab from theirertex A, 
continually increases, and has no limit or maximum* And 
the ordinate gf of the curve efh, flowing from e towards 
lAt continually decreases to nothing when it arrives at the 
point H. But in the circle ilm, the ordinate only increases 
to a certain magnitude, namely, the radius, when it arrives 
at the middle as at kl, which is its maximum ; and after 
that it decreases again to nothing, at the point m. And in 
the curve noq, the ordinate decreases only to the position 
pp, where it is least, or a minimum ; and after that it con- 
tinually increases towards Q.^ But in the curve rsu &c, the- 
prdihates have several maxima, as st, wx^ and several mi- 
nima^ as yU| Tz, &c. 

5U Nq^^ 
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51. Now, because the .fluxion of a variiible quantity^ b 
the rate of its increase or decrease ; and because the max- 
imum or minimum of a quantity nrither/increases nor de- 
creases, at those points or states ; therefore such maximum 
or minimum has no fluxion, or the fluxion is then equal to 
nothing. From which we haye the following rule. ' 

To find' the Maximum or Mimmum. 

52. From the nature of the question or problem, find an 
algebraical expression for the value, or general state, of the 
quantity whose maximum or minimum \s required; th«i^ 
take the fluxion of that expression, and put it equal to no- 
thing ; from which equation, by dividing by, or leaving out, 
the fluxional letter and other common quantities, and per- 
forming other proper reductions, as in common algebra, the 
value of th j unknown quantity will be obtained, determining 

the point of tne maximum or minimum^ 

* 
So, if it be required to find the maximum state of tl^ 
compound expression 100:r — 5x^ dbc, or tl^e value of x 
when lOOx — Sx*- d: r is a maximum. The fluxion of this 
expression is lOO^r — lOjrxzzO; which being inade = (^ 
and divided by lOx, the equation is 10 — .r = O; and hence 
X = 10. That is, the value of ;c is 10, when the expression 
lOOjr — 5x*:t f is the greatest. As is easily tried : for if 10 
be substituted for j: in that expression^ it becomes ±^:-|-500: 
but if, for x^ there b^ substituted any other number, whether 
greater or less than 10, that expression will always be found 
to be le&s than ± r 4- ^^0> which is therefore its greatest 
possible Value, or its maximum. 

53. It is evident, that if a maximum or minimum be any 
way compounded with, or operated on, by a given constant 
quantity, th^ result will still be a maximum or minimum. 
That is, if a maximum or minimum be increased, or de- 
creased, or multiplied, or divided, by a given quantity, or 
any given power or root of it be taken ; the result will still 
be a maximum or minimiun. Thus, if a: be a maximum or 

X 

minimum, then also is ^ + <», or ;r — «, or ax^ or — ^ or x^y 
^ a 

or^jT, still a maximum or minimum. Also, the logarithm 
of the same will be a maximum or a minimum. And there- 
fore, if any proposed maximum or minimum can be made 
simpler by performing any of these operations, it is better to 
4o so> before the expression is put into fluxions. 

54. When 
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S4<. When the expression for a maximum or minimnm 
contains several variable letters or quantities ; take the fluxiov 
of it as often as there are variable letters ; supposing first one 
of them only to 8ow, and the rest to be constant; then an- 
other only to flow, and the rest constant $ and so on for all 
of them : then putting each of these fluxlbns n O, there wiH 
be as many equations as unknown letters, from which these 
may be all determined. For the fluxion of the expression 
must be equal to notlung in each of these cases \ otherwise 
the. expression might become greater or less, without alter- 
ing the values of the other letters, which are considered as 
constant* • 

So, if it be required to find the values of x and j whea 
42^ — xy + 2y is a minimum. Then 'we have, 
^ First, - Sxx — *y = 0,and 8^ — j/ = 0, orj/ = 8x. 

Secondly, 2> — xj = 0, and 2 — -r = 0, or ^ = 2. 

And hence i/ or Sx :=z 16. 

55« To find whether ^ proposed quantity admits of a Maximum 

or a Minimum. 

Every algebraic expression does not admit of a maximum 
or minimum, proptrly so calleS j for it may either increase 
continually to irrfnity, or decrease continually to nothing; 
and in both these cases there is neither a proper maximum 
nor minimum ; for the true maximum is that finite value to 
which an expression increases^ and after which it decreases 
again : and the minimum \% that finite value to which the 
expression decreases and after that it increases again. The^re- 
fore, when the expression admits of a maximum, its fluxion 
4s positive before the point, and negative after it ; but when 
it admits of a minimum, its fluxion is negative before, ahd 
positive after it. Hence then, taking the fluxion of the ex- 
pression a little before the fluxion is equal to nothing, and 
again a little after the same ; if the former fluxion be posi- 
tive, and the latter negative, the middle state is a maximum; 
but if the former fluxion be negative, and the latter positiire, 
the middle state is minimum. 

So, if we would find the quantity ^i^ — ^^ a maximum or 
minimum ; make its fluxion equal to nothing, that is, - - 
ai — 2XJV = 0, or {a — ^x)x zn ; dividing by i*, gives 
^ — gx = 0, or ;r = \a at that state. Now, if in the fluxion 
{a — 2x)x^ the value of x be taken rather less than its true 
value, \fli that fli^xion will evidently be positive ; but if x be 
taken somewhat greater than \a the value of a — 2.r, and 
consequently of the fluxion, is as evidently negative. There- 
fore, the fluxion of ax - x'- being positive before, and ne- 
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gative after the stale when its fluidon is = 0^ it follows that 
at this state the expression is jnot a minimum, but a maximum. 
Again, taking the expression x^ — aj:*, its fluxion Sx^x — 
2axx = ( ^o;" — 2a)xx =. ^ this divided by xx gives 3a: — 2^ = 0, 
and .r ='|tf, its true value when the fluxion of x^ — ax^ is 
equal to nothing. But nbw to know whether the given ex- 
pression be a maximum or a minimum at that time, take x a 
little less than \a in the value of the fluxion {^x — 2a) xx, 
and this will evidently be negative ; and again, taking x z, 
little more than |tf, the value of Sx — 2a, or of the fluxion, 
is as evidently positive* Therefore the fluxion of jc^ — ax^ 
being negative before that fluxion is = 0, and positive after 
it, it follows that in this state the quantity x^ — jjr* admits 
of a minimum, but not of a maximum. 

56. Some Examples for Practice. 

Exam. 1. To divide aline, or any other given quantity^, 
into two parts, so that their rectangle or product may be the 
greatest possible. 

Exam. 2. To divide the given quantity a into two parts 
such, that the product of the m power of one, by the ft 
power of the other, may be a maximum. 

Exam. 3. To divide the given quantity a into tliree parts 
such, that the continual product of them all may be a 
maximum. 

Exam, 4. To divide the given quantity a into three parts 
such, that the continual product of the 1st, the square of the 
2d, and the cube of the 3d, may be a maximum. 

Exam. 5. To determine a fraction such, that the difler- 
cnce between its m power and n power shall bje the greatest 
possible* 

Exam. (5. To divide the number 80 into two such parts* 
X and y, that 2.r* + xy + 3/ may be a minimum. 

Exam. 7. To find the greatest rectangle that can be in* 
scribed in a given right-angled triangle. 

Exam. 8. To find the greatest rectangle that can be in-t 
scribed in the quadrant of a given circle. 

^ Exam. 9. To find the least right-angled triangle that can, 
circumscribe the quadrant of a given circle. 

Exam. 10. To And the greatest rectangle inscribed in,,an4 
the least isosceles triangle circimscribed about, a given, semis- 

ellipse. 



TANGENTS. Sit 

Exam. 11. To determine the same for a gUtn parabola* 

Exam. 12. To determine the same for a given hyperbola* 

Exam. 13. To inscribe the greatest cylinder in a given 
cone ; or to cut the greatest cylinder out of a given cone. 

Exam. 1 4. To determine the dimensions of a rectangular 
cistern, capable of containing a given quantity a of water, sa 
as to' be lined with lead at the least possible expense. 

Exam. 15. Required^ the dimensions of a cylindrical tan- 
kard, to hold one quart of ale measure, that can be made of 
the least possible quantity of silver, of a given thickness. 

Exam. 16. To cut the greatest parabola from a given 
cone^ 

.Exam. 1 7. To cut the greatest ellipse from a given cone* 

Exam. 18. To find the value of x when 4?^ is a mininum* 



The method of TANGENTS ; 0«, To DRAt^ TAN- 
GENTS TO CURVES* 

57. The Method of Tangents, is a method of determining 
the quantity of the tangent and subtangent of any algebrak 
curve ; the equation of the curve being given. Or, viot^ vcrsa^ 
the nature of the curve, from the tangent given* 

If AE be any curve, and e be any 
point in it, to which it is required 
to draw a tangent te. Draw the 
ordinate ed : then if we can deter- 
mine the subtangent td, limited be- 
tween the ordinate and tangent, in 
the axis produced, by joining the 
points T, E, the line te will be the 
tangent sought. 

5?.' Let dae be another ordinate, indefinitely near to de, 
meeting the curve, or tangent produced in f / and let ,Ea 
be pariHel to the axis ad. Then is the elementary triangle 

f^ similar to the triangle tde ; and 

• therefore 
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therefore - ea z am : : ud z nr. 

But - - ea : az :: flux. £D : flax. 4D* 

Therefore - flux, ed : flux, ad : : i>e : dt. 
• «x 

That is, - J IX ::y:-.- zzDT; 

which is therefore the general value of the subtangent 
sought ; where x is the absciss ad, and j^ the ordinate DS« 
Hence we have this general rule. 

GENERAL RULE. 

59* By means of the given equation of the curve, w&en 

put into fluxions, find the value of either x or^, or of t- 

•^ 

wluch value substitute for it in the expression dt =~- 

and, when reduced to its simplest terms, it wiU be the value 
of the subtangent sought. 

» 

EXAMPLES. 

Exam. 1 . Let the proposed curve be that which is defined> 
or expressed, by the equation ax^ + x/" — ^' zz 0. 

Here the fluxion of the equation of the curve is 

2axx + y^x + 2xyy — 3/i = ; then, by transposition^^ 

2axx + y^x = Sy^y — 2xyy ; and hence, by division, 

X 3y* — 2xy ^ yx 3f — 2xf 

— = -^ r; consequently "V = -^ ; — r-. 

jf 2ax + / ' ^ ^ y 2ax+y' 

which is the value of the subtangent td sought. 

Exam. 2. To draw a tangent to a circle; the equation of 
which is ax — x* = / ; where x is the absciss, y the ordi- 
nate, and a the diameter. 

• Exam. 3. To draw a tangent to a parabola; its equation 
being ax = ^* ; where a denotes the parameter of the axis. 

Exam. 4. To draw a tangent to an ellipse; its equation 
being c^ {ax — x^) = ^y j where a and c are the two axes. 

Exam. 5. To draw a tangent to an hyperbola; its equa- 
tion being c^ (ax + at*) = a^y* ; where a and c are the two 

axes. 

• Exam. 6. To draw a tangent to the hyperbola referred to 
the asymptote as an axis ; its equation being xy = a* ; where 
a^ denotes the rectangle of the absciss and ordinate answer- 
ing to the vertex of the curve. 

Of 
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Op RECTI^ICAHONS ; Or, To find the LENGTHS 

OF CURVE LINES. 

60. Rectification, is the finding the length of a curve 
line, or finding a right lin# equal to a proposed curve. 

By art. 10 it appears, that the 
elementary triangle Eaej formed by 
the increments ofthe absciss, brdioatef 
and curve, is a right-angled triangle, of 
which the increment of the curve is 
the hypothenuse; and therefore the 
square ofthe latter.is equal to the sum 
of the squares of the two former ; that is, E^ = ^a* + a^. 
Or, substituting, for the increments, their proportional 

fluxions, it iS' %k= xjc +ii> or « = \/x* +y^ ; where z de- 
notes any curve Une ab, x its absciss ad, and y its ordinate D£» 
Hence this rule. 

RULE. 

61. From the given equation of the curve put into 
fluxions, find the yalue of x^ or }\ which value substitute 

instead of it in the equation iczij^ x^ +i* » then the fluents^ 
being taken, will give the value of z, or the length of the 
curve, in term$ of the absciss or ordinate. 

EXAMPLES. 

Exam. 1. To find the length of the arc of a circle^ in 
terms both of the sine, versed sine, tangent, and secant. 

The equation of the circle may be expressed in terms of 
the radius, and either the sine, or the versed sine, or tangent, 
or secant, &c,' of an arc. L$t therefore the radius of the 
circle be CA or ce = r, the versed sine ad (ofthe arc ae) =s x^ 
the right siine D£ = j?, the tangfent te =: /, and the secant 
CT =3 / ; then, by the nature of the circle^' there arise these 
equations^ viz. ' ^ 

/ = 2r^^^* = — -=-^r-. 

Then, by means of the flaxSons pf these equations,* with 
the general fluxional equation «* = ;^* +>*, are obtained the 
following fluxional forms, for the fluxion of the curve ; the 
fluent of any. one of which will be the curve itself; viz. 

"" *^2rx - »x^ Vr*^ / r* + /^"" '^IF^* 



63. From the given '«4uatlDn of the curve, find the value 
either of x or of j' ; which valiie substitute instead of it in 
the expresiion yi ; then the fluent of that expression, being 
taken, will be the area of the curve sought. 



Exam. 1. To find the area of the conitnOn parabola. 

The equation of the parabola hango" ^>'i where a is 
the parameter, * the absciss ad, or part o£ the axis, and jr 
the ordinate Db. 

From the equation of the curve is found y = ,/ax. This 
substituted in the general fluxion of the area jx gives i^ax 
or a^'^x the fluxion of the parabolic area; and the fluent 

of thisy or.^fl^*^ = -jJ Vax = ^xy, is the area of the para- 
bola 4DE, and which is. therefore equal to | of its circum- 
scribing rectangle. 

Exam. 2, To square the circle, or find its area. 
The equation of the circle being y- = ax — x^, or jp = 
^^ax — J-', where a is the diameter ; by s ubsti tution, the 
general fluxion of the area yxy becomes x^a.v — x^, for the 
fluxion of the circular area. But as the fluent of this cannot 
be found in finite terms, the quantity '/ax ~ .v- is thrown 
into a series, by extracting the root, and then the fluxion of ■ 
the area becomes -fl 

X x^ 1.3^' 1.3.5^:* , r^ 

i ^-7* X (1 -- - ^^, - 2Xi7' - 5Xi:8^ " ^''' 

and then the fluent of every term being taken, it gives 

-&c)i 



vx{- 



4.G.!lo^ 4;6.8.Jla* 
for the, general expression of the semisegment adb. 

And when the point d arrives at the estremity of the dia- 
meter, then the space becomes a semicircle, and .r 
then the series above becomes barely 

2 1 1 1.3 1-3.3. 



' 4.6.9 4.6 

r the area of the semicircle whose diameter is d. 



i 
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Exam. 3. To find the area of Bn7 parabo];i> whose eqi 
(ion is <i"'z'' =jp'"+". 

Exam- 4. To find the aiea of an ellipse. 

Exam, 5. To find the area of an hyperbola. 

Ezam. 6. To Gnd the area between thecurve and asymp- 
tote of an hyperbola. 

EiAM,7. To find the like area in any othef hypwboU 
whose general equation is x^y = o"+'. 



I 




To FIND THE SURFACES OF SOLIDS. 

6i. In the solid formed by the rota- 
tion of any curve about its axis, the 
surface may be considered as generated 
by the circumference of an expanding 
circle, moving perpendicularly along 
the axis, bat the expanding circum- 
ference moving along the arc or curve 
of the solid. Therefore, as the fluxion 
of any generated quantity, is produced by drawing the g*-^ 
nerating quantity into the fluxion of the line or direction iq 
which it moves, the fluxion of the surface will be found b^ 
ddwing the circumference of the generating circle into the 
fluxion of the curve. That is, the £uxion of the surface, 
BAB, is equal to ae drawn into the circumfei^ni 
whose radius is the ordinate de. 

65. But, if iT be = 3'I*16, the circumference of'a cirtS' 
whose diameter is \,s = Ao the absciss, y = db the orS- 
nate, and z = ae the curve j then 2y = the diameter sx, 
and 2cy = the circumference bcef ; also, a£ ;= x e= 
^/i' -1-i': therefore 2cyi or 2cyy/x^ + j' is the fluxion of 
the surface. And consequently if, from the given equation 
of the curve, the value of x orj be found, and substituted 
in this expression ^cy\/i'^ +.^% the fluent of the expressioni 
being then taken, will be the surface of the solid required. 



Exam. 1. To find the surface of a sphere, or of any aeg- ■ 
ment. 



In this case, A£ is 2 circular arc, vhote equation i 
jp* = ** — ^, or J = yax — r*. 

The fluxion or this pves y s ■- x = * ; 

2^ax^ — x^ 2ji 

-' ~ '-t + ix^ o' ~ ♦/ 

■ jc' = ■ — jf'; consequentlr 



> +i' : 



4/' 



, and i 



4y 
: Vi" +i" - 



2y 



This value of i, the fluxion of a circular arc, may be fotiiicl 
more easily thus : In the fig, to art. 60, the two triangles 
EDC, EiM are equiangular, being each of them equiangular to 
the triangle etc : conseq. ed : £C : : e<i ; £<-, that is, - - 

D : ia : : i : K = —-1 the same as before. 

The value of k being found, by substitution is obtained 
Qeyi^acx for the fluxion of the spherical surface, generated 
by the c'u-cular arc in revolving about the diameter ad. And 
the fluent of this gives acx for the said surface of the spheri- 
cal segment BAE. 

But <rf is equal to the whole circumference of the gene- 
rating circle) and therefore it follows, that the surface "of 
any spherical segment, is equal to the same circumference of 
the gejlerating circle, drawn into x or ad, the height of the 
segment. 

Also when .r or AD becomes «qual to the whole diameter «, 
the expression acx becomes aca or ea; or t times the area of 
the generating circle, for the surface of the whole sphere. 

And these agree with the rules before found in MensuiUi/ 
tion of Solids. 

Exam. 2. To find the surface of a spheroid. ,, 

Exam. 3. To find the surface of a paraboloid. 

Exam. 4. To find the surface of an hyperbotoid. . 



i 



To FIND THE CONTENTS of SOLros. 

66. An? solid which is formed by the revolution of 
curve about iis anis (see last fig.), may also be conceived to 
be generated by the motion of the plane of an expanding 
circle, moving perpendicularly along the a^fis. And there- 
fore 
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fore the area of diat circle being drawn into the fluxion of 
the axis^ will produce the fluJdon of the solid. That !$» 

AD X area of the circle bcjf, whose radius is de^ or diameter 
B£, is the fluxion of the solid> by art. 9. 

67. Hence, if ad = x* de =^9 c ^ 3*1416 ; because cf 
is e^ual to the area of the circle set ; therefore tfn is the 
fluxion of the sdid. Consequently if, from the given equa* 
tion of the curve, the value of either^ or x be found, and 
that value substituted for it in the expression cjf'x^ the fluent 
of the resulting quantity, being taken, will be the solidity of 
the figure proposed. 

EXAMPLES* 

Exam. 1. To find the solidity of a sphere, or any segment. 

The equation to the generating cir^e being j^* znax ^ jc% 
where a denotes the diameter, by substitution, the general 
fluxion of the solid cfx^ becomes caxx — cx^x^ the fluent of 
which gives Icax^ — \cx^^ or \ci^ (Sa — 2x), for the solid con^. 
tent ofthe spherical segment bae, whose-height ad is x. 

When the segment becomes equal to the whole sphere, 
then ;r =: 0, and the abotre expression for the solidity, be* 
comes ^cu? for the solid content of the whole sphere. 

And these deductions agree with the rules before given 
and dttnonstrated in the Mensuration of Solids. 

Exam. 2. To find the solidity of a spheroid. 

Exam. 3. To find the solidity of a paraboloid. 

Exam* 4. To find the solidity of an hyperboloid. 



To FIND LOGARITHMS. 

6S. It has been pn)ved, art. 23, that the fluxion of the 
* hyperbolic logarithm of a quantity, is equal to the fluxion of 
tlie quantity divided by the same quantity. Therefore, when 
any quantity is proposed, to find its logarithm ; take the 
fluxion of that quantity, and divide it by the same quantity ; 
then take the fluent of the quotient, either in 9 series or 
otherwise, and it wiU be the logarithm sought ; when cor- 
rected as usual, if need be ; that is, the hyperbolic logarithm. 

69. But, for any other logarithm, multiply the hyperbolic 
logarithm, above found, by the modulus of the system, for 
the logarithm souj[ht. 



Sn FLUXIONS. 

Note. The modulus of the hyperbolic logarithms^ is 1 ; 
and the modulus of the common fegarithms, is '43429448190 
ftc ; andj in general^ the modulus of anj system^ is equal to 
the logarithm of 10 in that sptem divided by the number 
2*S025850929940&c, which is the hyp. log. of 10. Also, 
the hyp. log. of any number, is in prqpordon to the com. log. 
of the same number, as unity or 1 is to *43429&c, or as the 
number 2*S025M&:c, is to 1 ; and therefore^ if the common 
log. of any number be multiplied by 2'3025S5&c, it will 

E* ve the hyp. log. of the same number ; or if the hyp^ log. 
i divided by 2-302585&C, or multiplied by '43429^c, it 
will give the common logarithm. 

<i -f" •^ 

Exam. 1. To find the log. of . 

a 

Denoting any proposed numW «, whose logarithm is 

required to be found, by the compound expression ... 

« , the fluxion of the number «, is^ — , and the fluxion 

a a 

Z X X ^x x^x x^x ^ ^ 

of the log. — = — ; — = r + ":T— "t: +&c. 

Then the fluent of these terms give the logarithm of z 

a 4^ X X X* x^ ' x^ 
or loganthm of —-=---, + -,--, &c. 

•,r • • r -1 ^"••^ X X^ X^ X* ^ 

Writmg — X for x, gives log. — — = — - —^ - — — .&c. 

tf ii 2fl* ^a} 4tf* 

Div. these numb, and 1 a^ x ^ 2x 2x^ 2x^ 
subtr. their logs, gives I^^K- a- x "" "7 "^ 3^* "*" 5^ ^ ^^' 

Also, because.— — = 1 -^- ■', or log. — • — = — log. ; 

a:±,x a ', " a-x-X ° a 

4t X jr* ' x^ x^ 

therefore log- of ^+^ « - - + ^ - 5^ + -, &c, 

and the log. of^^is + £ + |. + g + £) &<;, 

the prod, gives log. ^—^.= "^ + g,+ £ + &c. 

Now, for an example in numbers, suppose it were required 
to compute the common logarithm of the number 2. This 
will be best done by the series, 

1««. ^f ^ + ^ ^ ,x x^ x^ x'' ^ 

Making 
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M^Adng = 2, gives a =b 3x} con^. — rz -J, and --^ 

zs |., which is the constant factor for eyery succeeding term; 
also,2in = 2 x '43429448190 = -868588964 j ther/cfore the 
calculation will be cpnveniently made, by first dividing this' 
number by 3, then the quotients successively by 9, and 
lastly these quotients in order by the respective numbers 
lyS, 5, If 9, &c> and after that^ adding all the terms toge* 
ther, as follows : 



3) 


1 'S68588964 








9] 


) 289529654 


1 ) 


•289529^54 | 


r •239529654 


9] 


1 32169962 


3 ) 


32169962 ( 


; 1072.^321 


9] 


1 3574440 


• 5). 


3574440 < 


[ 714888 


9] 


) 397160 


7 ) 


897160 ( 


[ 56737 


9 ] 


1 44129 


9) 


44129 { 


; 4903 


9] 


> 4903 


11 ) 


4903 1 


[ 446 


9 


) 545 


13) 


545 1 


[ 42 


9; 


) 61 


15) 


61 1 


[■ ^ 4 



Sum of the terms gives log. 2 = -301029995 



Exam. 2. To find the log. of ^"^^ . 

Exam. 3. To find the log. of a — x. 
Exam. 4, To find the log. of 3, 
Exam. 5^ To find the log. o£5. 
Exam. 6. To find the log/ of 11. 



To FIND THE POINTS OF INFLEXION, or op 
C(»ITRARY FLEXURE in CURVE& 

70. The Point of 
Inflexion in a curve, is 
•that point of it which 
separates the concave 
from the convex part, 
lyingbetween thetwo ; 
or where the curve 
changes from concave to convex, or from convex to concave, 
*oa the same side of the cutve. Such as the point e in the 
annexed figures, where the former of the two is concave 

towards 
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towards the axis ad> from a to e, but conyex from x to f; 
and on the contrary, the latter figure is convex from A to E> 
and concave from £ to F. 

71 . From the nature of curvature, as has been remarked 
])efbre at art. 28, it is evident, that when a curve is concave 
towards an axis, then the fluxion of the ordinate decreases, 
or is in a decreasing ratio, with regard to the fluxion of the 
absciiss ; but, on the contrary, that it increases, or is in an 
increasing ratio to the fluxion of the absciss, when the curve 
is convex towards the axis; and consequently those two 
{[uxions are in a constant ratio at the point of inflexion, 
where die curve is neither convex nor concave; that is, x i&. 

^oj in a constant ratio, or -r or -r- is a constant quantity. 

3ut constant quantities have no fluidon, or their fluxion is 

equal to nothing ; so that in this casei the fluxion of 

■ • 

-r or of "T- is equal to nothing. And hence we have this 

jreneralrule: 

72. Put the given equation of the curve into fluxions ; 

from which find either -t- or -:-. Then take the fluxion of 

9c y 

this ratio, or fr^u:tion, and put it equal to or nothing ; and 

X y 
from this last equation fin4 also the value of the same -r or -r • 

Then put this latter value equal to the former, which will . 
form an equation ; itova whidi, and the first given equation 
of the curve, x and 3/ will be determined, being the absciss 
and ordinate answering to the point of inflexion in the 
curve, as required. 

EXAMPLES* 

Exam. l. To find the point of inflexion in the curve 
Hrhose equation is ax*- = try + x'^y. 

This equation in fluxions is 2axx = a^y + ^xyx + x*^, 

which gives — = r 5 — . Then the fluxion of this quantity 

y ^ox ^xy 

made = 0, gives 2xx {aX'-:fy) = {a^ ■\- x^) x (ax - xy - xy) ^ 

^ ^. . . X a^-^x^ X 
and this again gives -r-== -; x . 

X ' 

I^tly, thii value of -r- being put equal the former, gives 

^ a^ + X- 
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gi^JLmj!^ . X a* + .r* 1 

-r : . = — ^; — . ^ ; and heace 2j;* = «* — x*. 

Of 3jr* = fl% and a: = «-/-}, the absciss. 
Hence alsoy from the original equation. 



ax" 



^ ^ a' + ar' 



^ 5=: ^, the ordinate of the point of in- 



flexion sought. 
Exam. 2. To find the point of inflexion in a curve de- 

I m * • 

fined by the equation ay = a^ax^ + xx.. 

Exam. 3. To find the point of inflexion in a curve defined 
by the equation at^ = d^x+x^. 

Exam. 4. To find the point of inflexion 
in the Conchoid of Nicomedes, which is 

fenerated or constructed in this manner : 
rom a fixed point ?» wbich is called the 
pole of the conchmd, draw any number of 
right lines PA, pb, pc> PX, &c, cutting 
the given line fd in the points f, g, h» i. 
Sec: then make the distaiices fa, gb, hc, ie, &c, equal 
to each other, and equal to a given line ; then the curve line 
ABCE&c, will be the conchoid; a curve so called by its in- 
ventor Nicomedes. 




To FIND THE RADIUS OF CURVATURE of CURVES. 

73. The Curvature of a Circle is constant, or the same 
in every point of it, and its radius is the radius of curvature. 
But the case is different in other curves, every one of which 
has its curvature continually varying, either increasing or 
decreasing, and every point having a degree of curvature 
peculiar to itself; and the radius of a circle which has the 
same curvature with the curve at any given point, is the 
radius of curvature at that point ; which radius it is the bu- 
siness of this chapter to find. 

74« Let Ait,e be any curve, con* 
e^ye towards its axis ad ; draw an 
prdiiiate DE to the point £, where 
the curvature is to be found ; and 
supposije ^c perpendicular to the 
curve, an4 equal to the i:adius of 
curvature sought, or equal to the 
radius of a circle having the same 
curvature there, and with that ra- 
4ius - describe the said equaliy- 




■^ 
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, curved circle BEf ; lastly, draw id parallel to ad, and de pa- 
Ljallel and indefinitely near to de : thereby making ^d the 
~ iition or increment of tlie absciss ad, also de the fluxion of 
E ordinate de, and Ef that of the curve AE. Then put 
'=■ AD, y ^ DE, « =^ AE, and »- = CE the radius of curva- 
ture J then is ^d = j, rff = j, and 6^=21. 



Now, b 



.. triangles, the thre 
s the three 



lines Ef/) de^ e^i 



are respectively a 
therefore 

and the flux, of this eq. is gc . Jr + gc ■ jf = CE._y + CE.^, 
or, because gc = — bg, it isGC .*— bg .* = ge. . y •\- ce .y . 
But since the two curves ae and Bit have the same cur- 
vature at the point e, their abscisses and ordinates have the 
same fluxions at that point, that is, Et/ or :? is the fluxion 
both of AD and bg, and de or j is the fluxion both of de 
and GE. In the equation above therefore substitute x for 
BGi and j for CE, and it becomes 

Gci - ji = G^y -\-yy, 
or GCjr - Qtj = i' -\-y'- = ^. 

Now multiply the three terms of this equation respectively 
by these three qu'antltie; 

and it becomes - - • 



GC 



, which are all equal, 



and hence is found r 



,, for the general value of 



the radius of curvature, for all curves whatever, in terms of 
the fluxions of the absciss and ordinate* 

75. Further, as in any case either * or y may be supposed 
to flow equably, that is, either * or _^ constant quantities, or 
a or 3 equal to nothing, it follows that, by this supposition, 
either of the terms in the denominator, of the value of r, 
may be made to vanish. ■ Thus, when i is supposed constant, 
* being then = 0, the value of r is barely - - - _ . 



yx 



T. wheni is constant. 



Exam. 1. To Bud the radius of curvature to any point 

of 
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of a parabola, whose equation is at =^» its vertex being a, 
and axis ad. 

Now, the equation to the curve being at s v*, \3it fluxion 
of it is aje = 2yi ; and the fluxion of this again is'^iir «= l{f*» 
supposing^ constant ; hente then r or 

rr or rz is = ^ s» — ^' — 7:^1 * 

for the general value of the radius of curvature at any point 
S| the ordinate to which oits ofi^the absciss ad ss x. 

Hence, when the absciss x is nothing, the last- expression 
becomes barely 4^ =f r, for the radius of curvature at' the 
vertex of the parabola; that is, the diameter of the circle of 
curvature at the vertex of a parabola, is eqtjal to a, the pa* 
rameter of the axis. . 

Exam. 2. To find the rad ius of c urvature of an dlips^ 
whose equation is:«y =s ^ . ajt — jr*. 

(o*^ + 4 (fl* — ^) X (or - **)* 
Ans* r = ^r-r i ^* 

• * 

Exam. 3- To $.nd the radius o f curvatu re of an hyper- 
bola, whose equation is «*j/* = ^ . at + x*. 

Exam* 4. To find the radius of curvature of the cycloid. 

Ans. r s: 2^aa — ojf, where jc is the absciss, and 
a the diameter of the generating circle. 



Of involute and EVOLUTE CURVES. 

. 76. An Evolute is any curve supposed to be evolved or 
f^aed, which having a thread wrapped olose about it, fasten* 
ed at one ^d, and beginning to evolve or unwind the thread 
from the other end, keeping always tight stretched the part 
which is evolved or wound oflT: then this end of the thread 
will describe another curve, called the Involute. Or, the 
same involute is described in the contrary way, by wrapping 
the thread about the curve of the c^volute, keepiug it at the 

same time always stretched* * _ 

77. Thus 
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77. Thus, if EF^H be any corf^ 
and Asbedtbermpaitof d^cnrrcy 
or a rig^ line x then if a thread be 
fixed to tbe cmre at H> and be 
voimd or plied dose tothe curves 
&C9 firofln H to Ay keeping the thread 
always stretched ti}|^t; the other 
end of the thread will desaibt a 
certain curve abcd, called an Invo- 
Inte ; the first conre cfCH bcsng it$ 
evobtte. Or, if the thread, Sxitd 
at H,be unwound from the curve, beginning at A, and keep« 
ing it always tight, it wiU describe tl^ same involute abcd» 




78. If AE, DF, CG, DH, 8cc, be any positions of the 
thread, in evolving or unwinding; it fofiows, that these 
parts of the thread are always the radn of curvature, at the 
correqmnding pcnnts, a, b, c, d ; and also emial to the cor* 
re^nding lengths A£> A£f, abfg, aefgh, &[ the ev<dute ; 
that is, 

AE r= AE is the radius of curvature to the point a, 

BF =x AF is the radius of curvature to the point b, 

CG = AG is the radius of curvature to the point c, 

DH =: AH is the radius of curvature to the point d. 



79. It also follows, firom the premises, that any radius of 
curvature, bp, is perpendicular to the involute at the point b, 
and is a tangent to the evolute curve at the point f. Also, 
that the evolute is the locus of the centre of curvature of the 
involute curve. 



80. Hence, and from art. 74, it 
vrill be easy to find one of these 
curves, when the other is given. 
To this purpose, put 

X ss AD, the absciss of the invdiute, 
y =z DB, an ordinate to the same, 
X 2= AB, the involute curve, 
r = EC, the radius of curvature, 
V = BF9 the absciss of the evolute BC, 
=: Fe, the ordinate of the same, and 
s AB, a certain given line. 
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INVOLUTES AKD EVOLUTES. SU 

TIien> by the natura of the radius of curvaturej»^ it is 
r = rn rr. = BC = AE + EC ; also, by sim. triangles, 



yx — ^ 



rx *« 



% yx - xy 



• ■ 



• . • . . . ^ — 2L ^^*^ 



« JJf — xj 

• •• 

Hence ef == gb — db = : 



yx — xj^ '' 

yi^ 

and FC =» AD — AE +GC=:X — tf + . ' ■ w =^} 

which are the values of the absciss and ordinate of the? 
evolute curve ec \ from which therefore these majr be fbttad/ 
when the invohite is ^ven. 

On the contrary, if v and u^ or (he evolute, be given \ 
then, putting the given curve ec = 5, since cb =s AS + sc^ 
or r = ^7 4- /, this gives r the radius of curvature. Also, \rg 
similar triangles, there arise these proportions,.viz. 



• 



• • rv tf + J" • 

/ : V : : r : -r = — : — v = GB, 

s s 

and J : « : : r : -r = • « =r go; 

J" . 

theref. ad = ab + fc — go = ^ + i^ — ^^— r^« = ir, 

X 

/» + / . 
and DB s= GB — GD =: GB — EF = — r— v — v = >; 

s 

which are the absciss and ordinate of the involute curve, and 
which may therefore be found, when the evolute is given* 

Where it may be noted, that j* == v* + «*, and «^ = i* +^*» 
Also, either of the quantities :r, y^ may be supposed to flow 
equably, in whiqh case the respective second fluxion, x ory% 
will be nothing, and the corresponding term in the denomi- 
nator ^x — xy will vanish, leaving only the other term in its 
which will have the efl^ect of rendering the whole operation 
simpler. 

81. EXAMPLES. 

Exam. 1. To determine the nature of the curve by whose 
•volution the common parabola ab is described. 



i 



3S6 FLUXIONS. 

Here the equation of the given involute IB, hex ^'7/^ 
where c is the parameter of the axis aj>.' Hence- then 

y = ^cx^ aDdi= t-^v^— > akoi = "J^^ "J^^y making 

X constant. Consequently the general values of v'and n^ or 
of the abscise and ordinate^ E^ and fc^ above given, become^ 
in that case, 

EP = v = ~-^. -y = — ^-y==4^V^— ; and 

FC = « = .r — tf H rr 3a: + ic — tf . 

But the vglue of the quantity a or ae, by exam. 1 to 
art. 75, was found to be 4^ $ consequently ^<^ last quantity^ 
FC 01* w, is barely = 3x. . 

Hence th^n, comparing the values of v and 1^, there is 
found SvVf = AtuVx^ or 27m* = 16i/* ; which is the equa- 
tion bety^e^h the absciiss and ordin^i'te of the evolute curve 
Sifi sKbWihg it to bi the semicubical pjtirabola. 

Exam. 2. To^ determine the evolute of the common cy^ 
doid. * Ans. another cycloid, equal to the former. 



To Find the CENTRE of GRAVITY. 

* 

82. By referring to prop. 42, &c, in Mechanics, it is seen 

what are the principles and nature of the Centre of Gravity 

in any figure, and how it is generally 

expressed. It there appears, that if 

pAQ^be a line,or plane, drawn through 

any point, as suppose the vertex of any 

body, or figure, abd, and if - - - 

s denote any section sf of the figure, 

rf = AG, its distance beldw pq, and 

b = the whole body or figure abd ; 

then the distance AC, of the centre of • 

. , , . . „ ^ J, sum of all the lif 
gravity below PQ,is universally denoted by 7 • 

whether abd be a line, or a plane surface, or a curve super* 
ficies, or a solid. 




- / 
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But the sum of all the ds, is the same as the fluent of db, 

and b is the same as the fluent of b ; therefore the general 
expression for th^ distance of the centre of gravity^ is AC = 

fluent of xb fluent xb > j ■, • i_i «• ^ 

— _ = J putting J? =: a the vanablc distance 

fluent of ^ ^ 

AG. Which will divide into th^ following four cases. 

83. CaseI. When ae is som e line, as a curve suppose. 
In this case 3 is = « or -v/;r* 4-i% the fluxion of the curve ; 

- . • fluent of ^« fluent of j:'VA^-f^* 

2fnd b = z: theref. Ac = = 

z z 

is the distance of the centre of gravity in a curve. 

84. Case 2. When the figure abd is a plane; then 
b = yx ; therefore the general expression becomes Ac zs 

fluent oiyxx ^ v j. ' r i t - - 

-rz -^—r for the distance of the centre of gravity in a 

fluent oti/x ^ ' ' 

plane. 

85. Case 3. When the figure is the superficies of a body 
generated by the rotation of a line aeb, about the axis Alt. 
Then, putting r = 3*14159 &c, 2cy will denote the circum- 
ference of the generating circle, and 2cyz the fluxion of the 

^ , - fluent of 2fy;r« fluent of yjri 

surface ; therefore AC = -r ?t; "~^ ="5 r"^ will 

fluent or 2cy» fluent or yz 

be the distance of the centre of gravity for a surface gene- 
rated by the rotation of a curve line z. 

86. Case 4. When the figure is a solid generated by tht 
rotation of a plane abh, about the axis ah. 

Then, putting r = 3* 14 159 &c, it is r/ = the area of 

the circle whose radius is j?, and cy^x i= by the fluxion of th^ 
solid; therefore -•-----------. 



AC 



fluent of xb fluent of cy^xx ^ fluent of y^xx 
"" fluent of ^' "" fluent of r/jf "^ fluent of /*• 
the distance of the centre of gravity below the- vertex in a 
solid. 

87. examples. 

Exam, l . Let the figure proposed be the isosceles triangle 

ABD. 

It is evident that the centre of gravity C, will be some- 
VoL. II. Z ^^««^^ 



■ KZ_( 




S3S PLtJXlOt^S. 

wbere in the perpendicular ah. Now, if « 

denote ah, c = bd, x = AG, and^ = ef 

any line parallel to the base bd :. then as 

ex ^ - 

a\c \\ a: \y -zz. — 5 therefore, by the 2d 

o 

-, fluent v^-x fluent jr*:? ir' u H if 

Case, AC =- 7- -^ — == ' ^ ^- — 

fluent yj^ ' fluent a: jt ^* 

z=.\x z=z lAH, when x becomes = ah : consequently ch = 

In like manner, the rent re of gravity of any other plane 
triangle, will be found to be at \ of the altitude of the trian- 
gle ; the same aS it was found in prop. 43, Mechanics. 

Exam 2. In a parabola; the distance from the vertex is 
\Xy or J of the axis. 

Exam. 3. In a circular arc \ the distance from the centre 

cir 
of the circle, is — ; where a denotes the arc, c its chord, and 

a 

r the radius. , ^ 

Exam. 4. In a circular sector; the distance from the centre 

'2cy ■ 
of the circle, i& ■-— : where a\ r, r, are the same as in exam. 3. 

3a 

Exam 5. In a circular segment , the distance from the. 

centre of the circle is r-~- ; where c is the chord,- ;ind a the 

I2a 

area, of the segment. 

Exam. 6. In a cone, or any other pyramid; the distance 
from the vertex is {x, or ^ of the altitude. 

Exam. 7. In the semisphere, or semispheroid ; the distance 
from the centre is |r, or 4 of the radius ; and the distance 
from the vertex -l of the radius. 

Exam. 8. In the parabolic conoid -^ the distance from the 
base is jjr, or -J- of tlie axis. And the distance from the ver- 
tex I of the axis. 

Exam. 9. In the segment of a sphere, or of a spheroid; 

2a — X. 
the distance from the base is 7^3-7- ^; where x is the height 

of the segment, and a the whole axis, or diameter of the 
sphere. 

, Exam. 10. In the hyperbolic conoid; the distance from 

. 2a + X' 

the base is -x ; where x is the heiffht of the conoid, 

6a -\- 4x ° ' 

stnd a the whole axis or diameter. 

PRACTICAL 
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PRACTICAL QUESTIONS. 

q^jESTION I. 

A LARGE vessel, of 10 feet, or any other given depth, and 
of any shape, being kept constantly fuUof water, by means 
of a supplying cock, at the top \ it is proposed to assign the 
place where a small hole must be made in the side of it, so 
that the water may ipout through it to the greatest distance 
on the plane of the base. 

Let AB denote the height or side of 
the vessel ; d the required hole in the 
side, from which the water spouts, in 
the parabolic curve DG, to the greatest 
distance bg, on the horizontal plane. 

By the scholium to prop. 68, Hy- 
draulics, the distance BG is always equal 

to 2v/ad . DB, which is equal to 

2 Vx^a — x") or 2^ ax — ;r*, if ^ be put to denote the whole 
height AB of the vessel, and jr = ad the depth of the hole. 

Hence 2^/ ax — x\ or ax -^ jr% must be a maximum. In 
fluxions, ax — 2xx = 0, or a -^ 2x zzO^ and 2x = «, or 
X zz \a. So that the hole D must be in the middle between 
the top and bottom ; the same as before found at the end of 
the scholium above quoted. 







^ESTION II. 

If the same vessel, as in Quest. 1, stand on high, with 
its bottom a given height above a horizontal plane below ; it 
is proposed to determine where the small hole must; be made, 
so as to spout farthest on the said plane. 

Let the annexed figure represent the 
vessel as before, and bo the greatest 
distance spouted by the fluid, dg, on 
the plane 6g. 

Here, as before, ^o = 2y^AD . d^ 

= 2k/ J^{c.— vT) =: 2s/cx — x% by 
putting A^ = Cy and ad = x. So that 

2 Vex — JT* or ex — jr* must be a max- 
imum. And hence, like as in the former question, * ... - 
X = ir = \kb. So that the hole D itiust be made in the 

Z 2 xn\^^\f^ 
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middle between the top of the vessel, and the given plane, 
that the water may spout farthest. 

QUESTION III^ 

But if the same vessel, as before, stand on the top of an 
inclined plane, making a given. angfe, as suppose of 30 de- 
grees, with the hbrizoh ; it is proposed to determine the 
place of the small hole, so as the water may spout the far- 
thest on the said inclined j^ane. 

Here again (d being the place of the 
hole, and bg the given inclined plane), 

IfG = 2^ AD . i>b = 2\/x{a -r X ±,z)9 

putting z = hby and, as before, a = ab, 

and X = AD. Then be must still be a 

maximum, as also bJ, being in a given 

ratio to the maximum bg, on account 

of the given angle b. Therefore ax ^ 

X* ± a z, as well as z, is a maximum. Hence, by art. 54 of 

the Fluxions, ax — 2xx ± zx =r 0, or « — 2^' i z = O ; 

conseq. ± z = 2jr — a; and hence bG = 2x/x(a — *r ± z) 
becomes barely 2x. But as the given angle Gsb is = 30% 
the sine of which is i 5 therefore bg = 2b^ or 2z, and bo^ = 
EG* - B^' = 3z" = 3 (2 a: - a)\ or be = ± .{2.r - a)^S. 

Putting now these two values of bo equal to each other, 
gives the equation 2x zz ± (2x— tf)>/3, from which is found 

X = TVq" r~7 = — 7 — ^9 1"® value of ad required. 

Note, In the Select Exercises, page 269, this answer is 

brought out ~r — ^, by taking the velocity proportional 

to the root of half the altitude only. 

(^E^TION IV. . 

It is required to determine the size of a ball, wl^ich, being 
let fall into a conical glass full of water, shall expel the most 
water possible from the glass ; its depth being 6, and dia- 
meter 5 inches. 

Let ABC represent the cone of the 
glass, and dhe the ball, touching the 
sides in the points d and e, the centre of 
the ball being at some points f in the 
axis Gc of the cone . 



Put 
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Put AG == GB =: 24. = i7, 
CC = (» = by 



AC = Vag* + GC^ = (Jl = r, 

AD = FE = FH = ;r the radius of the ball. 

The two triangles acg and dcf are equiangular ; theref. 

ex 
AG : Ac : : DF : re* that is, « : ^ : : x : — = fc; hence 

a 

ex ^ , . ex. 

GF Z= GC — FC = ^ , and GH = GF -|- fh = ^ + *^ 

a a 

the height of the segmient immersed in the water. Then (by 

rule 1 for the spherical segment, page 51), the content 

of the said immersed segment will be (6df — 2Gn) x GH* 

ex cx 

X -5236 = {2x ~, iJ + — ) X (^ + ^ )'x 1-0472, 

a \ a 

which must be a maximum by the question; the fluxion of 

this made = 0, and divided by 2x and the common factors, 

2/jf+^ e — a. ,2a '\-e ,. e — a ^ 

gives X (6 -2^)— ( x — if)x — -x2=0; 

a a a a 

abe 

this reduced gives x = ; r — , ,. , = 244, the ra- 

^ (r — fl) X (^ + 2a) ^* 

dius of the ball. Consequently its^ diameter is 4^ inches, 

as required. 



PRACTICAL EXERCISES concerning FORCES; 
WITH THE RELATION bbtvs^een them and the* 
TrME, VELOCITY, and SPACE described. 

Before entering on the following problems, it will be 
convenient here, to lay down a synopsis of the rheorems 
which express the several relations between any forces, and 
their corresponding times, velocities, and spaces, described; 
which are all comprehended in the following 1 i theorems, 
as collected from the principles in the foregoing parts of this 
work. 

Letyi F, be any two constant accelprative forces, acting 
on any body, during the respective tinie: /, t, at the end of 
which are generated the velocities v, v, and de^c»ib?d the 
spaces J", s. Then, because the spaces are as the times and 
velocities conjointly, and the velocities as the forces and 
times J we shall have, 



1. 
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I. In Constant Forces. 

^ _^ tv ^ ff v*F 

s "'. TV "" T*F "* y^f 

V "" FT " S/ "" FS' 

/ ^ FV ^ JV- ^ -Fi 

T "~ yV "~ SV "^ fo' 

T "" Fv" "^ 7^ "■ vv' 

And if one of the forces, as f, be the force of gravity at 
the surface of the earth, and be palled 1, and its time T 
be = 1^5 then it is known by experiment that the corre- 
sponding space s is = 16^ feet, and consequently its velo- 
city V = 2s ac 32^, which call 2gy namely, g = 16^^ feet, 
or 193 inches. Then the above foui^ theorems, in tlus case^ 
become adhere below : 



V* 



5. s = itv = g/t' == ^. 

6. V = y = 2gfi =:V4^/. 

-^ 2^/ ^^/* 4gs 

And from these are deduced the following four theoremsj 
for variable forces, viz. 

II. In Variable Forces. 



9. s = vt 



vv 



10. V == 2gfi = ^. 

V 
• $ V 

u. * = — = --7.. 

• ' • 



12. / - 



2^j 2gt 

|/ In 
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In these last four theorems, the force f, though variable, 

• 

is supposed to be constant for the indefinitely small time /, 
and they are to be used in all cases of variable forces, as the 
for iner ones in constant forces ; namely from the circum- 
stances of the problem under consideration, an expression is 
deduced for the value of the force^, which being substituted 
in one of these theorems, that may be proper to the ease in 
hand ; the equation thence resulting will determine the 
corresponding values of the other quantities, required in the 
problem^ 

When a motive force happens to be concerned in the 
question, it may be proper to observe, that the motive force 
my of a body, is equal to^, the product of the accelerative 
force, and the quantity of matter in it ^ ; and the relation 
between these three quantities being universally expressed 
by this equation m =: qfy it follows that, by means of it, any 
one of the three may Be expelled out of the calculation, or 
else brought into it. 

Also, the momentum, or quantity of motion in a moving 
body, is qvy the product of the velocity and matter. 

It is also to be observed, that the. theorems equally hold 
good for the destruction of motion and velocity, Ijy means of 
retarding forces, as for the generation of the same, by means 
of accelerating forces. i 

And to the following problems, which are all resolved by 
the application of these theorems, it has been thought proper 
to subjoin their solutions, for the better information and 
convenience of th^ studentf 

PUOBLEM I. 

To determine the time and velocity of a body descending^ by the 
force of gravity y down an inclined plane ; the length of the 
plane being 20 feet y andih height \foot^ 

Here, by Mechanics, the force of gravity being to the 
force down the plane, as the length of the plane is to its 
height, therefore as 20 : 1 : : i (the force of gravity) : ^ =yi ' 
the force on the plane. 

Therefore, by theor. 6, vor -v/4^yjris v/4" x IG-py x ^ x 
20 = v/4 x'" 16^ = 2 X 4^' or %-^ feet nearly, the last 
velocity per second. And, 

Tj u n . / -^ • / ^Q '400 20 

By theor. 7, i or y/'-j- is >/■ , T == v^ TTT? = 7 r 

;= 4^ seconds, the time of descending. 

PROBLEM 
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PROBLEM II. 

If a cannon ball be fired ivkh a velccity of 1000 feet per hcond, 
up m smooth inclined plancy ivhich rises 1 foot in 20 : it is 
proposed to assign the length which it will ascend up the plane^ 
before it stops and begins to return down again, and the time of 
its ascent. 

Here/= ^V as before. 

V* 1000* 60000000 

Then, by theor. 5, j =7—> = •;; -rr- r = ' — rrz — 

^ ' 4:gf 4 X le^iy x^ 1»3 

= 81088044f feet, or nearly 59 miles, the distance moved, 

V 1000 12000O 

And. bv theor. 7* / = — u= ■ = ■- = 

'^ * 2gf 2xl6-ii^x^, 193 

62 1" 4^ .= lO' 2 1'' 44J, the time of ascent. 



PROBLEM III. 

If a ball be projected up a smooth inclined plane, which rises \foot 
in 10, and ascend 100 feet before it stop: required the time of 
ascent y and the velocity of projection. 

First, by theor. 6, v = 's/^gfs = \/4 x 16^ x I'cy x 
100 = 8:j^ -v/ 10 = 25*36408 feet per second, the velocity. 

. , , 1^ . ^ ,100 10 , 

And,b7theor. 7, t =v/-y= ^__ = ^ VlO = 

i^* VlO = 7-88516 seconds, the time in motion. 



PROBLEM IV. 

If a ball be observed to ascend up a smooth inclined plane, 
100 feet in 10 seconds y before it stopy to return back a^ain : 
required the velocity of projection, and the angle of the plane's 
inclination, 

2s 200 
First, by theor. 6, v = — =-777 = 20 feet per second, 

the velocity. 

J 100 12 

And, by theor. 8,/= - = ,J^^^,^, =^3. That 

is, the length of the plane is to its height, as lys to 12. 

Therefore 193 : 12 : : 100 : 6*2176 the height of the 
plane, or the sine of elevation to radius 1 00, which answers 
to 3** 34', the angle of elevation of the plane. 

PROBLEM 
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PROBLEM V. 

By M mean of several experiments^ I have founiy that a cast iron 
bally of 2 inches diameter y fired perpendu ularly into the face 
or end of a block of elm ivood^ or in the direction of the fibres^ 
with a velocity of \bOO feet per second ^ penetrated 1 \ inches 
deep into its substemce. It is proposed then to determine the 
time of the penetration, and the resisting force of the ivood^ as 
compared to the force of gravity y supposing that force to be a con^ 
stant quantity » 

t_i.H 2/ 2x15 1 ^ 

First, by theor. lyt = — =: = — part of a 

, jr cxxcvx I, ^ 1500 X i2 692*^ 

second) the time in penetrating. 

^ -^ , ^ , v" 1500* 81000000 

And, by theor. 8, /= -— = :; r^ r = itt; 

. ^^^ .^ ^ ^^TT X a 13 X 193 

= 32284. That is, the resisting force of the wood, is to 
the force of gravity, as 32284 to 1. 

But this number will be different, according to the dia- 
meter of the ball, and its density or specific gravity. For, 

smcey is as — by theor. 4, the density and size of the ball 

s 

remaining the same ; if the density, or specific gravity, «, 

vary, and all the rest be constant, it is evident that^ wiU 

nv^ 
be as ;? ; and therefore f as — when the size of the ball 

J" 

only is constant. But when only the diameter d varies, all 

the rest being constant, the force of the blow will vary as rf% 

or as the magnitude of the ball ; and the resisting surface, or 

. d^ 
force of resistance, varies as d^ ; therefore^ is as -j^y or 2S d 

a 

only when all the rest are constant. Consequentlyy is ai 

dnv'' 

when they are all variable. 

J- ' 

f dnvH s dnv^'P 

Tind so — = — T* ^"^ "" = 7 A where f denotes 

p DNv/ s DNvy -^ 

the strength or firmness of the substance penetrated, and 
is here supposed to be the same, for all balls and velocities, 
in the same substance, which is either accurately or nearly 
so. See page 264, &c, of my Tracts. 

Herce, taking the numbers in the problem, it is - <- « 
^ dnv" A X 74- X 1500* 44 x 1500* 
/= — = ^ = 3-^ = 2538462 

the .value of/ for elm wood. Where the specific gravity of 

the 
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the ball is taken 7|, which is a little less tlian that of solid 
cast iron, as it ought, on account of the air bubble which is 
found in all cast balls. 



/ PROBLEM Vi. 

To find how far a 24lb ball of cast iron will penetrate int9 m 
jf/ock of sound elm^ when fired with a velocity of 1600 feet 
per second* 

Here, because the substance is the same as in the last 
problem, both of the balls and wood, n == «, and f =^f\ 

s Dv* Dv*j 5-5.5 X 1600* X 13 . 

therefore -- = t"»> or s = -j-i = TTtr;^ — — =^ 

s dir dip- 2 X i500* 

41;P5. inches nearljr, the penetration required, 

PROBLEM VII. 

// was found hy Mr, Robins (vol. i. p. 273,* of his worJ^s), 
that an IS-pcunder bally fired with a velocity lof 1200 feet 
per second, penetrated 34 inches into sound dry oak. It is re-' 
quired then to ascertain the comparative strength or firmness of 
oak and elm* 

The diameter of an 18lb ball is 5-04. inches = d. Then, 
by the numbers given in this problem for oak, and in prob. 5, 
for elm, we have •-----------.- 

/ _/ ^'^^ — '^ X 1500^ X 84. _ 100 X 17 _ 1700 
T "" 5v*f — 5 '04 )| 1200* X 13 ^ 5-04 X 16 X 13"^ 1048 
or = I nearly. 

From which it would seem, that elm timber resists mor6 
than oak, in the ratio of about 8 to 5 ; which is not probable, 
as oak is a much firmer and harder wood. But it is to be 
suspected that the great penetration in Mr. R.'s experiment 
was owing to the splitting of his timber in some degree. 



PROBLEM VIII. 

jI 2^^under ball being fired into a bank of firm earthy with a 
velocity of 1300 fet per second, penetrated 15 feet. It is 
required then to ascertain the comparative resistances of elm and 
garth, 

-Comparing the numbers here with those in prob. 5, it 

is 
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. f dv^'s 2 X 1500* X 15 ,X 12 J 5* X 24 
IS — — — — 



F DvV 5'5S X 1300* X 13 J3^xO-37 

y^ = Y nearly = 6f nearly. That is, elm timber resists 
about 67 times more than earth. 



PROBLBM IX. 

To determine how far a leaden bullet^ of \ of an inch diameter ^ 
will penetrate dry elm ; supposing it fired with a velocity of 
llOO feet per second, and that the lead does not change its figure 
hy the stroke against the wood. 

• 

HxRB D «= ^,N = llj., « = 7js Then, by the numbers 
and theorem in prob. 5, it js s = - - - - - - - - 

DNT^j _ j. X llj. X 1700* X 13 __ W X 13 __ 63869 

"dmF "■ 2 X 7f X 1500* "" 200 x 33 " 6600 

= 9f inches nearly, the depth of penetration. 

But as Mr. Robins feund this penetration, by experiment, 
to be only 5 inches 5 rt follows, either that his timber must 
have resisted about twice as much ; or else, which is much, 
more probable, that the defect in his penetration arose from 
the change of figure in the leaden ball he used, from the 
blow agamst the ^ood. ' 



PROBLEM X. 

A one found bally projected with a velocity of \ 500 feet per second^ 
having been found to penetrate 1 3 inches deep into dry 'elm : 
It is required to ascertain the time of passing through every 
single inch of the 1 3, and the velocity lost at each of them ; 
suj^sing the resistance of the wood constant or uniform. 

The velocity v being 1500 feet, or 1500 x 12 = 18000 
inches, and velocities and times being as the roots of the 
spaces, in constant retarding forces, as well as in accelerating 

2/ 26 13 _ 1 

ones, and / being = - = ^^ ^ 1500 =^ 5000 "" 692^^^^ 
of a second, the whole time of passing through the 13 inches j 
therefore as 
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veloc. lost Time in the 

^ ^ — V = 58-9 : : / : ~ — / = '00005 1st 

^/^3 , ^/l^ [inch. 

^^iiZ^. = 61-4 ::/:i^i£=:^ll/ = -00006 2d 
-v/13 V'lS 

v^ll-v/lO, ^. ^ « V'll-V'lO ^^^^ «. 
1 — — V = 64-2 &c -i- ^ — / = -00006 3d 

21 V =z 67 5 -^ -^ — / = -00007 4th 

v/13 V^13 

Ji^Tv^^ = 71-4 -^£izy±/ = -00007 5th 

^13 \/13- 



r 



^^7^*^ v = 76-0 ^^"'^'^ / = -00007 6tlli 

Ji£Wl„ = 81-7 ^^~:^^ / = -00008 7th 

\/lo ' V 13 

/^-'^^■v = 88-8 -±l£ll^/ = .00008 8th 

-y/ 13 V 13 

^^~^* v = 98-2 ^^~/^ -f = -00009 9th 

j£W3 ^= ni-4 ^^""f' ../ = .00011 lOth 

v/13 -v/13 

/^"^^■g; = 132-2 J^^lli:!^t = -00013 11th 

v/13 V 13 

-vl?r v^l V = 172-3 y^^rV^.V / = -00017 12th 

x/13 yi3 

/^^^^ ^ = 416H) ^^T^^ / = -00040 13th 

-v/13 ^ V 13 

Su m 1500-0 Sum ^ or -Q0144 sec. 

Hence, as the motion lost at the beginning is very small ; 
and consequently the motion communicated to any body, as 
an inch plank, in passing through it, is very small also 5 w« 
can conceive how such a plank may be shot through, when 
standing upright, without oversetting it. 

SHOBLEM 



PRACTICAL EXERCISES on FORCES. »49 




PROBLEM; XI. 

The force of attraction^ above the earthy being inversely as the 
square of the distance from the centre ; it is proposed to deter-^ 
mine the titncy velocityy and other circumstances y attending a 
heavy body falling from any given height ; the descent at the 
earth* s ^ surf ace being l^-rs fety or \9^ inches, in the first 
second of time. .. j ' 

Put 

r = cs the radius of the earth, 

^ = CA the dist. fiallen from, 

X = c^ any variable distance, 

V = the velocity at p, 

/ = time of falling there, and 

g = 16-rV> half the veloc or force at s, 

f = the force at the point p. 

Then we have the three following equations, viz. 

r* 
or* : r* : : 1 : y = — the force at p, when the force of 

gravity is considered as I } 
tv = — i", because x decreases j and 

Qgr'x 

The fluents of the last equation give v* = —-, But 

when jr =s <», the velocity v = j therefore, by correction j 

v«=-^^ ^=4^*x — ~ J orv = v'(~X )i 

X a ^ ax ~ > a x 

a general expression for the velocity at any point p. 

a -^ r 

When jr = r, this gives v = \/(4^r x ) for the 

a 

greatest velocity, or the velocity when the body strikes the 

earth. 

When fl is very great in respect of r, the last velocity be- 

r 

comes (1 -■ x") >^ \/^^gf' very nearly, or nearly xZ/igr only, 

4aa 

which is accurately the greatest velocity by falling from an 
infinite height. And Ais, when r = 3965 miles, is 6*9506 
miles per secgnd. Also, the velocity acquired in^faliing from 
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the distance of the sun, or 12000 diametiws of the earthy 
is 6*9505 miles per second. And the velocity acquired in 
falling from the distance of the moon, or 30 diameters, is 
6*8927 miles per second. 

Again, to find the time; since t%) = — , x, therefore 

. . — i- .a — Tx ' _ ^ 

/ = = V : — ; X ^ —==. I the correct fluent of 

^ ^^^ ,/ax - XX 



a 



which gives / = v' — ^ X ( Vax -^ xx + arc to dUameter a 

and vers, ji — j:) ; or the time of falling to any point p = 

1 a 

TT-x/— X Tab + bp). And when x = r, this becomes 
2r g ^ 

, a AD + DS < , . & r -i-i* 

/ = iv — X for the whole time of fallme to the 

* g sc * 

surface at s ; which is evidently ininite when ^a or AC is 
infinite, though the velocity is then only the finite quan- 
tity V^r. 

When the height above the earth's surface is given = ^ ; 
because r is then nearly -=. a, and ad nearly = ds, the time / 
for the distance g will be nearly ---»---•-- 

1 1 

V^jp X 2ds = */— x^4'grTz 1", as it ought to be.. 

If a body, at the distance of the moon at a, fall to the 
earth's surface at s." Then r = 3965 miles, a = 60r, and 
/ = 416806" = 4 da. 19 h. 46' 46", which is the time of 
falling from the moon to the earth. 

"When the attracting body is considered as a point c ; the 

whole time of descending to c will be ------- 

1 ,a -7854^ a ^lOa , '7854 a^ 

— V— X ABDC = \ — aJ— = -— V /j = a/— • 

2r g ^ g ' 51r .r -—g 

Hence, the times employed by bodies, in falling from 

quiescence to tjie centre of attraction, are as the square roots 

of the cubes of the heights from which they respectively fall. 



PROBLEM XII. 

Th^ force of attraction below the eartUs surface being directly as 
the distance from the centte : it is proposed to determine the 
circumstances of velocity^ timcy and space fallen by a heavy 
body from the surface^ through a perforation made straight to 
the centre of the earth : abstracting from the effect of the earth* s 
rotation^ and supposing it to be a homogeneous sphere of 3965 
mUes radius. 

Put 
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Put r*= AC the radius of the earth, .\ 



U 



I 



j: = CP the dist. from the centre, 
V = the velocity at p, / 

t = the time there, I ^ 

g = 1 6-,?^, half the force at A, ^ 

f z= the force at p. 
Then ca : cp : : 1 : /; and the three b 

equations are ^y = ^> and w = — - 2g[/x, and ^v =; — x, 

X • """ 2fxx 
Hence jT 3= — , and w = ^— ; the correct fluent of 



r r 



which gives v =y'(2^ x — ) =: PDy/-^ = pd v'-^, the 

velocity at the point p ; where p d and cE are perpendicular 
to CA. So that the velocity at any point P, is as the perpen- 
dicular or sine pd at that point. 

When the body arrives at c, then v ^=^i^2gr = */2g . ac 
= 25950 feet or 4'9l4t8 miles per secopd, which is the 
greatest velocity, or that at the centre c. 

Aeain, for the time ; t = = ^ — X —===. ; and the 

fluents give / = V-- X arc to cosine — ='V^x — x arc 
o 2^ r 2gr 

AD. So that the time of descent to any point p, is as the 
corresponding arc ad. 

When p arrives at c, the above becomes /=---« 

1 ' AE y* f* 

a/ X quadrant ae = —^/— = l'510SV-r = 1267i. 

2gr ^ ac^ 2g ' 2g *^ 

seconds = 2l' t'^, for the time of falling to the centre c. 

The time of falling to the centre is the same quantity 

r • 
1*5708 -v^ , from whatever point in the radius Ac the 

o 

body begins ta move. For, let « be any given distance from 
c at which the motion commences : then by correction, 

2f ^ • r — X ' 

v = V' (—.«*- JT*), and hence / =^--x ■ , the 

f X ^ 

fluents of which give / = s/--r X arc to cosine — : which, 

o <lg n ^ 

when ;r = 0, gives / =-v/ -- x quadrant = 1'5708-v/ — ^ 
for the time of descent to the centre c, the same as before* 
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As an equal force, acting in contrary directions, generates 
or destroys an equal quantity of motion, in the same time ; 
it follows that, after passing the centre, the body will just 
ascend to the opposite surJFace at b, in the same time in 
which it fell to the centre from a. Then from b it will 
return again in the same manner, through c to A ; and so 
oscillate continually between a and B, the velocity being 
always equal at equal distances from c on both sides ; and 
the whole time of a double oscillation, or of passing from A 
and arriving at A again, will be quadruple the time of passing 

over the radius Ac, or =» 2 x 3*1416^—= Ih. 24' 29". 



PROBLEM xni. 




To find the Time of a Pendulum vibrating in the Arc of a 

Cycloid. 

Let 
s be the point of suspension ; 
SA, the length of pendulum 5 
CAB, the whole cycloidal arc ; 
AIKD, the generating circle, 

to which FKE, HiG are per- 
pendiculars, 
so, SB two other equal se- 

micloids, on which the 

thread wrapping, the end 

A is made to describe the 

cycloid BAC. 

Now, by the nature of the cycloid, AD = ds -, and sA = 
2AD = sc = SB = SA = AB. Also, if at any point g be 
drawn the tangent gp ; also GQ^parallel and PQ^perpendicular 
to AD. Then pg is parallel to the chord ai by the nature 
of the curve. And, by the nature of forces, the force of 
gravity : force in direction gp : : gp : gq^: : ai : ah : : ad : 
AI i in like manner, the force of gravity : force in the curve 
at E : : ad : AK ; that is, the accelerative force in the curve, 
is every where as the corresponding chord ai or ak of the 
circle, or as the arc AG or ae of the cycloid, since ag is 
always = 2 ai, by the nature of the curve. So that the pro- 
cess and conclusion?, for the velocity and time of describing 
any arc in this case, will be the very same as in the last 
problem, the nature of the forces being the same, viz. as the 
distance to be passed over to the lowest point A. 

From 
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From wliich it follows, that the time of a seini-vibration, 
in all arcs, AG, ae, &c, is the same ccnlstant quantity 

l-5708v/7r = 1-5708 v/— = l-5708v/r^; and the time 

of a whole vibration from B toe, or from c to B,is 3 1416^^— • 

where / = as = ab is the length of the pendulum, g* as 16-rT 
feet or 193 inches, and 3- 14-16 the circumference of a cjrcle 
whose diameter is !• 

Since the time of a body's falling by gra-vity through -j/, 
or half the length of the pendulum, by th€ natinre of descents, 

/ I ,'' 

is V ~i which being in proportion to 3*1416y/ --, z% 1 is to 

3*1 >16 ; therefore the diameter of a circle is to its circum- 
ference, as the time of falling through half the length, of a 
pendulum, is to the time of one vibrtition. 

If the time of the whole vibration be 1 second, this equa- 

tion ari5es, viz. r'=3141.6^^; hence / ^ ^,=:^_ 

and^e = 3 U16* X 4/ =4 9348/. So that if one b?*tSes6, 
g or /, be given by experiment, these equatipos/yrfll give 
the other. When g, for instance, is supposed to be'given 

=x \6^ feet, or 193 inches; then is / = --—-— it 39*1 h 

4*9348 

the length of a pendulum to vibrate seconds. Or if 1=39^^ 

the length of the seconds pendulum for the latitude of Lon^ 

^ don, by experiment ; then is ^ = 4*9848/ ^^ 19307 inches 

= 1 ^TTnr^y feet, or nearly 16^ feet, for the space descended 

by gravity in the first second of time in the latitude of Loii-, 

don ; also agreeing with experiment. 

Hence the times of vibration of pendulums, are as the 
square roots of their lengths ; and the number of vihrations 
made in a given time, is reciprocally as the square roots of 
the lengths. And hence also, the length of a pendulum 
vibrating n times in a minute, or 60", is / = 39^ x 
60^ _ H0850 

n^ nn ' . ' 

When a pendulum vibrates in a circular arc ; a« the length 
of the string is constantly the same, the time of vibration 
'will be longer than in a cycloid ; but the two times will ap- 
proach nearer together as the ciricular arc is smaller ; so that 

Vol. IL A a . ^V^jww 
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wb^ it is verj anudl, the times of tSln^tioB will be nearly 
eausd. And htnce it happens tluijt; S$^ inches is the length 
of a pencliihim yibrating s«cond«| in ihi^ yerj small arc or a 
cirde. 

Toditemunethe Jimt tf « Bi4j descmtUftg^ d^vm tie Chord ofm 

: Citdi, 

Let p be the centre ; ab the vertical 
diameter 4 ap any chords down which a v - 
body is to descend from r to A i and t^ 
iperpendicular to ab/ 

, Now, as the natural force of gravity iii 
the vertical direction ba, b to the force 
urging the body down the plane pa, as 
the length of the plane ap, is to it$ 
hdght AQj therdFore the velocity in pa 
jmd Qji, will 'be equal at all equal per- 
pendicular distances b^low pqv ^nd consequently the -. <■ 
time iQ Va ; time in qX : ; pa : (^ : : Ba : pa ; but 

time in ha : time in <^ : : v'^^a • ^^ • • ^^ 1^^^ 5 
]ience, as three of the terms in each proportioiT are the 
same^ the fourth terms must be equal, namely the time in 
^A = the time pa. 

And, in like maimer, the time in bp =3 the time in ba. 
So th^t, in general, the times of descending down all the 
chords ba, bp, br, bs, &c, or pi, ra, sa, &c, are all equal, 
and each equal to the time of falling freely through the 
diameter 5 as brfbre found at art. 131, Mechanics. Which 

time is •^-^i where^ = 16^ feet, and r = the radius AC^ 

o 

2r 

for ^/g : V'Zr : : l^ : v"— . 

PROBLEM XV, 

Jo determne the Time of filling the Ditches of a W$rk with 
Watery at the Topy by a Sluice of 2 Feet square ; the Head 
cf Water above the Sluice being 10 Feety and the Dimensions 
of the Ditch being 20 Feet wide Oi Bottonty M at Top, 9 deep, 
and 1000 Feet long. 

The capacity of the ditch is 18&000 cubic feet. 
, But \/^ : \/10 : \2g : 2^/\0g the velocity of the water 
tirptz^li the sluice, the area of which is 4 square feet; 
^.. - therefore 
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J 

therefore 8 VlO^ is the quantity per second running through 
it ; and consequently 8 V 10^ : 189000 : : 1" : ?5^=: 1863" 
••r sr i* nearly, which is the time of filling the ditck. 

PROBLEM 'XVI* 

To determine the Time of emptying a Vessel of Water by a Sluice 
in the Bottom ofit^ w in the Side near the Bottom : tie Height 
of the Aperture being very small in respect of the Altitude ofthi 
Fluid. 

Put a = the area of the aperture or 'sluice 3 
2g = 324^ feet, the force of gravity; 
d = the whole depth of water ; 
X = the variable altitude of the surfi^ce above fhe 

aperture 5 
A = the area of the surface of the water. 

Then Vg : Vxix2gx 2Vgx the velocity with which the 

fluid will issue at the sluice } and hence A : a 1 : 2 Vgx : ^^^^ 

the velocity with which the surface of the water will descend 
at the altitude *, or the space it would descend in 1 second 
with the velocity there. Now, in dej9cending the space i^ 
the velocity may be considered as uniform 5 and uniform de- 

, • . t r 2a k/ gX . ,, ' PiX 

scents are as their times ; therefore £— \x wV x \ — 

A 2aVgx 

the time of descending x space, or the fluxion of the time of 



exhausting. That is, ^=r—; : — > which is made negative^ 

because ;ip is a decreasing quantity, or its fluxion negative. 

Nowj when the nature or figure of the vessel is given, the 
area a will be given in terms of ^j which value of A being 
substituted into this fluxion of the time, the fluent of the* 
result will be the time of exhausting sought. 

So if, for example, the vessel be any prism, or every- 
where of the same breadth ; then a is a constant quantity, 

A X 

5ind therefore the fluent is v^-. But when x ^ d. this 

a g • 

becomes — -v/-, and should be 0; therefore the correct 
a g ' . , 

fluent is / «=- X ^ "^ for the time of the surface de- 
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scending tUl the depth of the water be'4f. . And when 5^ =2 9^ 
the whole time o£ exhausting is ba^rely *V^— ^ 

Hence> if a be » 10000 $quare (e^,a = 1 square footj^ 
and d :=z 10 feetj the time is 7885f seconds, or 2h.U' 25"|. 

Again, if the vessel be a ditch, or canal, of 20 feet broad 
at tf{e bottom, 22 at the top, 9 deep, and lOOO feet long; 

then is90 : 90 + ;v ;: 20 :??Jl5 x 2 the breadth of the 
surface of the water when its depth in the canal is x ; and 
therefore a = — x ^000 is the surface at that time. 

^ , . - AJt 90 + or - * ' 

Consequendy t or - — r- = 1100 X r — X —■ — Is 

^ ^ 2avgx 9 ^^Vg^ 

the fluxion of the time ; the correct fluent of which, when 

180+4^ 'rf 1000x186x3 

9a ,, g 9x4^ 

15459"! nearly, or 4h. 17' S9 y, being the whole time of 
exhaustmg by a sluice of 1 foot square. 



. PROBLEM XVII. 

Jo determine the Velocity nvith which a Ball is discharged from 
a Given Piece of Ordnance^ with a Given Charge of Gun^ 
powder. 

Let the ?innexed figure 
represent the bore of the 
gun J AD being the part 
filled with gunpowder. 
And put 





a = AB, the part at first filled with powder and the bag | 
k = A i:, the whole length of the gunbore ; 
c = '783 4, the area of a circle whose diameter is 1 ; 
d = BD, the fliamerer of the ball; 

e == the specific gravity of the ball, or weight of 1 cubic foot } 
g j=: 1 6-jV feet, descended by a body in 1 second 5 
tn :p 230 ounces, the pressure of the atmosphere on a sq.inch; 
» to 1 the ratio of the first force of the fired powder, to the 

pressure of the atmosphere ; 
w =: the weight of the ball. Also, let 
jf 5=: AC, be any variable distance of the ball from a, in 
moving along the gunbarrel. 

First, 
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First, cd^ is n the area of the circle bd of the ball ; 
th^e. /wfrf* is the pressure of the atmosphere on bd ; 
conseq. mncd^ is the first force of the powder on bd. 

• ' But the force of the inflamed powder is proportional to its 

* density, and the density is inversely as the space it fills ; 

therefore the force of the pow.der on the baU at B, is to the 

force on the same at c, as ac is to*AB ; that is, . * - - - 

fttnacd^ 
^ la :i mncd^ : = F, the motive force at C : 

F mnacd^ ^ , , *. ^ , 

conseq. — =: =y, the acceleratmg force there. 

Hence, theor. 10 offerees gives vv = 2gfx =: — > X — i 

the fluent of which is v* » ^ x' hyp.' log. of jr. 

But when v = 0, then x zza\ theref. by correction, 
A^gmnacd^ x , . ' 

^» = ., — ^ ^ l^yp^ iQg, — IS the correct fluent ; conseq^ 

4^gtnnficd^ X . 

^ -- V(-^- X h^^'p. log. — ) is the vel. of the ball at c 

and v=. ^ {-^ X hyp. log. — } the velocity with which 

the ball issues from the muzzle at E; where h denotes the 
length of the cylinder filled with powder ; and « the length 
to the hinder part of the ball,^which tvill be more than h 
when the powder does not touch the ball. 

Or, by substituting the numbers for g and «, and chang- 
ing the hyperbolic logarithms for the common ones, then 

^ ^ ^{^ xcom. log. — ), the velocity at JE, in feet. 

But, the content of the ball being fr^S its weight is - 
^cd^6 c^d 0d^ 

'" = TiF = §592 = 35o5 ♦ ""^"^ ^'""^ substituted ^r «, 
in the value of Vy it becomes 

V = i7l3v^{T" X com. log. *—), the velocity at e. 

Whentheballis of cast iron; takings = 786 8, the rulebecomci 

nh h 

V =: loa v/( — , X log. -)for the'veloc. of the casuiron balL 

Or, when the ball is of lead j then - - • - - - - 
'' nh b 

V = ^W^Tod ^ ^^^* "~^ ^^^ ^^ veloc. of the te»3cn ball. 
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CoroL From the general expression ibr the velodtj t// 
above given^ may be derived what must be the length of the 
charge of powder a^ In the gun-barrel^ s^ as to produce the 
greatest possible velocity in the ball ; namdy, by making the 
value of .V a maximum, or, by squaring and omitting the 

constant quantities, the expression a x hyp. log. of — 

a maximum, or its fluxion equal to nothing; that is 

h ' b h 

m X hyp. log. tf = 0,or hyp. log; of — = 1 ; hence — 

= 2*71828, the number vrhose hyp. log. is 1.. So that 
a lb III I 2*71828, or as 4 to 1 1 nearly, or nearer as 7 to 
19 ; that is, the length of the charge, to produce the great- 
est velocity, is the ^th part of the length of the bore, or 
nearer i%- of it. 

By actual experiment it is found, that the charge for the 
greatest velocity, is but little less than that which is here 
computed from theory ; as may be seen by turning to page 
269 of my volume of Tracts, where the corresponding parts 
are found to be, for four different lengths of gun, thus, i^, 
•AjT^-Ari the parts here varying, as the gun is longer, 
which allows time for the greater quantity of powder to be 
fired, before the bail is out of the bore* 

SCHOLIUM. 

In the calculation of the foregoing problem, the value of 
the constant quantity /r remains to be determined. It denotes 
the first strength or force of the fired gunpowder, just before 
the ball is moved out of its place. This value is assumed, by 
Mr. Robins, equal to 1000, that is, 1000 times the pressure 
of the atmosphere, on any equal spaces. 

But the value of the quantity n may be derived much 
more accurately, from the experiments related in my Tracts, 
by comparing the velocities there foimd by experiment, with 
the rule for the value of v, or the velocity, as above com- 
puted by theory, viz. --------.-.- 

fta b nh h 

«'= 100^(j^x log. of-), or = 100 V(^-^ X log.of--). 

Now, supposing that v is a given quantity, as well as all the 
other quantities, excepting oQ,ly the number «, then by re- 
ducifig this equation,, the value of the letter n is found to be 
as follows, viz. -------------- 

rhen b is different from a. 

Now, 
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Now, to apply this to the experiments. By page 257 of 

khe Tracts, the velocity of the ball, of V9e inches diameter, 

with 4 ounces of powder, in the gun No. 1, was 11 00 feet 

per second ; and, by page 1 09, the length of the gun, when 

corrected for the spheroidal hoUow in the bottom of the bore, 

was 28-53 ; also, by page 237> the length of the charge, 

when corrected in like manner, was 3*45 inches of powder 

and bag together, but 2*54j of powder only: so that the 

Values of the quantities in the rule, are thus t /i = 3*45 ; 4 

== 28-53 ; d = 1*96 ; h = 2-54 ; and v = llOO : then, by 

substituting these values ijQstead of the letters, in the theorem 

uvv h 

n s ' ^ -^ com. log. of — , it comes out n =.750, when 

h is considered as the same as a. And sxs tm^ for the othef 
experiments there treated of. 

It is here to be noted however, that there is a circum^^ 
stance in the experiments delivered in the Tracts, just men-» 
tioned, which will alter the value. of the letter a in this 
theorem, which is diis, viz. that « denotes the distance of 
the shot from the bottom of the bore ; and the length of the 
charge of powder alone ought td bfe the same thing; but, in 
the experiments, that lengdi included, besides the length' of 
real powder, the substance of the thin flannel bag in which 
it was alwayscontained, of which the neck at least extended 
a considerable length, being the part t^here the open end was 
wrapped and tied close round with a thread. This circum- 
stance causes the value of fi, as found by the theoretn above^ 
to come out less than it ought to be, for it shows the sttength 
of the inflamed powder when just fixed, and when the flam« 
fills the whole space n before occupied both by the real pow<- 
der and the bag, whereas it ought to show the first strength 
of the flame wh^n it is supposed to be containfed in the space 
only occupied by the powder alone, without the bag. The 
formula will therefore bring out the value of n too little, in 
proportion as the real space filled by the powder is l^ss thaa 
the space filled both by the powder a^d its bag. In the same 
proportion therefore must ^e increase the formula, that isj 
in the proportion of A, the length of real powder, to a the 
length of powder and bag together. Wh^ the theoremis 

dw , , c 

so corrected, it becomes rj^wj? "^ c^°^* 1^8' ^* "T* 

Now, by pa. 237 of the Tracts, there are given both the 
lengths of all the charges, or values of tf, including the bag, 
and also the length of the neck and bottom of the bag, which 
is 0*91 of gn inch, which therefore must be subtracted from 
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above . 
charv 

val": 

cor 

# 



; •.■j.^^cndiiu '■ii'i'CJ of ? 

-: 7csuic 750, tn rc'^XTrioii 
. r . And so on lor the other 

...ge the results in a table, with 
:r. corrected, from which they are 
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C::ari5e of Powder. 


Velocity 

or value 

of p. 


First 


'.a 
ounces 


Lengi 
vail 
of a. 


thor 
le 
ofh. 


force, or 

value of 

n. 




4 

S 

16 


3-45 

5-99 
11 '07- 


2-54 

5-08 

10-16 


1100 
H30 

1430 


1018 

1164 

967 


3S-4J 


4 

8 

Id 


3--J5 

5-99 
ii'07 


2-54 

5-(*8 

10' 16 


1180 
1580 
1660 


1077 

1193 

984 


. 5770 

t 
f 


4 
8 

Id 


3-45 

or 9 

11-07 


2'd'l 

5 08 

10- .10 


1300 

1790 
.2000 


1067 

1256 

1076 


t 6023 


4 

8 

16 


3-45 

5-99 
11*07 


2-54 

5-08 

10-16 


1370 
J 940 
2200 


1060 

1 28;) 
1065 



V iicie it may be observed, that the numbers in the column 

. vclociries, 14S0 and 2600, are a little increased, as, from 

, v!o\v i»f ih< table of experiments, they evidently required 

. Sc. Also the value of the letter d is constantly l*i)6 

*■ leuce it appears, that the value of the letter ft, used in 

•c .heorem, though not yet greatly dilFerent from the num- 

•^. 1000, assumed by Mr. Robins, is rather various, both 

. -.he diflFerent lengths of the gun, and for the different 

>,^cs with the same gun.. 



But 
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^ But this diversity in the value of the quantity fff or the 
first force of the inflamed gunpowder^ is probably owing in 
some measthre to the omission oiF a material datum in the 
calculation of the problem^ namely, the weight\of the charge 
, of powder, which has not at all been brought into the com- 
putation. For it is manifest, that the elastic fluid has not 
only the ball to move and impel before it, but its own weight 
of matter also. The computation may therefore be renewed, 
in the ensuing problem, to take that datum into the account. 

PROBLEM XVIII. 

Tq determine the same as in the last Problem ; taking both the 
Weight of Po^uder and the Ball into the Calculation. 

Besides the notation used in the last problem, let 2p de- 
note the weight of the powder in the charge, with the flannel 
bag in which it was inclosed. 

Now, because the inflamed poMrder occupies at all times the 
p<tt*t of the gun bore which is behind the ball, its centre of 
gravity, or the middle part of the same, will move with only 
. half the velocity that the ball moves with; and this jsriW require 
the same force as half the weight of the powder, &c, moved 
with the whole velocity of the ball. Therefore, in the con- 
clusion derived in the last problem, we are now, instead of ^, 
to substitute the quantity/ + w; and when that is done, the 

, . .„ 22'60nhd*' . , ^ ■ 

last velocity will Qome out, v =\/( ^ i " ^ com. log. — ). 

And from this equation is found the value of /i, which is 

" = 223?5wi ^^ ^°e- of-, = -gT^v- -^ log. of- by 

substituting for d it? value 1*96, the diameter of the ball. 

Now as to the ball, its rfnedium weight was 16 oz. 13 dr. 
c: 16*81 oz. And the weights of the bags containing the 
several charges of powder, viz. 4 oz, 8 oz, 16 oz, were 
8dr, t^dr, and Toz. 5drj then, adding these to the re- 
spective contained weights of powder, the sums, 4?'i5f oz, 
8*75 oz, 17*31 oz, are the values of 2/, or the weights of the 
powder and bags; the halves of which, or 2*25, and 4'3S, 
and 8*66, are the values of the quantity p for those three 
charges; and these being added to 16*81, the constant weight 
of the ball, there are obtained the three values of /t + w 
for the three charges of powder, which values therefore are 
19*06 oz, and 21*19 o2, and 25 47 oz. Then, b/ calculating 
the values of the first force n^ by the last rule above, with 
these new data^ the whole will be found as in the fcdlowii^g 

table. 

The 
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The Gun. 


Chaise of Powder. 


Weight of 
ball and 
charge, or 
values of 


Velocity, 
or the 
valaes 

0(V: 


force 
orth< 

value 
ofn. 


No. 


of A. 


Weigh 


ofo. 


thor 
ue 
ofi. 


1 


inches 


4 

8 

16 


5 '99 
11-0? 


2-54 
5-08 

looe 


1900 
21-19 
25-47 


1100 
1430 
1430 


1135 

1470 
1436 


2 


3S-43 


4 
9 
10' 




2-34 
3-08 
IO-I6 


19-06 
:il-i9 
23 '47 


IJSO 
1580 
1660 


lift? 
150(i 

M92 


« 


5770 


4 

ti 
16 


3-45 

11-07 


■2-.14 

5-oa 

lO'lti 


ly-cxi 
21-19 
25-47 


I300 

i;fjo 

1000 


1210 

issd 
1646 


4 


80-23 


4 
B 
16 


3-45 
5T.9 
11-07 


234 
.VOS 
11-16 


iyo6 

31-19 
25.47 


1370 

1 940 
2200 


1203 I 

1627 
1543 1 



[ the 8 



And here tt appears that the values o( ti, the first force of 
the charge, are mucli more uniform and regular than by the 
former calculations in the preceding problem, at least in all 
excepting the smallest charge, 4oz, in each gun; which it 
would seem mu^i be owing to some general cause or cafases. 
Nor have we long to search, to find out what those causes 
may be. For when it is considered that these numbers for 
the value of n, in the last column of the table, ought to ex- 
hibit the first force of the fired powder, when it is supposed 
to occupy the space only In which the bare powder itself 
lies ; and that whereas it is manifest that the condensed Euid 
of the charge in these experiments, occupies the whole 
space between the ball and the bottom of the gun bore, or 
the whole space taken up by the powder and the bag or car- 
tridge together, whicli exceeds the former space, or that of 
the powder alone, at least in the proportion of tlie circle of 
the gun bore, to the same as diminished by the thickness of 
the surrounding flannel of the bag that contained the pow- 
der ; it is manifest that the force was diminished on that ac- 
count. Now by gently compressing a number of folds of 
the flannel together, it has been found that the thickness of 
the single flannel was equal to the 40th part of an inch ; the 
double of which, tt oi* '^^ of an inch, is therefore the 

quantity 
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4|uaQtity by whkh the diameter of the circle of the powder 
within the bag, was less than that of the mn bore. But 
the diameter of the gun bores was 2*02 inches ; therefore^ 
deducting the '05, the remainder 1*97 is the diameter of the 
powder cylinder within the bag : and because the areas of 
circles are to each other as the spaces of their diameters^ 
and the squares of these numbers, 1 *97 and 2*029 being to 
each other as 388 to 408, or as 97 to 102 ; therefore, on 
this account alone, the numbers before found, for the value 
of «, npiust be increased in the ratio of 97 to 102. 

But there is yet another circumstance, which occasions 
the space at first Occupied by the inflamed powder to be 
larger than that at which it has been tak^n in the foregoing 
calculations, and that is the difference between the content 
of a sphere and cylinder. For the space supposed to be 
occupied' at first by the elastic fluid, was considered as the 
length of a cylinder measured to the hinder part of the curve 
surface of the ball, which is manifestly too little by thcf dif- 
ference between the content of half the ball and a cylinder 
of the same length and diameter, that is, by a cylinder 
whose length is -J- the semidiameter of the ball. Now that 
diameter was 1*96 inches ; the half of which is 098, and j. 
of this is 0*33 nearly. Hence then it appears that the 
lengths of the cylinders, at first filled by the dense fluid, 
viz. 3" 45, and 5*99, and 1 1 '07, have been all taken too little 
by 0*33 ; and hence it follows that, on this account also, all 
the numbers' before found for the value of the first force n, 
must be farther increased in the ratios of 3*45 and 5*99 and 
11 07, to the same numbers increased by 0*33, that is, to 
the numbers 3'78 and 6*32 and 11-40. 

Compounding now these last ratios with the foregoing 
one, viz. 97 to 102, it produces these three, viz. the ratios 
of 334 and 581 and 1074, respectively to 385 and 647 and 
1163. Therefore increasing the last column of numbers^ 
for the value of n, viz. those of the 4oz. charge in the ratio 
of 334 to 385, and those of the 8 oz. charge m the ratio of 
581 to- 647, and those of the 
16 oz. charge in the ratio of 
1074 to 1163, with every 
gun, they will be reduced to 
the numbers in the annexed 
table ; where the numbers are 
still larger and more regular 
than before. 

Thus 




liiusthen at length it appears tBat^th^ ^t force 6f tM 
inflamed gunpowder, wheil occupying <M jibe space ^t fir^ 
filled with the powder, is^abdut. 1800, that is 1800 tixnei 
the elasticity of the natural air, or pi'essure of the atmbspher^. 
In the charges with 8 oz. and IS^ot* of powder, in the two 
longer guns; but somewhat less in the two shorter^ probably 
owing to the gradual firing of gunpowder in some degree ; 
and also less in the lowest charge 4 oz, in all the gunsy 
* which may. probably b^owing^to the less degr^ of heat in 
' thd small charge. But besides the foregoing dbrccuiistances 
that have been noticed, or used in the calculations, there are 
yet several others that might and oujB[ht to be taken into the 
account, in order to a strict and per^ct solution of the pro- 
blem 5 jsuch as, the counter pressure of the atmosphere, and 
die resistance of the air on the fore part of the ball while 
moving along the bore of the gun; the loss of the elastic 
fluid by the vent and windage of the gun; the gradual firipg 
of the powder; the unequal density^of the elastic fluid in 
the different parts of the, space it joccupi^ between the ball 
and the bottom of the bore ; the difference between pressure 
and percussion when the ball is not laid close to the powder; 
and perhaps some others : on all which accounts; it is pro- 
bable that, instead of 1 800, the first force of the elastic fluid 
is not less than 2000 times the strength of natural air. 

CoroL From the theorem last used for the velocity of the 

ball and elastic fluids viz. v =i v^( n -r- loir, —r-) = 

^ p -frw r a 

8567A/I , * , ^ A ^ n . r , / 

V^-^-- r- log. — ), we may find the velocity of /the elas- 

tic fluid alone, viz. by taking w, or the weight of the^ball, 
= in the theorem, by which it becomes barely « = 

^^ i- log. — ), for that velocity.' And by computing 

p . 

the several preceding examples by this theorem, supposing ' 

the Value of /t? to be 2000, the conclusions come out a little 

Various, being between 4000 tod 5000, but most of them 

nearer to ^e latter number. So that it may be concluded 

that tne velocity of the flami, or of the fired gun-powder, 

txpafiids itself at the muzzle of ^.giuiyat th6 rate of about 

itw feet per second nearly. 



Ok 
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' On the motion of BODIES in FLUIDS. 

P&O^LBM SIX. 

t 

To determine the Force of Fluids in Motion ; and the Circum" 
stances attending Bodies Moving in Fluids, 

1. It is evident that the resistance to a plane, moving 
perpendicularly through an infinite fluid, at rest, is equal to 
the pressure or force of the fluid on the plane at rest, and 
the fluid moving with the sam^ velocity, and in the contrary 
directip'n, to that of the plane in the former case. But the 
force of the fluid in motion, must be equal to the weight or 
pressure which generates that motion \ and whicb^ it is 
known, is equal to the weight or pressure of a column of 
the fluid,' whose base is equal to the plane, and its altitude 
equal to the height through which a body must fall, by the 
force of gravity, to acquire the velocity of the fluid : and 
that altitude is, for the sake of brevity, called the altitude 
due to the velocity* So that, if ch denote the area of the 
plane, v the velocity, and n the specific gravity of the fluid ; 

then, the altitude due to the velocity v being 7-, the whole 

, • V* anv^ 

resistance, or motive force w, will be a x n x r- =■ -i — ; 

{being 16^ feet. And hence, c^ttms paribus, theresist-o 
ance is as the square of the velocity. 

9. This ratio, of the square'of the velocity, may be other- 
wise derived thus. The force of the fluid in motion, must 
be as the force of one particle multiplied by the number of 
them ; but the force of a particle is as its velocity ; and the 
number of them striking the plane in a given tilne, is also as 
the velocity 5 therefore the whole force is as v X <; of v\ 
that is, as the square of the velocity. 

3. If the direction of motion, instead of being perpendi-^ 
cular to the plane, as above supposed, be inclined to it ii) 
^y angle, the sine of that angle being j:, to the radius I ; 
t^n the resistance to t^Q plane, or tl^e force qf the fluid 

a^aiu^t 



• ( 
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% . 

■ ^t - - , 

•gainst the plane^ in the direction of the motion^ as assigned 
jSove, will be diminished in the triplicate ratio of radius to 
the sine of the angle of inclination^ or in the ratio of 1 to s^. 
For, AB being the direction of the plane, 
•nd BD that of die motion, making the 
angle abd, whose sine is / ; the number 
of particles, or quantity of the fluid 
striking the plane, will be diminished in 
the ratio of 1 to i, or of radius to the 
sine of the angle b of inclination ; and 
the force of each particle #ill also be 
diminished in the same ratio of 1 to x : so that, on ' both 
these accounts, the' whole resistance will be diminished in 
the ratio of 1 to s*, or in the duplicate ratio of radius to the 
sine of the said ang^e. But agwi, it is to be considered 
that this whole resitance is exerted in the direction be per- 
pendicular to the planl^ i and any fcrcce in the direction be, 
'IS to its effect inthe direction ae, parallel to bd, as ab to bb, 
that b as 1 to /• ' So that finally, on all these accounts, the 
resistance in the direction of motion, is diminished in the 
ratio of I to i', or in the triplicate ratio of radius to the sine 
of inclination. Hence, comparing this with article 1, the 
whole resistance, or the motive force on the plane, wiU be 

m ^ — T— . 

4. Also, if w denote the weight of the body, whose 
plane face a is resisted by the absolute force m ; then the 

retarcUng forceyi or — , will be -r — / - 

5.^ And if the body be a cylinder, whose face or end is «, 

and diameter rf, or radius r, moving In the direction of its 

axis; because then s = 1, and ^ = ^ = it^y where 

^ = 3*1416 ; the resisting force ;?! will be - - - - - - 

■ ^ =z \. , and the retardm? force/ = --- — ^ = -7 . 

6. This is the value of the resistance when the end of thf 
cylinder is a plane perpendicular to its axis, or to the direc- 
tiion of motion. But were its face a conical surface, or an 
elliptic section, or any other figtire every where equally in- 
clined to the axis, the sine of inclination being s: then the 
number of particles of the fluid striking the face being still' 
the same, but the force of each, opposed to tte (Erection 

of 
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of motipn^ diminished in the duplicate ratio of radius to the 
sine of inclination, the resisting force m would be 

But if the body were terminated by an end or face of 
any other form, ^ a spherical one, or such like, where 
every part of it has a different inclination to the axis ; then 
a further investigation becomes necessary, such as in the 
following proposition, 

PROBLEM XX. 

T^ determine the Resistance dfa Fluid to any Body^ moving in it^ 
of a Curved End: as a Sphere, or a Cylinder nvith a HemU 
spherical £nd, iifc» 

^ 1. Let bead be a section through the 
axis CA of the solid, moving in the direc- 
tion of that axis. To any point of the 
curve draw the tangent eg, meeting the 
axis produced in g : also, draw the per- 
pendicular ordinates ef, ef, indefinitely 
near each other ^ and draw ae parallel to 
CCt 

Putting <?p =i= Jff ef ==y, BE.= 2, / = sine ^ G to ra- 
dius 1, and/ = 3'14«1^6 : then 2py is the circumference who^ 
radius is sf, or the circumference describefl by the point e^ 
in revolving about the axis CA ; and 2py x Ee or Zpyi is the 
£uxion of the surface, or it is the surface described by £e, 
in the said revolution about CA, and which is the quantity 
represented by a in art. 3 of the last problem: hence 

— - X 2pyi^ or -zr- X J« is the resistance on that ring, 

or the fluxion of the vesistan^e to the body, whatever the 
figure of it may be. And the ftuent of which will be the 
resistance required^ 

8. In the case of ft spherical form ; putting the radius qa 

1^ - , BF CB X 

or CB = r, we havejF « v^r* - ^^ x ss~ 5s — =— , and 
yk^ or EF X Be ss CB X «^ ^ ^^ y therefor* the general 
fluxion ^-r— X #>5 becomes^— x -^xrsc =^ x a:^sc\ 




\ 
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the fluent of which, or x^y is the resistance to the 

spherical surface generated by be. Arid when :r or cf is = r 

or CA, It becomes —r-^ for the resistance on the whole 

% 

pfjv^d* 
hemisphere ; which is also equal to -r- — , where i =i 2r 

the diameter. ♦ 

* ■ 

S. But the perpendicular resistance to the circle of the 
same diameter d or bd, by art. 5 of the preceding problem, 

'" ; which, being double the former, shows that the 



is 



16^ 



resistance to the sphere, is just equal to half the direct 
resistance to a great circle of it, or to a cylinder of the same 
diameter. 

4. Sine© ifd^ h the magnitude of the globe ; if n denote 
its density or specific gravity, its weight w will be = ipd^Hy 

and therefore the retardive force /or — = ^^ ■ x — rr 

== -- — ,; which is also = ^ — by art. 8 of the cfeneral 

^ ^ 1 , 3« 1 N 

theorems m page 342 ; hence then - — . = — , and j = — 

X 4^; which is the space that would be described by the 
globe, while its whole motion is generated or destroyed by 
a constant force which is equal to the force of resistance, 
if no other force acted on the globe to continue its motion. 
And if the density of the fluid were equal to that of the 
, globe, the re'sisting force is s\jch, as, acting constantly on 
the" globe without any other force, would generate or de- 
stroy its motion in descnbi.>g the space fd^ or ^ of its 
diameter, by that accelerating or retarding force. 

5. Hence the greatest velocity that a globe will acquire 
by descending in a fluid, by means of its relative weight in 
the fluid, will be found by making the resisting force equsd 
to that weight. For, after the velocity i§ an:ived at such a 
degree, that the resisting force is equal to the weight that 
urges it, it will increase no' longer, and the globe will after- 
wards continue to descend with that velocity uniformly. 
Now, t* and n being the separate specific gravities of the 
globe and fluid, n — /t will be the relative gravity of thf 

frlobe in the fluid) and th^vefore w = ipd^Ja t- //) is the 
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weight by which it is urged ; also /»= ------ 

-rr — IS the resistance ; consequently - = ^^a (N — n) 

when the velocity becomes uniform ; from which equatioil 

is Wnd V = V{^g .^ . ), for the said uniform or 

greatest velocity. 

And, by comparing this form with that in art. 6 pf the 
general theorems in page 342, it will appear that its greatest 
velocity, is equal to the velocity generated by the accelerat- 

ing force , in describing the space ^, or equal to the 

velocity generated by gravity in freely describing the space 

N — /I • 

: ' X ^. If N = 2«, or the specific gravity of the 

N — /I 

globe be double that of the fluid, then z: 1 =: th6 

n 

natural force of gravity; and then the globe will attain ^ts 

greatest velocity in describing 4^ or ^ of its diameter.— It 

is further evident, that if the body be very small, it will 

very soon acquire its greatest velocity, whatever its deinsity 

may be. 

Exam. If a leaden ball, of 1 inch diameter, descend in 
water, and in air of the same density as at the earth's surface, 
the three specific gravities being as 11^, and 1, and x^^ny 

Then v = V4 . 16A.t\- ^^t = TV3iTi93 = 8-5944 feet, 
is the greatest velocity per second the ball can a cquire by 

descending in water. And v =V4 • W • -A • ¥ • * t*"* 
nearly = V°v^^' = 2.59'8i2 is the greatest velocity it can 
acquire in air. 

But if the globe were only t4tt of an inch diameter, the 
greatest velocities it could acquire, would be only -^V Q^ 
these, namely t-*A of ^ foot in water, and 26 feet nearly 
in air. And if the ball were still further diminished, the 
greatest velocity would also be diminished, and that in tliye 
subduplicate ratio of the diameter of the ball. 



PROBLEM XXI. 

To determine the Relations of Velocity^ Spdcey and Time, ;/ 
a Ball moving in a Fluids in which it is projected *:vith a 
Given Velocity. 

Vol. 11. Be l. Let 
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1. Let a = the first velocity of projection, x the space 
described in any time /, and v the velocity then. Now, by 

art. 4 of the last problem, the accelerati^e forced = r-r — v 

where n is the density of the fluid, n that .of the ball, and 
d its diameter. Therefore the general equation vv = %/* 
becomes vt;=-----^-- - - - -- -- 

-■g-^x; and hence- =.^^ = ^*^,puttmg*for—^ 

The idftect fluent of this, is log. a ^ log. v or log. — • = for. 
Or, putting r as 2-718281828, the number whose hyp. log. 
Is 1, Ih^ is -^ == r***, and the velocity v = ^ = ac^*. 



2. The velocity v at any time being the c"^^ part of the 
first velocity, therefore the velocity lost in any time, wiU be 

^* — 1 
the 1 — r *"^ part, or the — -j^ — part of the first velocity. 



EXAMPLES. 

Exam. 1. If a globe be projected, with any velocity, m a 
medium of the same density with itself, and it' describe a 
spate equal to Sd or 3 of its diameters. Then x = 3^, and 

L 3« 3 , . , , , ^'^ ~ 1 2 08. 

* = -—,= r-. ; thefefore bx = |^ and — rr— = -77- is the 
SKi Sd- ^ i^"" ■ 3-08 

velocity lost, or nearly |. of the projectile velocity. 

Exam. 2. If an iron ball of 2 inches diameter were pro- 
jected with a velocity of 1200 feet per second ; to find the 
Velocity lost after moving through any space, as suppose 
'ioo feet of air : we should have rf = Vr = t» '^ = 1 '^^^> 
M =!: 5bO, N = 7J-, « = '0012 5 and therefore kx =: ^ . - 
"in^ 3.12. 500 .3.6 81 , 1200 

8nJ 8 . 22 . 10000 440* Jfo 

per second : having lost 202 feet, or nearly ^ of its first 
velocity. 

Exam. 3. If the earth revolved about the sun, in a me- 
dium as dense as the atmosphere neat* the earth's sur£ice j 
;yid it were required to find the quantity of motion lost in a 

year. 
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^ar. Then, since the earth's mean density i^ about 44> and 
hs distance from the son 12000 of its diameters, we have 
!2400O X 3-1416 = 75398 diameters := x, and ^;r = - - 
3 . 75398 . 12 . 2 ^ ^ , ^« - 1 

^T7T6ooo79^ = ^'^^^^^ ^"^^" -?r- » 4iK P^^ 

are lost of the £rst motion in the space of a yeari and only 

^^^ TTTT P^rt remains. 

Exam. 4. If it be required to determine the distance 
moved, :Vy when the globe has lost ^y part of its motion, a$ 
suppose ii and the density of the globe and fluid equal ; 

The general equation gives x = — x log. — = -— x log. 

of 2 z= 1-8483925^. So that the globe loses half its motion 
before it has described twice its diameter. 

3. To find the tmie /; we have / = — = ., = 

V ^ « ♦ 

Now, to find the fluent of this, put z = ^* ; th6n is bx = 
log. z, and i^x = — , or x zz — i conseq. / or — '- = 

— =• — ; ; and hence / = -r = -r* But as / and x vaniui 
a ao ab ab 

<*" 1 

together, and when x = 0, the quantity — is = -rj 

»), r I, • • ^"^ - 1 1 1 1 ,i iv 

thereforcj by correction, / = . =t- — t-=-t-(i,-o) 

the time sought ; where ^= "r~A and v -zz-^ the \rel0city4 

£xAm. If an iron ball of 2 inches diameter were pfojected 
in the air with a velocity of 1200 feet per second} and it 
were required to determine in what time it would pass over 
500 yards or 1 500 feet, and what would be its velocity at the 
end of that time : We should have, as in exam. 2 above, 
3 . 12 . 3 . 6 1 . , 1500 375 , 

^ = 8Ti¥TT5555 = iTTe* ^^^ *^ = iTl^ = 679^ ^^'''^ 

^ — J ,and— —1200?^ v" a " 1200 "" 690 
nearly. Consequently v = 690 is .the velocity ; and / as 

f ^:^ - T^ = 2716 X (gio - 1^^"= lii second,, is th« 
time required, or 1" and f nearly. 

B B 2 mOBLBM 
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PROBLEM XXII. 

T§ determine the Relations of Space^ Itmef and Velocity^ when 
a Globe descends f by its own Weighty in a Fluid, 

The foregoing notation remaining, viz. </ = diameter, 

N and // the density of the ball and fluid, and v, x, /, the 

velocity, space, and time, in motion ; we have \pd^ zzi the 

magnitude of the ball, and ^d\tH) — ») = its weight in the 

pniW 
fluid, also m =. "^Jr = ^^^ resistance from the fluid; 

pnd V 
consequently ipd^(n — «) — ^— — is the motive force by 

which the ball is urged ; which being divided by -^n^^, the 
quantity or matter moved, gives / = 1 rr — ;>for 

the accelerative force.. 

• » 

• • • W NW 

2. Hence w = ^gfsf and s == 



1 vv . , 3/1 1 S/i 

= "T X -:, putting b = r-—;, and — zz - — —; -^ 

b a-^v'-' ^ ^ 8nJ' a 2g , 8^(n - «)' 

or fl^ = 2g nearly ; the fluent of \<rhich is j* = - - _ . 

-T X log. of — -^ — i<t an expression for the space /, in terms 

of the velocity v. That is, when s and v begin, or are equal 
to nothing, both together. 

But if the body commence motion in the fluid with a cer- 
tain given velocity e^ or enter the fluid with that velocity, 
like as when the body, after falling in empty space from a 
certain height, falls into a fluid like water ; then the correct 

a - e'^ 
fluent will be j = ^ x hyp. log. of ^. 

3. But now, to determine v in terms of j, put c = 

2*7l828r828; then, since. the log. of : = 2^x, there- 

a ^ V 



a — v^ 



fore : = ^*^% or = c *^'-; lichee v = - - - 

y/a^ ac^'^^* is the velocity sought. 

4. The 
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4. The greatest velocity is to be founds as in art. 5 of 
prob. 20, by makiiig/or 1 r — 72^^ = 0, which ^ives 

V = ^(2g . Sd . — ) = ^a. Th^ same value of v u 

obtained by making the fluxion of vVor of i» — «r""****, =: 0. 
And the same value of v is also obtained/ by making s in- 
finite, for then c *^' == 0. But this velocity ^/a cannot be 
attained In any finite time, and it only denotes the velocity 

to which the general value of «; or -/a ^ ac"'^^ continually 
approaches. It is evident however, that it will approximate 
towards it the faster, the greater b is, or the less d is ; and 
.that^ the diameters being very small, the bodies descend by 
nearly uniform velocities, which are directly in the subdu- 
plicate ratio of the diameters. See also art. 5, prob* 20, for 
other observations oh this head. 

• 

r 1 / 

5. To find the time /. Now / =^ = V— x 



V ^' v'l — c 



.-lb' 



t«' 



Then, to find the fluent of this fluxion, put « aat Vi — r""*^* 

= -—, or «' = 1 — r'"**''; hence zz=2 bsc ^ and s =: -r^^ 
a/ a DC **** 

^ • * -I • 

1 , 1 +z 1 

and therefore the fluent is./ = rr— X log. r = -7-7 

1 + VI - P^ ^ 1 a/^ + V 

^ ^^' 1 - v^r3^3 = 2by/a ^ log- v^fl - v> which is* 

the genen^l expression for the time. 

Exam. If it were required to determine the time and 
velocity," by descending in air 1000 feet, the ball being of 
lead, and 1 inch diameter. 

Here n s= 1 1-^, fi = 73^, d:^^^ and s zz 1000. 

„ 2 . 16tSj. . A . IH 2.193.8.34.2500 

Hence a = — ^ — ■ — — ss- 

3.Ti^. 3.3. 12.12.3 

193.34.50* ,, 3.^3™ 3.3.3.12 9.9. 

, and b = " . . .^ ■ ^ :» 

9.27 * 8.11|.^ — 8,34.2500 68 

y . . ' ^; 193; 34. 50* 
consequently v = Vi^ x \/ 1 — ^ = \/-^— j; — ^z x 

^(1 - i? ^) = 203^ the velocity- And t = -r— - x k>e. 

2 + 
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2+ VI ~f.-rt» , 84.. 2500 , L2^»_«eoa^'. 
\ - ^ \ - r^ ^7.193; ^0-21617 * 

the time. 

A^o^/If the globe be so light as to ascend in the fluid ; It 
b only necess^ to change ^e signs of the first two terms 
in the value of/^ or the acceleratmg force> by which it be- 

comesy = — — 1 — -- — ^j and then proceedUng in all 

Inspects as before* 

SCHOLIUM. 

To compare this tfaeoryj contained in the last four pro-* 
blems, with experinient, the fiew. following numbers are here 
extracted £rt>m extensive tables of velocities and resistances^ 
resulting from a course of many hundred very accurate ex- 
perimentSy made in the course of the year 1786. 

In the first column are Contained the mean imiform or 
greatest velocities acquired in air> by globes^ hemispheres^ 
cylinders, and cones, all of the same diameter^ and the alti- 
tude of the cone nearly equal to the diameter also, when 
urged by the several weights expressed, in avoirdupois 
ounces, and standing on. the same line with the velocities, 
^ach in their proper column. So, in the first, line, the 
numbers show, that, when the greatest or uniform velocity 
was accurately 3 feet per second, the bodies were urged by 
these weights, according as their different ends went fore- 
most; namely, by '028 oz. when the vertex of the cone 
•went foremost ; by 'OS^ oz. when the base of the cone went 
foremost; by '027 oz. for a whole sphere; by -050 oz. for 
a cylinder ; by '05 1 oz. for the flat side of the hemisphere j 
and by "020 oz. for the round or convex side of the hemi- 
sphere. Also, at the bottom of all, are placed the mean 
proportions of the resistances of these figures in the nearest 
whole numbers. Note, the^ common diameter of all the 
^gures, was 6*375, or 64 inches ; so that the area of the 
circle of that diameter is just 32 square inches, or |- of a 
square foot; and the altitude of the cone was 64 inches. 
Also, the diameter of the small hemisphere was 4|. inches, 
and consequently the area of its base 17;|- square inches^ 
^r •}■ of a square foot nearly. . . 

From the given dimensions of the cone, it appears, that 
^he angle made by its side and axis, or directton of ^the path, 
IS 26 degrees, very nearly. 
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375 



The mean height of the barometer at -the times of ms&iag 
the experiments, was nearly 30*1 inches, and of the ther- 
mometer 62° ; consequently the weight of jsl cubic foot of 
air was equal to If oz. nearly, in those circumstances* 



Veloc. 
per«ec. 


Cone. 


Whole 
globe. 


Cylin- 
der. • 


Hemis 


>phere. 


Small 

Hemis.. 

flat. 


vertex 


base. 


flat. 


round. 


icet 


pzi 


oz. . 


oz. 


.02.0 


oz 


oz. 


oz . 


3 


•02b 


•0)4 


•027 


•O60 


•Q5I 


•020 


•0:^8 


4 


•048 1 


•109 


'047 


•090 


•096 


•039 


•048 


5 


•Q7« ; 


•162 


•068 


•143 


-J48 . 


•06.^ 


•072, 


• 6 


'0^9 


•225 


•094 : 


•205 


•211 


•092 


•109 


7 


V -1-^9 


•298 


•12.5 


•278 


-284 


•123 


•141 


8 


•108 


•382 


•162 


•3t)0 


•368 


-160 


•1.61 


9 


•211 


•478 


•205 


•456 


•464 


•199 


•233 ^ 


10 


•260 


•587 


•255 


'^65 


•57.3 . 


•242 . 


•287 


11 


•315 


712 


•310 


•688 . 


•098 


•297 


•349 


u 


'370 


•»50 . 


•370 


•826 


•836 


•347 


•418 


1.3 


•440 : 


I 006 


•435 


•979 


•988 


•40^ 


•492 


14 


•512 


l'i(>6 


•505 


M45 


1-154 


•4/8 


•573 


16 


•589 


1 -346 


•581 


1-327 


1-336 


•552 


•661 


10 


•673 


1 -546 


•663 


1-526 


1-538 


•634 


754 


17 


7(52 


1763 


-752 


1-745 


17^7 


•722 


853 . 


18 


•658 


2-002 


•848 


1-986 


1*998 


•81b 


909 


19 


•959 


2^260 


•949 ; 


2-246 


2-258 


.922 


l-07i : 


20 


1-069; 

1 


'^•540 


1'057 


2-528 


2-542 


1*()33 


1196 


Propor. 

Numb. 


126 


291 


124 


285- 


288 


119 


I4q 



Fromi this table of resistances, several practical inferencet 
may be drawn. As^ 

1. That the resistance is nearly as the sarface •, the resist- 
ance increasing but a Tery little above that proportion in 
the greater surfaces. Thus, by comparing together the num- 
bers in the 6th and last -columns, for the bases of the two 
hemispheres, the areas of which are in the proportion of 
17-|- to J32, or as •• to 9 very nearly; it appears that the 
numbers in those two columns, expressing the resi.stances, 
are nearly as 1 to 2, or as 5 to 10, as far as to the velocity 
of 12 feet; after which the resistances on the greater sur- 
face increase gradually more and more above that propor- 
tion. And tixe mean resistances are as 140 to 288, or as 5 

to 
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to 10^ This circumstance therefore agrees nearly with th<r 
theory. 

2. The resistance to the same sur&ce, is nearly as the 
square of the velocity ; but gradually increasing more and 
more above that proportion, as the velocity increases. This 
is manifest from all the columns. And therefore this cir- 
cumstance also differs but little from the theory, in small 
velocities. 

3. When the hinder parts of bodies are of different 
formsj the resistances arf different, though the fore parts be 
alike ; owing to the different pressures of the air on the 
hinder parts. Thus, the resistance to the fore part of the 
cylinder, is less than that on the flat base of the hemisphere, , 
or of the cone ; because the hinder part of the cylinder is 
more pressed or pushed, by the following air, than those of 
the other two figures. 

4. The resistance on the base of the hemisphere, is to that 
on the convex side, nearly as 2f to 1, instead of 2 to 1, 
as the theory assigns the proportion. And the experimented 
resistance, in each of these, is nearly ^ part more than that 
which is assigned by the theory. 

5. The resistance on the base qf the cone is to that on 
the vertex, nearly as 2^ to 1 . And in the same ratio is 
radius to the sine of the angle of the inclination of the side 
of the cone, to its path or axis. So that, in this instance, 
the resistance is directly as the sine of the angle of incidence^ 
the transverse section being the same, instead of the square 
pf the sine. 

6. Hence we can find the altitude of a column of air, 
whose pressure shall be equal to the resistance of a body, 
moving through it with any velocity. Thus, 

Let a = the area of the section of the body, similar to 
any of those in the table, perpendicular to the 
direction of motion ; 
f =s the resistance to the velocity, in the table ; and 
X = the altitude sought, of a column of air, whose 
base is a, and its pressure r. 

Then ax = the content of the column in feet, 
and i^ax or ^ax its weight in ounces ;---.. ^ . 

r 

^herefor^ l^r = r, and x *= ^ x — is the altitude Sought in 

feet. 
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£eet, namely, -|. of the quot'ent of tbe resistance of any body 
divided by its transversa s;-*ction ; which is a constant quan- 
tity for all similar bodies, however difiFerent in magnitude, 
since the resistance r is as the section a, as was found in art. 1. 
.When ii = |- of a foot, as in all the figures in the forego- 

ing table, except^ the small hemisphere : then, jr = ^ x — 

becomes or = yr, where r is^the resistance in the table, to 
the similar body. 

If, for example, we take the convex side of the large 
hemisphere, whose resistance is '634 oz. to a velocity of 
16 feet per second, then r = '634, and r'= \ r = 23775 
feet, is the altitude of the column of air whose pressure is 
equal to the resistance on a spherical surface, with a velo- 
city of 16 feet. And to compare the above altitude with 
that which is due to the given velocity, it will be 32* : 16* 
:i 16:4, the altitude due to the velocity }6 ; which is near 
double the altitude that is equal to the pressure. And as 
the altitude is proportional to the sqwkre of the velocity, 
therefore, in small velocities, the resistance to any spherical 
sur&ce, is equal to the pressure of a column of air on its 
great circle, whose altitude is -ji or '594 of the altitude due 
to its velocity. 

• 

But if the cylinder be taken, whose resistance r = 1*526 : 
thenx = yr = 5*72; which exceeds the height, 4, due 
to the velocity in the ratio of 23 to 16 nearly. And the 
difference would be still greater, if the body were larger \ 
and also if the velocity were more. 

7. Also, if it be required to find with what velocity any 
flat siu-face must be moved, so as to suffer a resistance just 
equalto the whole pressure of the atmosphere : 

The resistance on the whole circle whose .area is |^ of a 
foot, is '051 oz. with the velocity of 3 feet per second; it is 
1^ of '051, or '0056 oz. only, with a velocitv of 1 foot. But 
24- X 13600 X f =:;*7555|^ oz. is the whole pressure of the 
atmosphere. Therefore, as v^'0056 : ^^7556 :: 1 : 1162 
nearly, which is the velocity sought. Being almost equal 
to the velocity with which air rushes into a vacuum. 

8. Hence may be inferred the great resistance suffered by 
military projectiles. For, in the table, it appears, that a 
globe of 6 J. inches diameter, which is equal to the size of an 
iron ball weighing 36lb, moving with a velocity of only 
16 feet per second, meets with a resistance equal to the 
pressure of |- of an ounce weight ; and therefore, compute* 

ing^ 
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ing only according to the square of the velocity, the least 
resistance that such 9 ball would meet with, when moving 
with a velocity of 1 600 feet, would be equal to the pressure 
of 4171b, and that independent of the pressure of the atmo- 
sphere itself on the fore part of the ball, which would -be 
487ib more, as there would be no pressure from the atmo- 
sphere on the hinder part, in the case of so great a velocity 
as 1600 feet per second. So that the whole resistance would 
be more than 9001b to such a velocity. 

9 . Having said, in the last article, that the pressure of the 
atmosphere is taken entirely off' the hinder part of the ball 
moving with a velocity of 1 600 feet per second ; which must 
happen when the ball movps faster than the particles of air 
can follow by rushing into thel>lac0 quitted and left void by 
the ball, or when the ball moves faster than the air rushes 
into a vacuum from the pressure of the incumbent air : let 
us therefore inquire what this velocity is. Now the velocity 
with which any fluid issues, depends on its altitude above 
the orifice, and is indeed equal to the velocity acquired by 
a heavy body in falling freely through that altityde. But, 
supposing the height of the barometer to be 30 inches, pr 
2^ feet, the height of a uniform atmosphere, all of the same 
density as at the earth's surfece, would he 2i x 13'6 x 833^ 
or 28333 feet; therefore ^^16 : -v/28333 : : 32 : 8V28333 
:^ 134*6 feet, which is the velocity sought. And therefore, 
with a velocity of 1600 feet per second, or a^y velocity 
above 1346 feet, the ball must continualiy leavjc a vacuum 
behind it, and so must sustaio the whole pressure of the at- 
mosphere on its fore part, as well as the resistance arising 
from the vis inertia of the particles of air struck by. the ball. 

10. On the whole, we find that the resistance of the 
air, as determined by the experiments, differs very widely, 
both in respect to its quantity on all figures, and in respect 
to the proportions of it on oblique surfaces, from the 5ame 
as determined by the preceding theory; which is the same 
as that of Sir Isaac Newton, ^nd most modem philosophers. 
Neither should we succeed better if we have recourse to the 
theory given by Professor Gravesande, or others^ as similar 
differences and inconsistencies still occur. 

We conclude therefore, that all the theories of the resist* 
ance of the air hitherto given, are very erroneous. And 
the preceding one is only iaid down, till further experiments, 
on this important subject, shall enable us to deduce n*om them 
another, that shall hs more coijsQna&t tp the tr-ue phasno» 
me»a /of Mtttre« 
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1982 

tG32 

8O6I 

1068 

4055 

7022 

9968 

2895 

5802 



"«■ 



OF NUMBERS. 



50 
51 
52 
53 
54 
55 
56 
57 
158 

59 
[60 
61 
62 
63 
64 
65 
66 
07 
.68 

69 
70 

71 

7.^ 
73 
74 
175 

76 

77 

78 

79 

80 

I8l 
.82 
83 
i84 
.85 
86 

87 
88 
89 

90 

91 
92 

193 

94 
195 
196 
97 
198 



381 



176091 

89*77 
181844 
4691 
7521 
J 90332 
3125 
5899 
8657 

20 J 397 
4120 
6826 
9515 

212188 
4844 
7484 

220103 
2716 
5309 

7887 
230449 

2996 

55^28 

80^6 

240549 

3038 
5513 
7973 

25042O 
2853 

' - 5273 

7679 
26OO71 

2451 

4818 

7172 
9^13 

271842 
4158 
6462 
8754 

281033 
3301 
5657 
7802 

290035 
2256 
4466 
6665 
8R53 



6381 
9264 

2129 
4975 
7803 
0612 
3403 
6176 
8932 
1670 

4391 
7096 
9783 
2454 
51Q9 

7747 
0370 

2976 
5568 
8144 
0704 
3250 
5781 

8297 

0799 
3286 

5759 
8219 
0664 
3095 
5514 

79^^ 
0310 
2688 
5054 
7406 
9746 
2074 
4389 

6692 
8982 
1261 
3527 
5782 
8026 
0257 
2478 
4687 
6884 
9071 



2 



6670 
9552 
2415 
5259 
8084 
O892 
3681 
6453 
9206 
1943 
4663 
7365 
. .51 
2720 
5373 
8010 
0631 
3236 
5826 
8400 
0960 
3504 
6033 
8548 
1048 
3534 
6006 
8464 

ogos 

3338 
5755 
8158 
0^48 
2925 
5290 
7641 
99»0 
2306 
4620 
6921 

9211 
1488 
3753 
6007 
8249 
0480 
2699 
4907 
7i04 
9^89 



*«M 



3 I 4 



0959 

9839 
2700 
5542 
8366 
1171 

3959 
6729 
9481 
2216 
4934 
76*34 

.319 
2986 
5638 
8273 
0892 
3496 
6084' 

8657 
1215 

3757 
6285 

8799 

1297 

3782 
6252 
8709 
1151 
3580 

5996 
8398 

0787 
U62 
5525 

7875 
.213 
2538 
4850 
7151 

9439 
1715 

3979 
62)2 

8473 

0702 

2920 

5127 
7323 

9507 



7248 
.126 
2985 
5825 
8647 
1451 

4237 
7005 
9755 
2488 
5204 
7904 
. 586 



3252 



5902 
8536 
1153 
3755 
6342 
8913 
1470 
4011 
6537 

9049 
1546 

4030 
6499 
8954 
1395 
3822 
6237 
8637 
1025 

3399 
5761 

8110 

.446 

2770 

5031 

7380 

9667 

1942 

4205 

6456 

8696 

0925 

3141 

5347 

7542 

9725 



7536 
.413 
3270 
61O8 
8928 
1730 
4514 
7281 
• .29 
2761 
5475 
8173 
.853 
85 18 
6166 
8798 
1414 
4015 
6600 
9170 
1724 
4264 
6789 

9299 
1795 

4277 

6745 

9198 

1638 

4064 

6477 

8877 
1«63 

3636 
5996 
8344 

'679 

3001 
5311 
76O9 

9895 
2169 
443] 
668 1 
8920 
1147 
3363 
5567 

77^1 
9943 



6 



8 



mrtm^i'tm 



7825 

.699 

3555 
6891 

9209 
2010 

4792 
7556 
.303 
303a 
5746 
8441 
1121 
3783 
6430 
9060 
1675 
4274 
6858 
94:^6 

1979 
4517 
7041 
9550 
2044 
4525 

^91 
9443 

1881 

4306 

67I8 

9116 

1501 

^873 
6232 

85 80 

• 912 
3233 
5542 
^838 

• 123 
2396 
4656 
6905 
9143 
1369 
3584 
5787 

7979 
. 161 



8113 

3839 
6674 
9490 
2289 
5069 
7832 

.577 
3305 
6016 
87lO 
1388 

4049 
6694 

9323 
1936 
4533 
7115 
9^82 
2234 

4770 

72^2 

9800 
2293 

477^ 

7237 

96s7 

2125 
4548 
6958 
9355 

1739 
4109 
6467 
8812 

114^ 
3464 

577'^ 
8067 
.351 
2622 

4882 
7130 
9366 
159I 
3804 

6007 

8t98 
.378 



8401 
1272 
4123 
6956 

9771 
2567 
5346 

8107 
.850 

.3577 
6286 

8979 
1654 
4314 

(^7 
9585 
2196 
4792 
7872 
9938 
2488 
5023 
7544 
..50 
2541 

5019 

7482 

9932 
2368 

4790 

7198 
9594 
1976 
4346 
6702 
9046 

1377 
3696 

6002 
8296 

.578 
2849 

5107 
7354 

9589 

1813 
4025 
6226 
8416 
.595 



8689 

1558 

4407 

7239- 

..51 

2S46 

5623 

8382 

U24 

3848 

6556 

9247 

1921 

4579 
7221 

9846 

2456 

5051 

7630 

193 
2742 
5276 
7795 

300 
2790 
5266 
7728 
. 176 
2610 
5031 
7439 
9833 
2SI4 
4582 
6937 
9279 
1609 
3927 
6232 

8525 
.806 
3075 
5332' 
7578 
9812 
2034 
4246 
6446 
8635 



1: 



B\a 






382 



LOGARITHMS 



SCO 
301 
202 
203 
204 
205 
20() 
207 
20S 

209 
210 

211 

212 
213 
214 
215 
216 

217 
218 
219 
220 

221 
2122 
2Q3 
224 
225 
226 
227 
228 
229 
230 
231 
232 
233 
234 
235 
236 

237 

238 

239 
240 
241 
242 
243 
244 
246 
246 
247 
^43 



_ 0__ 

301030 
3196 
5351 

74i^ 
9630 

311754 
3807 
5970 
8063 

320146 
2219 
4282 
6336 
8380 

330414 
2438 
4454 
64(^ 
8456 

34O444 
2423 
4392 
6353 
8305 

350248 
2183 
4108 
6026 
7935 
9835 

301728 
3612 
5488 
7356 
9216 

37U168 
2912 



1 



1247 
3412 
5566 
7710 
yS43 
1966 
4078 
6I8O 
8272 
0354 
2426 
4^88 
6541 
8583 
0617 
2640 
4655 
6660 
8656 
0642 
2620 
4689 
6549 
8500 
0442 
2375 
4301 
6217 
8125 
..25 

1917 
S600 
6675 
7542 
9401 
1253 
3096 
4748 1 4932 



tf577 

8398 

380211 
2017 
3815 
5606 
7390 
9166 

39O935 

2697 
4452 



67^9 
8560 
0392 

2197 
3^95 
5/85 

7o()b 
9^43 

1112 
28/3 
4627 



/ 6mlm74l 



1464 
3628 
5781 
7924 
..56 

2\77 
4289 
6390 
8481 
0562 
2633 
4694 
6745 

8787 

0819 

2842 
4856 
6860 
8855 
0841 

2817 
4785 
6744 
8694 
0036 
2568 
4493 
6408 
8316 
• 215 
2105 
3988 
5862 

7729 
9587 
1437 
3280 
5115 
6942 
8761- 
0573 
2377 
4174 

5964 
77^6 
9520 
1288 
3048 
4802 
6548 



I68I 
3844 
599^ 
8137 
.268 
2389 

4499 
6599 
8689 
0769 
2839 

6950 

8991 
1022 

3044 

5057 
7060 
9054 

1039 
3014 
498 1 

6939 
8889 
0829 

2761 
4685 

^S99 
8506 

.404 
2294 
4176 
6049 
7915 
9772 
1622 
3464 
5298 
7124 
8943 
0754 

2557 
4353 

0142 
7923 
9698 
1464 
3224 
4977 



1898 
4059 
6^211 
8351 
.481 
2600 
4710 
68O9 
8898 

0977 
3046 
5105 
71^5 

9194 
1225 

3246 
5257 
7260 
9253 
1237 
3212 
5178 
7135 
9083 
i023 
2954 
4876 
6790 
8696 
.593 
2482 
4363 
6236 
8101 

9958 
1806 
3647 
5481 
7306 
9124 
0934 
[2737 
4533 
6321 
8101 
9^75 
1641 
3400 
5152 



6722\6896 



2114 
4275 
6425 
8564 
.693 
2812 
4920 
7018 

9106 

1184 
3252 
5310 
7359 

9398 
1427 

3447 

5458 

7459 

9451 

1435 

3409 

5374 

7330 

9278 
1216 
3147 
5068 
6981 
SS66 

.783 
2671 

4551 
6423 
8287 
. 143 

1991 

3831 

5664 
7488 
9306 
1115 

2917 
4712 
6499 

8279 
..51 

I8I7 
3575 
5326 

\707i 



6 



2331 

4491 
6639 
8778 

.906 

3a23 

5130 

7227 
9314 

1391 
3458 
5516 
7563 
9601 
1630 

3649 
5658 
7659 
9650 
1632 
3606 
5570 
75^5 

9^7^ 

1410 

3339 
5260 

7172 
9076 

'97^ 

2859 

4739 

6610 
8473 
.328 
2175 
4015 
5646 

7670 

9487 
1290 

3007 
4891 

6677 
8456 

• 228 

1993 

3751 

5501 

^7245 



2547 
4706 
6854 

8991 
1118 

3234 
5340 
7436 
9522 
1598 
3665 
5721 

7767 
9805 

1832 
3850 
5859 
7858 

9849 

1830 
3802 
5766 
7720 
96Q6 
1603 
3532 
15452 
7363 
9266 
1161 
3048 
4926 

^96 
8659 

.513 
2360 
4198 
6029 
7652 
9668 
1476 

3277 
5070 
6856 
«634 
.405 

2169 
3926 

56>6 
74191 



8 9 

2764 2980 

4921 5136 
7068 7282 
9204 9417 
1330 1542 
3445 3656^ 
5551 5760 
7646 7854 
9730 9938 
1605 2012 
3871 4077 
5926 6131 
7972 8I76 
...6 .211 
2034 2236 
4051 4253 
6059 <5266 
8058 8257 
..47 .246 
2028 2225 
3999 4196 
5962 6157 
7915 8110 
986O ..54 
1796 1989 
3724 3916 
5643 5834 
7554 7744 
9456 9646 
1350 ]539 
3236 3424 
5113 5301 
6983 7169 
8845 9030 
.698 .883 
2544 2728 
-^382 4565 
6212 6394 
8()d4 82ia 
9849 ..30 
1656 1837 
34^6 3636 
5249 5428 
7034 7212 
8811 8989 
.582 .759 
2345 2521 
4101 4277 
5850!6025 
7.^921 7766f 



OF NUMBERS. 



383 



N. 





1 


2 
82b7 


3 
8461 


4 

8034 


5 
8808 


6 

8981 


7 
9154 


8 
9328 


9 
9501 


250 


397940 


8114 


251 


9674 


9847 


..20 


.19^ 


.365 


.538 


.711 


.883 


1056 


1228 


252 


401401 


1573 


1745 


1917 


2089 


2261 


2433 


2605 


2777 


2949 


i53 


3121 


3292 


3464 


3635 


3807 


3978 


414*9 


4320 


4492 


4663 


254 


4834 


5005 


517^ 


5346 


55X7 


5688 


5858 


6029 


<5i99 


6370 


355 


6540 


6710 


6881 


7051 


7221 


7391 


7561 


7731 


7901 


8O7O 


256 


8240 


8410 


8579 


8749 


89I8 


90S7 


9257 


9426 


9595 


97(54 


257 


9933 


• 102 


.271 


.440 


.609 


.777 


.946 


1114 


1283 


1451 


258 


411620 


1788 


1956 


2124 


2293 


2461 


2629 


2796 


2q64 


3133 


isg 


3300 


3467 


3655 


3803 


3970 


4137 


4305 


4472 


4639 


4806 


260 


4973 


5140 


5807 


5474 


5641 


5808 


5974 


6141 


6308 


6474 


201 


6641 


68O7 


6973 


7139 


7306 


7472 


7638 


7804 


7970 


8135 ^ 


262 


8301 


8467 


8633 


8798 


8964 


9^'^9 


9295 


9460 


9625 


9791^ 


263 


9956 


.121 


.286 


.451 


.616 


.781 


'975 


1110 


1275 


1439 


264 


421604 


1768 


1933 


2097 


2261 


2426 


2590 


2754 


291 8 


3082 


265 


3246 


3410 


3574 


3737 


3901 


4065 


4228 


4392 


4555 


47I8 


^06 


48S2 


5045 


5208 


5371 


5534 


5697 


5860 


6023 


6I86 


6349 


267 


6511 


6674 


6836 


6999 


7161 


7324 


7486 


7648 


7811 


7973 


268 


8135 


8297 


8459 


8621 


8783 


8944 


9106 


9268 


9429 


9591 


269 


6752 


9914 


..75 


.236 


.398 


.559 


.720 


• 881 


1042 


1203 


270 


431364 


1525 


1685 


1846 


2007 


2167 


2328 


2488 


2649 


28 9 


271 


29<59 


3130 


3290 


3450 


3610 


3770 


3930 


4090 


4249 


4409 


272 


4569 


472Ci 


4888 


5048 


5207 


5367 


5526 


5685 


5844 


6004 


27:^ 


6103 


6322 


6481 


66^0 


6800 


6957 


7116 


7£75 


7433 


7592 


274 


7751 


7909 


8067 


8226 


8384 


8542 


8701 


8859 


9017 


9»75 


275 


9333 


94y\ 


gG4b 


9^00 


99^^ 


. 122 


.279 


.437 


.594 


.752 


270 


440909 


1066 


1224 


1381 


1538 


1695 


1852 


22 >9 


2\66 


2323 


277 


3480 


2637 


2793 


2y50 


3106 


3263 


3419 


3376 


3732 


3889 


278 


4045 


4201 


4357 


4513 


4669 


4825 


4981 


5137 


5293 


5449 


V9 


5604 


5760 


5915 


607 1 


6226 


6382 


6537 


^693 


6848 


7003 


2bO 


7158 


7313 


746ii 


7623 


7778 


7933 


8088 


6242 


8397 


8552 


281 


8706 


8861 


yo\5 


9170 


gy^ 


9478 


9633 


9787 


9941 


..95 


282 


450249 


0403 


0557 


0711 


0865 


1018 


1172 


1326 


1479 


1633 


28J 


1786 


1940 


2093 


2247 


2400 


2553 


2706 


2859 


3012 


3165 


28i 


3318 


3471 


3624 


3777 


39^0 


4082 


4235 


4387 


4540 


4692 


285 


4845 


499; 


5150 


5302 


5454 


56u6 


5758 


5910 


6062 


6214 


286 


6H66 


0518 


66/0 16821 


69/3 


7125 


7276 


7428 


757J 


7731 


2b7 


' 7882 


b0>3 


8184 


8336 


848/ 


3638 


87^9 8940 


j;09i 


9243 


268 


9392 


95^^ 


9^9* 


C)846 


9ir9^ 


.146 


.296 .447-597 


.748 


289 


4608C}8 


1048 


1198 


1348 


1499 


^049 


K99 


1948 2098 


2248 


290 


2398 


2548 


2097 


2847 


2997 


3146 


32«>6 


3446 


351H 


3744 


291 


389^ 


4042 


4191 


4340 


44fO 


4039 


4788 


49 U) 


5085 


5234 


292 


538ci 


553 J 


5680 


5829 


5977 


6126 


6274 


6423 


6571 


6719 


203 


t;868 


7016 


7164 


7312 


7460 


76O8 


7756 


7904 


8052 


8200 


294 


8347 


8495 


8643 


8790 


8938 


9085 


9233 


y380 


95 '7 


9^75 


2()fi 


9822 


99^9 


. 116 


.263 


.-ilO 


.557 


. ; 04 


.85» 


• 998 


1145 


296 


47 i 292 


1488 


1585 


1732 


1878 


2025 


2171 


2318 


2464 


2610 


29f 


275d 


290;^ 


3049 


3195 


3341 


^4ii7 


36Jd 


3779 


3fKd5 


4071 


;^8 


4216 


4362 


4508 


4653 


47.^9 


494 i 


5090 


5235 


5381 


5526 


m 


5671 


5816 


5962 


6107 


0252 


6397 


a542 


6687 


6832 


,•^'97^1 



884 



LOGARITHMS 



:N. 





300 


477121 


301 


8566 


302 


480007 


303 


1443 


304 


2874- 


305 


, -4300 


306 


5721 


307 


7138 


308 


8551 


309 


9958 


310 


491362 


311 


2760 


312 


4155 


313 


5544 


314 


6930 


315 


8311 


316 


9687 


317 


501059 


318 


2427 


3J9 


379i 


320 


5150 


321 


6505 


322 


7856 


323 


9203 


324 


510545 


325 


1883 


32(5 


3218 


327 


4548 


328 


5874 


329 


7196 


330 


8514 


331 


9828 


332 


521138 


' 333 


2444 


334 


3746 


335 


5045 


336 


6339 


337 


7630 


338 


8917 


339 


530200 


340 


1479 


341 


2754 


342 


-4026 


343 


5294 


344 


655s 


345 


7819 


346 


907CI 


347 


540329 


/S48i 


1^/9 



I 



72t)6 
8711 

0151 
1586 
3016 
4442 
5W3 
7280 
8692 

"99 
1502 

2900 
4294 
5683 
7068 
8448 
9824 
1196 
2564 

3927 
5286 
6640 

7991 
9337 
0679 
2017 

3351 
468 1 
6006 
7328 
^640 

9959 
1269 

2575 

3876 

5174 

6469 

7759 

(,045 

0328 

1607 

2682 

4153 

5421 

6685 

7945 

9202 

0455 

1704 



7411 

8855 

0294 

1729 

3159 

4585 

6005 

7421 

8833 

-.239 

1^2 

3040 

4433 

5822 

7206 

8586 

9962 

1333 

2700 

4063 

5421 

677^ 

8126 

9471 

0813 

2151 

3484 

4813 

6139 

7460 

8777 
..90 
1400 
2705 
4006 
5304 
6598 
7888 
9174 
0456 
1734 
3009 
4280 

5547 
6811 

8O7I 

9327 

0580 

1829 

30/4 



770i) 
9143 

0562 
2016 
3445 

4869 
6289 

770^ 
9114 
.520 

1922 
3319 



7844 

9287 
0725 
2159 
3587 
5011 
6430 
7845 
9255 
. 061 
2062 
3458 
471! 4850 



2078 



3883 



433o 
5693 
70^.6 
^^95 

9740 

1081' 

24.18 
3750 

5079 

6403 
7724 
9040 
.353 

1661 
2g(j6 

4266 
5563 
6856 
8145 
9430 
0712 

^99'^ 
3261- 

4534 

58O0 

7063 

8322 

9578 
v)830 0955 



6 



2203 



SV^^Va^TAX'A^'^l 



5128 
6515 

78J7 
cr275 



8 



9 



3518 
4878 
6234 
758(3 
8934 

.277 

1616 

2951 

4282 

5609 

6932 

8251 

9566 

.876 

2183 

3486 

4785 

6O8I 

7372 

8660 

99^3 

1*223 

2500 

377^' 
5041 

6306 

7567 

8825 

"79 

133U 

257 u 
3 8:0 



6432 
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7775 
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7037 
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3729 
4834 

5937 
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8389 
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2066 
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4489 
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9308 
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8788 
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3452 

4610 

5765 

6917 
8066 

9212 
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1495 
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3765 

4896 

6024 
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3840 
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9337 
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8349 
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6661 
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5672 
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4686 
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6686 


6790 


6895 






414 


7000 
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0448 
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2110 






419 


2214 
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3869 
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4076 
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9185 


8297 
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8593 


8695 
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9206 


9308 
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9512 


9613 


9715 


9817 


99»9 
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.123 
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427 
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0835 
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1038 


1139 
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428 
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2356 
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4173 
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3136 


3255 


33S4 






440 


3453 


353i 
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3847 
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8943 


90-13 


9140 


9ii7 






446 


9335 


9432 
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455 
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458 
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46i 
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464 
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46S 
46g 
470 
:47i 

%3 
.474 

'476 

'*77 
47s 

m 

4816 
481 
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^183 
484 
485 

isQ 

487 

488. 
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'49i 
4^ 
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*5 

407 
4dd 



o 
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053213 

4177 

513d 

6098 
7050 
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8965 

6608O5 

1S13 
2758 
3701 
4642 
5581 
6518 
7453 
8386 

93:17 
670^46 

1173 
. :2098 
50il 
3942 
486l' 

5778 

6J^4 

7607 
8518 
9428 

68dsi3d 

1241 
2145 
3047 

3947 
4d45 
^42 
603d 

7529 
8420 
9309 

6g0ig6 

' 1681 

ig6A 

2847 
3727 
4605 
5482 
6356 
7329 
8101 



3309 

4273 

5235 

6194 

7152- 

8 107 

9060 

. .11 

0960 

1907 
2S52 

3795 
4736 
5675 
0612 
7546 

8479 
9410" 
0339 
1265 
2190 
3J13 
4034 
4953 
5870 
O-78P 
7698 
86&9 
9519 
042^ 
1^32 
2235 
3137 
4037 
4935 
5831 
6726 
76I8 
8509 
9398 
0285 
1170 
2053 
2935 
^815 
4693 
556g 
6444 

7317 
8188 



3405 3502 
4369 4465 
5331 5427 
62^ 6386 
7247 7343 
8202 8298 
9155 9250 
. 106 ,201 
105j 1150 
200i 2096 
2947 3041 
3889 3983 
4830 4924 
5769 5862 
6/05 6799 
7640 7733 
8572 8665 

9503 g5g6 

0431 0524 
1358 1451 
2283 2375 
3205 3297 

4126 4218 
5045 5137 
5062 6053 

6676 6968 

^89- 788 J 

8700 8791 
9610 9700 
0517 0607 

1422 1513 
2326 2416 
3227 3317 

4127 4217 
5025 5114 
.5021 6010 
^81 5 6904 
7707 .7796 
8598 8087 

g4«6 g575 

0373^ 0462 
1258-1347 



2142 
3023 
3903 
478 1 
5657 

6531 
7404 
8275 
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2230 
3111 

3gg\ 

.4868 

^^744 

66I8 

7491 
8362 



3598 

4562 
5526 
6482 
7438 
8393 
9346 
.296 
1245 
2191 
3n5 
4078 
5018 
^956 
6892 
7826 

8759 
9^89 

0617 

1543 
2467 
3390 
4310 
5228 
6145 
7059 

7d72 

8882 

9791 
0698 

603 

2506 

3407 
4307 

5204 
6100 
6994 
7686 

8776 

9664 
0550 
1435 
2318 

3199 
4078 

4956 

5832 

6706 

7^78 

8449 



3695 3791 
4658 4754 
5619 5715 
6577 6'076 
7^34 7629 
8488 8584 
9441 9536 
.391 .486 
'1339 H34' 
2286 2380 
3230 3324 
4172 4266 
5112' 5206 
6050' 6143 
6086 7079 
7920 8013 
8852 8945 
9782 9875 
0710 0802 
1036 )728 
t2l560 2652 
3482 3^74 
4402 4494 
53^20 3412 
6236 6328- 
7151 7:^42* 
8063 ;8154 
8973 COd^ 

9882 gg73 
0789 0879 

1693 1784 

2596 '2686 

3497 3587 
4396 4486 
5294 5383 
6it39 e279f 
70b3 7172 
797^ b664 

8865 8953 
9753 9841 
0639 0728 
1524 1612 
2406 2494 
3287 3375 
4166 4254 
'5044 5131 
5919 6007 
67g3 6880 
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7665 
8555 



7t^^ 
8622 



3888 
4850 
5810 

676g 

7725 

8679 
9631 

.581 
1529 

2475 

3418 

4360 

5299 

6237 

717^- 
8100 

9<38 

g9c>7 

0895 

1821 

2744 

36od 

4586 
5503 

6419 

7tJ33: 

8245 
9155 
..«3 
0970 
1874 

2777 

3677 
4576 

5473 

6368 

7261 

8153 

9042 

9930 

08161 

1700 

2583 

3463 
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6094 

6968 

8709 
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4946 

5906 

6864' 

7820 

8774 

9726 

.676 
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3512 

4454 
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6331 

7266 
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..60 
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3758 
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6511 
7424 
8336 

9^46 
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4666 
5^563 
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5307 
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7055 
7926 
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6002 

6g6o 

7916 
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.771 
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4769 
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6602 
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7440 
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2759 
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4517 
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714i 
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853; 


8397 


86QO 


8?23 


8786 




,690 


8849 


S912 


89/5 


gais 


9101 


9164 


932; 


9269 


9352 


9415 




691 


1)478 


9541 


9004 


960? 


9729 


97^2 


9635 


991" 


9981 


..'■43 




§3 


.94O1Q0 


0169 


0/32 


0294 


O.J57 


0420 


0482 


0545 


0608 


0671 




07^3 


079« 


0859 


0921 


0984 


1040 


1109 


117i 


r234 
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,694 


issy 


1422 


1485 


1347 


1610 


1673 


1735 


17»7 


)860 


mi 




695 


1983 


2047 


2110 


2172 


2235 


i297 


2360 


'J422 


2484 




z 


a609 


2672 


2734 


'^796 


2859 


•^91 


2083 


3046 


3108 


3170 




3233 


3295 


3357 


3420 


3482 


3544 


3606 


3669 


3731 


3793 




I 


3655 


391 tJ 


3980 


4042 


41 04 


4160 


4229 


4291 


4353 


4413 




■ *4;7 


4539 


4601 


4664 


4726 


4781 


485Q 
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A 





1 


2 


3 


4 


5 


6 7 


b 


9 


1 




700 


84S09B 


fil60 


5222 


5284 


5346 


5l<« 


5470 5532 


5594 


5636! 




701 


57I8 


3 780 


a8-(3 


5904 


5966 


6038 


6090 6151 


6213 


6275 1 




70J 


6337 


63^9 


6461 


6,123 


6585 


6646 


070s 


6770 


6832 


6894 






70:) 


6^5 


7»I7 


7079 


7141 


7202 


7264 


7326 


7388 


7449 


751 






70+ 


7573 


7634 


767^ 


7768 


7819 


7881 


7543 


8004 


6066 


8123 






705 


8189 


6251 


8312 


8374 


S435 


S497 


8559 


8620 


3683 


8743 






700 


8805 


886-6 


8^28 


8989 


9051 


911!? 


9174 


9235 


9297 


93.W 






707 


9419 


9481 


9542 


9604 


9665 


9720 


9788 


9849 


9011 


9972 






708 


850O33 


0095 


0156 


0217 


0279 


0340 


0401 


0462 


0524 


0383 






709 


0646 


0707 


0769 


0830 


089I 


0953 


1014 


1075 


1136 


1197 




' 


710 


1259 


1320 


1381 


1442 


1503 


1564 


1625 


i6srt 


i747 


1809 






711 


1870 


1931 


19.92 


2053 


3114 


2175 


2236 


2297 


2338 


2419 






712 


2460 


25+1 


2602 


2663 


2724 


S785 


2846 


2907 


296s 


3029 






713 


3090 


3150 


3211 


3272 


3333 


3394 


3453 


3516 


3577 


3637 






714 


36t,8 


3759 


3820 


3881 


3941 


4003 


4063 


4124 


4185 


4243 






71s 


4306 


4367 


4428 


4488 


4349 


4610 


4670 


473) 


4792 


4852 
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4913 


4974 


5034 


3095 


515b 


5216 


5277 


5337 


5398 


5459 
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5519 


5380 


5640 


S7('l 


5761 


3832 


58S2 


5943 


6003 


6064 
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612+ 


6185 


6345 


6306 


6366 


9427 


6487 


6548 


6609 


6668 






719 


6739 


6789 


6850 


6yio 


6970 


7031 


7091 


7152 


7212 


7372 






730 


7332 


7393 


7453 


7513 


7574 


7634 


7694 


7735 


78I3 


7S73 






721 


7935 


7995 


8056 


8116 


8176 


8236 


8297 


8J57 


8417 


8477 
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8537 


8597 


8657 


8718 


8778 


8838 


8898 


8958 


9OI8 


9076 
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9318 


9379 


9439 


md 


9559 


9619 


9679 
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9739 


9799 


9850 


991 8 


997 a 


-.38 


•■98 


.138 


.218 


.278 






7.'5 


86033s 


0398 


0458 


0S18 


0578 


0637 


0697 


0757 


0817 


0877 






726 


0937 


0996 


1056 


1116 


1176 


1236 


1295 


1355 


1415 


1475 
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1534 


1594 


r654 


171 + 


1773 


1833 


1893 


1952 


2012 


2072 






728 


2131 


2191 


225! 


2310 


2370 


2430 


2489 


2549 


2603 


2663 
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2798 


2787 


284? 


2906 


2966 


3025 


3085 


3144 


3304 


3263 
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3323 


3383 


3442 


3501 


3561 


3620 


3680 


3739 


3799 


3858 






731 


3917 


3977 


4036 


4096 


4155 


4214 


4374 


4333 


4392 


4432 
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^511 


4570 


4630 


4689 


4748 


*S08 


4667 


4Q26 


4995 


5045 






733 


5104 


5163 


5222 


5282 


5341 


5400 


3459 


6519 


5578 


5637 






734 


5696 


5755 


5814 


5874 


5933 


5992 


6051 


6110 


6169 


6228 






73s 


6-287 


6346 


6405 


5465 


6324 


6583 


6642 


0701 


6760 


68 19 
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6878 


6937 


6996 


7055 


7114 


7173 


7232 


7291 


?35(J 


7409 
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7467 


7536- 


7585 


7644 


7703 


7/62 


7821 


7880 


793y 


7998 
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6056 


6115 


8I74 


8333 
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8350 


8409 


8468 


85ar 


8586 






739 


864') 


8703 


e762 


882] 


8879 


8938 


8997 


9056 


9114 


917s 
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9'232 


9290 


9349 


94O8 


9466 


9525 


9584 


9642 


9701 


9760 






741 


9818 


9377 


9!)35 


999'1 


. .53 
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.228 


287 


345 
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870*04 


0-162 


0521 


0579 


063hi 


0696 


0753 


0813 


O872 


0930 
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0989 


1047 


1106 


r64 


1223 


1281 


1339 


1398 


14.56 


1513 
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1,5?:* 


1631 


1690 


1748 


1806 


ia65 


1923 


1981 
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2098 
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2136 
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2273 


2331 


2389 


2448 


250(1 


2564 


2622 


2581 
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2835 


2913 


2S72 


3030 


3088 
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3262 
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3611 


3669 
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3844 
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4018 


4076 4134 


4192 


4250 


430S 4366 
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750 
751 
752 
7A3 
754 
755 
756 

757 
758 

759 
7QO 

761 
762 

76:i 
704 
765 
706 

7Q7 
706 

709 
770 

77 i 

772 

77^ 

77'^ 
775 
770 

777 
77s 

779 
780 

7b 1. 

782 

783 

78 i' 
7S5 
786 

787 
7b8 
789 

790 
791 
792 
703 
794 
795 
79^ 

797 
798 

7i)9 



o 



87506 J 

5(i40 
6216 
6795 

7371 

79^7 

8522 

9096 

9'^^9 
880242 

0814 

1-385 

1955 

2525 

3093 

3601 

4229 

4795 
5301 

5926 
6491 
7054 
7617 

SI79 
8741 

9302 

9862 

890421 

0.C}80 

1.537 
2095 
2651 
3207 
3762 
' 4310 
4870 
5423 

5975 
6526 

7077 

76^7 
8J7O 

8725 

9273 

9821 

900367 

0913 

1458 

2003 

2547 



l 



5119 

5693 

6276 
6853 
7429 
8034 

8579 
9153 

97-2^ 

0299 

0871 

1442 

^012 

2581 

3150 

371a 

528.'> 

4852 

5'<I18 

5983 

(5547 
7IH 

7074. 
8236 

8797 
935 s 

0*77 

1035 
1593 
2150 

2707 

3262 

3817 

437 1 

4925 

5473 

6030 

6*581 

7132 

7682 

8231 

87«0 

9326 

9875 

0422 

0^j6'8 

1513 

2057 

2601 



2 



5\77 
575O 

6333 
6910 
7487 
806'2 

8637 
9211 
9784 
0356 
0928 

1499 
2069 

2638 

3207 

3775 

4342 

4909 

5474 

6039 

6604 

7167 

7730 

8292 

8853 

9414 

9974 

Oj33 

1091 

16^19 

2200 

27^2 

3318 

3873 

4427 

498O 

5533 

6085 

6636 

71^7 

77'^7 
8286 

8835 

9383 

99^0 

04/6 

1022 

156/ 

2112 

2655 



3 



5235 

15813 

i 6391 

6968 

7544 

8II9 
8694 

9268 

9841 

0413 

0985 

1556 

2126 

2695 

3^64 

3832 

4399 
4965 

5531 

6096 

6660 

7233 

7786' 

8348 

8909 
9470 

.,30 
0589 

1147 
1705 
2262 
2818 
3373 
3928 
4482 
5036 
5588 
6140 
6692 
7242 

779'i' 

8341 
88QO 
9437 
9985 
0531 

1077 

1622 

2166 

2710 



5293 

5871 
6449 
702^ 
7602 

8177 

8752 
9325 

9898 
0471 
1042 
1613 
2183 
2752 
3321 
3888 
4455 
5022 

5587 
6152 

^7y^ 

7280 

7842 
8401 
8965 
9526 
..36 
0645 
1203 
1760 

2317 

2873 

3429 
39S4 
4538 
5091 
5644 
6 195 

6747 
7297 
7847 

8396 

89-^4 

9492 
. . 39 

0586 
1131 
1676 
2221 
2/64 



6 



5351 

5929 
6507 
7083 
7659 
8234 
88O9 
9383 
9956 
0528 

1099 
1670 

2240 

2809 

3377 
3945 
4512 
5078 
5644 
6209 

6773 
7336 

7898 

8460 
9021 
9582 
.141 
0700 
1259 
I8I6 
2373 

2929 
3484 

4039 

4593 

5J46 

5^9 
6251* 

6802 

7352 

7902 

8451 

8999 

9547 
..94 

0640 
1186 

1731 
2275 

2818 



5409 

5987 
6564 
7141 

77^7 
8292 

8866 
9440 
.. 13 
0585 
1156 
1727 

2297. 
2866 
3434 
4002 
4569 
5135 
5700 
6265 
6829rj 6885 



7392 
7955 

8516 

9077 
9638 

.197 
0756 

1314 
1872 
2429 
2985 
3540 
4094 
4648 
5201 
5754 
6306 
6857 
7407 

7957 
8306 
9054 
9^02 
. 149 
O695 
1240 
1785 
2329 
2973 



7 

5466 

6045 
6622 

7199 

777^ 

8349 

8924 

9497 

• .70 

0642 
1213 
1784 
2354 
2923 
3491 

4059 
4625 

5192 

5757 
6321 



7449 
8011 
8573 
9134 

9(>94 

.253 
0812 
1370 

1928 
2484 
3040 
3595 
4150 
4704 

5257 
5809 
6361 
6912 
7462 
8012 
8561 
9109 
9656 
.203 
0749 
1295 
1840 
2384 



Dd 



i22LU2t 



_8_ 

5524 
6102 
6680 
7256 
7832 
8407 
8981 
9555 
.127 
0699 
1271 
1841 
2411 
298O 
3548 
4115 
4682 
5248 
5813 

6378 

6942 
7505 
8O67 
8629 
9190 

9750 

.309 
0868 
1426 
1983 
2540 
3096 
3651 
4205 
4759 
5312 
5864 
6416 
6967 

75}7 
8O67 

8615 
9164 

97i^ 

.258 
0804 
1349 
1894 
2438 
1 



1 



9 



5582 
6160 

6737 
7314 

7869 
8464 

9039 
9612 
.185 
0756 
1398 
l8oa 
24^ 

3037 

3605 

4172 

4739 

5305 

5870 

6434 

6998 

756i 

8123 

8685 

9246 

98O6 

.365 

0924 

1^82 

2039 

2595 

3151 

3706 

4261 

4814 

5367 

5920 

6471 

7022 

rs7^\ 

8122 
8670 
9218 

9766 

0859 
1404 
1948 
2492 
3036 
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801 
bOS 

fHn 

865 
pO) 

807 
808 

809 

yio 
sn 

812^ 

is'ia 

814 

8l6 
817 

Ibis 

619 
iB20 

823 
|824 
025 

tee 

627 

828 

829 
830 
JBdl 

832 

88:< 

iR84 
JB35 
^36 

J87 
|B38 
iB3i. 
840 

PI* 
&42 

iB43 

844 

845 

846 

847 
84S 



() 



I 



9i)305K) 3144 



J633 
4»74 
4/10 
5256 

57yO 

6335 
6874 
7411 

79M^ 

8^85 
9021 
9556 

9i009i 

0624 
1158 
1690 
2222 
2753 
3284 
3814 
4.^43 

4872 
5400 

5927 
6 154 
698O 
7506 
8030 
8555 
9078 
96OI 

920123 
0645 
1 1 6n 
1 086 
2206 

, 27'25 
3244 
3762 
4270 

4790 
53 1 2 

5828 
6342 
6857 

7370 
7683 

S39 



368, 
4229 

47A^ 
53U' 
58::() 
6389 
6927 
7405 
8002 
8.^^39 
9074 
9610 
01*4 
OU78 
1211 
i743 
2275 
2806 
3337 
3867 
4396 
4925 
5453 
598O 

66O7 
7033 
7558 
7083 

8607 
yi30 

9653 
0176 
OO97 
1218 
1738 
2258 

2777 
329(> 

3M4 

4331 
484» 
5304 
5879 
6394 
vQOb 
74'J2 
7935 

844; 



^19^' 
3741 

4283 
Nb24 
5364 
5904 
644 
O98I 

7519 
8050 

8592 

9128 

g66:i 

0197 
0731 
1264 

1797 
2323 

2fc59 

3390 

3920 

4449 

4977 
55a5 

6(33 
6559 
7085 
7611 
8185 
0659 
Q183 
9706 
0228 

0749 
1270 

1790 
2310 
2829 
3346 
3865 
4383 
4899 
.-)415 

5931 
6445 

0901, 
747s 
79b( 
84Q 



V t39'Uti44T 849> 
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'd25i^ 
3795 
4337 

4878 
5418 
5958 

6497 
7035 

7573 

8110 

864u 

9I8I 

9716 

0251 

0784 

1317 
1850 

2381 
2913 
3443 
3973 
4502 
5030 
5558 
6085 
6612 

7J3b 

766S 
8188 
8712 
9235 
9758 
0280 
0801 
1322 
1842 
2302 
2881 

3399 
3917 
4434 

4951 
5467 
5t;82 

6497 
70' 1 

7524 

^^037 

S54C; 

9001 



3307 
384-9 
4391 
493^ 
5472 
6012 
6551 
7OS9 
.7620 
8I63 

8699 
y235 

9770 
0304 
0838 

1371 

1903 

2435 

2966 

3496 

4026 

455^5 

5083 

5611 

6138 

6604 

7190 

7716 

8240 

8764 

9287 
9B1O 
0332 
0853 
1374 
1 894 
2414 
2933 
3451 

39(>9 

4486 
5003 
5518 
0034 
6548 
7062 

757(^ 

^0S8 
8601 



3361 
3904 
4445 
4986 
5520 
6066 
66O1 
714 i 
76bO 

8217 
8753 

9823 
0358 

0691 
1424 
1950 
2488 

3019 
3549 

4079 
4008 
5136 
5664 

6191 

6717 

7243 

7768 

8293 

8816 

9340 

9b62 

0384 

0906 

1420 

1946 

24 60 

2985 

3503 

4021 

4538 

5054 

5570 

6085 
6600 
7114 

7627 
8140 
8652 



6 



34!6 
3958 

44uc; 
5040 
5580 

6119 
665b 

7196 

7734 

8270 

S8O7 
93.2 

9877 
0411 
0944 

1477 
2009 
2541 
o0;2 
3602 
4132 
4660 

5189 

5716 
0243 

6770 
7295 

7S20 
-8345 

S869 

9'^9'^ 

9914 

0436 

6Q58 
'1478 

I99« 

2518 

3037 
3555 

4072 

4589 

5106 

5621 

6137 

6651 

7165 

7676 

8191 
8703 

^1V5 



3470 
4012 
4553 

5094 
5634 

G173 
6712 
7250 

7787 
8324 
85,60 
9396 



0464 

O99S 

1530 

2063 

2594 

3125 

3635 

4184 

4713 

5241 

5769 

6296 

6822 

734b 

7873 

8397 
S921 

9444^ 

99^7 
OI89 

1010 

1530 
2050 
2570 
3O89 
3w07 
4124 
4041 
5157 
5673 
6i 88 
6702 
7216 
7730 
8242 
8754 
^266 



'8 

j3524 
4066 
4607 
5148 
56vS8 
6227 
6766 
7304 
7841 
8378 
8914 
9449 
9984 
05 IB 
1051 
1584 
2116 
2647 
3178 
37O8 

4237 

4766 
5294 
5822 

6349 
6875 
7400 
7925 
8450 
8973 
9496 
..'19 
0541 
1062 
1582 
2102 
2622 
3140 
3658 
4176 
4093 
5209 
5725 
6240 
6754 
7268 

7781 
8293 
8805 
9317 



3578 
4120 
4661 
5202 
5742 
6281 
6820 
7358 
7^95 
8431 
8967 
9503 

..37 
0571 
1104 

1637 
2169 
2700 
3231 
3761 
4290 
4819 
5347 
5875 
6401 

6927 
7453 

7976 

8502 
9026 
9549 

..71 
0593 
1114 
1634 
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1966 
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2:-'. 22 
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2474 
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2575 


•2626 


2677 


^727 


2778 


282c> 


2879 


2pS0 


857 


QQSl 


3031 


3082 


3133 


3183 


3234 


32S5 


3335. 


3386 


3437 


858 


3487 


3538 


3589 


3639 


3690 


3740 


379- 


3841 


3892 


3943 


859 


3993 


4044 


4094 


4145 


4195 


4246 


4296 


4347 


4397 


4448 


8do 


4498 


4549 


4599 


4650 


4700 


4751 


480^ 


4S52 


490 i 


4953 


86l 


5003 


5054 


5104 


5154 


5205 


5255 


5306 


5356 


5406 


5457 


S6'l 


5507 


5558 


^"608 


5658 


5709 


5769 


5809 


5860 


5910 


5900 


863 


6011 


6061 


6111 


6162 


6212 


6262 


6313 


6363 


6413 


6463 


864 


6514 


6564 


6614 


6665 


6715 


6765 


6815 


6865 


6916 6966 


865 


7016 


7066 


7ll7 


7167 


7217 


7^67 


7317 


7367 


7418 >466 


866 


7518 


7568 


7618 


7668 


77^b 


7769 


781i^ 


7869 


7919 7969 


867 


801 9 8O69 


8119 


8I69 


8219 


8269 


8320 


8370 


8420 . 8470 

1 f 


868 


fc520 


S570 


8620 


8670 


8720 


877P 


88iO 


8870 


8919 8970 


869 


9020 


9070 


9120 


9»70 


9220 


9270 


9320 


9S69 


9419 9469 


870 


9510 


9^t)9 


96I9 


9^69 


9719 


9769 


98^9 


9S69 


99 1 8 


99«9 


87 i 


94001 8 


Oi)6s 


0118 


0168 


0218 


0267 


0317 


0367 


0417 


0467 


872 


05 16 


0566 


0616 


0666 


0716 


.0765 


0815 


086 


0915 


0964 


873 


1014 


1064 


lli4 


1163 


1213 


1263 


1313 


1362 


1412 


1462 


874 


1511 


1561 


16U 


1 660 


1710 


1760 


I8O9 


1859 


1909 


1958 


875 


2008 


20^8 


2107 


2157 


2207 


2256 


J 306 


2335 


2405 


2455 


876 


2504 


2554 


2603 


2653 


270^ 


2752* 


2801 


2851 


2901 


2950 


877 


3000 


3049 


3099 


3148 


3198 


3247 


3297 


3316 


3396 i 3445 


878 


3495 


3544 


3593 


3643 


3692 


3742 


3791 


3841 


3890 : 3939 


8/9 


3989 


4038 


4088 


4137 


4186 


4236 


4285 


4335 


43B.4 ! 4433 

1 


880 


4483 


4532 


4581 


4631 


468O 


4729 


4779 


4828 


4877 14927 


881 


4976 


5025 


5074 


5124 


5173 


5222 


5272 


5321 


5370 5419 


882 


5469 


5518 


5567 


5616 


566i> 


5715 


5704 


5813 


5862 


5912 


883 


5961 


6010 


6059 


6108 


6157 


6207 


6256 


6305 


6334 


6403 


884 


6452 


6501 


655 1 


6600 


6649 


669s 


6/47 


679^ 


6845 


6S94 


88j 


6943 


6992 


7041 


7OSO 


7140 


7189 


7238 


7287 


7336 


7385 


886 


7434 


7483 


7532 


7581 


7630 


7679 


7728 


7777 


7826 


7875 


887 


7924 


7973 


8022 


8070 


8II9 


8168 


8217 


8266 


8315 


8365 


888 


.8413 


8462 


8511 


8560 


8609 


8657 


8706 


87o5 


8804 


8853 


889 


8902 


8951 


8999 


9048 


9097 


9146 


9195 


9244 


9292 


9341 


890 


9390 


9439 


9488 


9536 


9585 


9634 


96^3 


97:^1 


9760 


9820 


891 


9878 


9926 


9975 


..24 


..73 


. 121 


. 170 


.219 


.267 


.318 


892 


950365 


0414 


0462 


05 U 


0560 


0608 


0657 


0706 


0754 


0803 


893 


0851 


0900 


0949 


0997 


1046 


1095 


1143 


1192 


1240 


1289 


894 


133S 


1386 


1435 


1483 


1532 


1580 


1629 


1677 


1726 


1775 


893 


1823 


1872 


1920 


1969 


2017 


.2066 


2114 


2103 


2211 


2260 
2744 


^96 


2308 


2356 


2405 


2453 


2502 


2550 


2599 


2647 


2696 


897 


2792 


^2841 


2889 


2938 


2986 


3034 


3083 


3131 


31^0 


3S2^ 


898 


3276 


3325 


3373 


3421 


3470 


3518 


S566 


3615 


3663 


3711 


899 


3760 


3808 


3956 


3^5. 


3953 


4G01 

— • • • m 


4(^^9. 


4098. 


.1146 


4194 



D D2. 



p 

«9» 


LOGARITHMS 


q 


TvT" 
900 





1 


2 


a 


4 


5 


6 


7 


8 


9 




y54343 


4291 


433 y 


433? 


'H35 


4484 


4532 


45 80' 


4628 


4077 




1 901 


47-15 


4773 


4821 


4869 


49I8 


4966 


5014 


,063 


51IO 


5I5S 




902 


■ 3207 


5235 


5303 


5351 


5399 


5447 


54t)5 


5543 


5592 


5640 




903 


aCsa 


3736 


57S4 


5832 


5S80 


3938 


5976 


6034 


6072 


6120 




904 


6l(i6 


63 16 


6265 


6313 


6361 


6409 


6457 


6505 


6553 


6601 




903 


6649 


6^7 


6743 


6793 


6840 


6888 


fi93u 


6984 


7032 


7OSO 


' 


906 


712s 


7176 


,7224 


7i72 


7320 


7368 


7416 


7404 


7512 


7359 




907 


7607 


7655 


7703 


77 ^i 


7799 


7847 


7894 


794:4 


7990 


80J8 




. 908 


aosti 


8134 


81BI 


8229 


9,%77 


8325 


8373 


842 1 


S408 


8516 




909 


8564 


6612 


8659 


8/07 


8753 


8603 


8850 


8898 


SO-lO 


8994 




910 


9011 


9O89 


9137 


9185 


9232 


9280 


91 s 


9J75 


9423 


9471 




911 


9518 


9566 


y6i4 


9661 


9709 


9757 


9604 


9852 


9900 


9947 




yl2 


999-^ 


..42 


..90 


.138 


. 185 


.233 


.1'^.) 


.328 


.376 


.4.23 




1 913 


960471 


0518 


0506 


0613 


0ff6! 


O/O9 


0756 


0b04 


0851 


O8O9 




• SH 


09-) 6 


ogtK 


1041 


lObi; 


1130 


1184 


1231 


1279 


J326 


1374 




, 9IJ 


I42I 


1469 


1510 


1563 


161 1 


JC58 


1706 


1753 


180J 


I84S 




' 916 


1805 


1943 


1990 


2038 


2085 


2132 


2180 


2227 


2275 


2322 




917 


2369 


2417 


2464 


2511 


2559 


26O6 


3653 


2701 


2740 


27.95 




91s 


S6J3 


2890 


2937 


2985 


3033 


3079 


3126 


3174 


3221 


3268 




919 


3dl6 


3303 


3410 


3-i.i7 


3504 


3553 


3599 


3646 


3B93 


3741 




920 


37B8 


3835 


3882 


3929 


3977 


4024 


4071 


4118 


4165 


4212 




921 


4260 


4307 


4354 


4401 


4448 


4495 


4543 


A5vp 


4637 


4684 




922 


4731 


4778 


4S23 


4872 


49<9 


4966 


5013 


50til 


5IQB 


5 155 




« 923 


5203 


5249 


5296 


5343 


5:i90 


5437 


5484 


5.^31 


5578 


5625 




1 9a'i 
! 925 


567a 


!i7^9 


3766 


5813 


5860 


5007 


5954 


6001 


604S 


6095 




614S 


6189 


6236 


628:} 


0329 


0376 


6423 


6470 


6517 


6564 




1 986 


6611 


6658 


6705 


0752 


67y9 


6845 


6892 


6939 


6986 


7033 




1 927 


708O 


7127 


7173 


7320 


72O7 


7314 


7361 


740s 


7454 


7501 




928 


734S 


7595 


7642 


7688 


773B 


7782 


7629 


7675 


7922 


7969 




929 


8016 


8O62 


8I09 


8156 


8203 


8249 


8296 


8343 


8390 


8436 




930 


8483 


8530 


6576 


8623 


8670 


8716 


8763' 88IO 


8656 


6903 




931 


8950 


8996 


9013 


9090 


9130 


9183 


9229 1 9276 


9323 


9369 




932 


9416 


9463 


9509 


9356 


9002 


9049 


9*595 9742 


978919835 




933 


9882 


992s 


99-5 


..31 


..68 


.114 


.161 .207 


.254 


.300 




93* 


970347 


0393 


owo 


0486 


0533 


0579 


0626 0672 


0719 


0763 




93s 


0812 


0838 


0904 


ogSi 


0997 


10-14 


logo 3137 


1163 


12^9 




■ 938 


1276 


1323 


1369 


1415 


1461 


1503 


1554 1601 


1647 


1693 




937 


1740 


1786 


1632 


1879 


1935 


1971 


201 8 12064 


2110 


3137 




938 


2203 


224q 


2295 


2342 


2388 


2434 


2481 2527 


2573 


2619 




939 


2666 


3712 


2758 


2804 


2651 


2S97 


2943 1 29S9 


3035 


3082 




9W 


31:2s 


3174 


3220 


3266 


3313 


3359 


3405 3451 


3497 


3543 




941 


a59o 


3636 


3682 


3/28 


3774 


3820 


3866 3913 


3939 


400S 




94a 


4051 


4097 


4143 


4189 


4235 


4aei 


4327 4374 


4420 


4466 




1 943 


4512 


4558 


4604 


4050 


46'96 


4742 


4788] 4 834 


4880 


4936 




1 1 044 


49-2 


5018 


5064 


3110 


5156 


5302 


3248! 3 294 


5340 


5386 




I ' 94s 


5432 


5478 


5524 


5570 


5616 


5662 


3707 , 5753 


5799 


5845 




I; 946 


5891 


5937 


5983 


0029 


6073 


0121 


61O7 16212 


6258 


6304 




K 947 


6350 


639G 


64*2 


6486 


0533 


6579 


6623 6O7J 


6717 


6763 




mi 


6808 


6654 


6900 


6946 


6993 


7037 


7063 7129 


7175 


7230 




/2Sd 7312 


733S 


7403 


7449 


7495 


7S41I758O 


7632 


7678 






^^^K^^^^J^^^^^^^^^^^M 


i 



OF NUMBERS. 




950 
951 
952 
953 
954 
9^5 
956 

957 
958 

959 
960 

961 
9^52 
9^3 
964 
9^5 
966 

9Q7 
9^8 

9^9 
970 

971 
972 
973 
974 
975 
97G 

977 
[978 

9Z9 
980 

981 
982 
983 
984 
985 
986 

987 
1988 

989 

990 

1991 
992 

993 
994 
995 
906 
997 
998 

1^99 



977724 

8181 
8637 
9093 
9548 
980003 
0158 
0912 
1366 

I8I9 
2271 
2723 
3 J 75 
3626 

4077 
4527 

^77 
5426 

5875 
6324 

d77'^ 

7219 
76m 

8U3 
8559 
9005 

9450 

9895 

990339 

0783 
1226 

1669 
2111 
2554 
2995 
3436 

3877 

4317 

4757 

5196 
5635 

6074 

6512 

6949 
7886 

7823 

8259 
8695 
9^31 
9565 



1 



77(>9 

8226 

8683 
9138 

9594 
0049 
050.i 

0957 
1411 
1864 
2316 
2761) 
3'220 

3671 
4122 
4572 
5()22 

5471 
5920 
6369 

^817 
7264 

7711 
8157 
8604 
9049 
9494 
9939 
0383 
0827 
1270 
1713 
2156 
2598 

3039 
3480 

3921 
4361 
4801 
5240 
5679 
6117 
6555 
6993 
7430 

7867 
8303 

8739 
9174 
9609 



7815 
8272 
8728 
9184 
96S9 
0094 
0549 
1003 
1456* 

1909 
2362 
2814 
3265 
3716 
4167 

4617 
5067 
5516 
5965 
6413 
6861 
7309 

7756 

8202 
8648 
9049 
9539 
9983 
0428 
0871 
1315 
1758 
2200 
2642 
3083 
3524 
3965 
4405 
4845 
5284 
5723 
6161 
6599 

7037 
7474 
7910 
8347 
8782 
9218 
9^52 



7861 
8317 

8774 

9230 
9685 
01 40 
0594 
lOlS 
I50i 
1954 
2407 
2859 

3310 

3762 

4212 

4662 

5112 
5561 

6010 
6458 
69O6 
7353 
7800 
8247 

8693 
9138 
9583 
. .28 
0472 
O9I6 
1359 

I80'2 
2244 
2686 
3127 

3568 
4009 
4449 
4889 
5328 
5767 
6205 
6643 
7O80 

7517 
7954 
8390 
8826 
9261 

969^ 



7906 7952 

836*3 8409 

88 1 9 8865 

9275 9321 



9730 
0185 
0640 
;0fj3 
1547 
2000 
24d2 
2904 
3356 
3807 
4257 
4707 
5157 
5606 
6055 
6503 
6951 
7398 
7845 
8291 

8737 
9183 
9628 
.•72 
0516 
0960 
1403 
1846 
2288 
2730 
3172 
3613 
4053 
4493 
4933 
5372 
.5811 
6249 
6687 

7124 
7561 

7998 
8434 
8869 

9305 



9776 
0231 
0685 

1139 
1592 
2045 

2497 
2949 
3401 
3852 
4302 
4752 
5202 
5651 
6 J 00 
6548 
6996' 
7443 
7890 
8336 
8782 
9227 
9672 
.117 
0561 

1004 
1448 
I89O 
2333 
2774 
32J6 
3657 

409; 
4537 

"^977 

5416 
5854 
6293 
6731 

7I68 
7^05 
8041 
8477 
8913 
9348 



6 



9739 9783 



799^ 
8454 

8911 

)366 

9621 

0276 

0730 

1184 

1637 
2090 
254j 

2994 
3446 

3897 

4347 

4797 
5247 

5699 
6144 
6593 
7040 

7488 

793^ 

8381 

8826 

9272 

9717 
.161 

0605 

1049 

1492 

1935 

2377 
2319 

3260 
370 1 

4141 
4581 
5021 
5460 
5898 
6337 

^774 
7212 
7648 
8085 

8521 
8956 

9392 
1 98 26 



8043 
8500 
b956 
^12 

986; 

0322 

0/76 

1229 
1683 

2i35 
2588 
3040 
3491 
3942 
4392 
4842 

5292 
5741 
61 89 
6637 
7O85 
75d2 
797g 

8425 
8871 
93I6 

97^1 
.206 

065o 

1093 
1536 

1979 
242 1 

2863 

3304 

3745 

4185 

4625 

5065 

5504 

5942 

6380 

6818 

7255 

7692 

8129 

8564 

9000 

9435 

9870 



8 



8089 
8546 
9002 

9457 
9912 

0367 
0821 
1275 

1728 
2181 
2633 
3085 
3536 

3967 
4437 
4887 

5337 
5786 

6234 
66*82 
7130 

7577 
8024 

8470 

8916 
9361 
9b06 
.250 
0694 

1137 
1580 

2023 
2465 
2907 
3348 
37S9 
4229 
4669 
5108 

5547 
5986 

6424 

6862 

7299 
7736 

8I72 
8608 
9043 

9479 
9913 



8135 
8591 

9047 
9503 
995s 
0412 

086*7 
1320 

1773 
22i6 

z678 
3130 
3581 
403'2 
4482 
4932 
5382 
5830 

6279 
6727 
7175 
7622 
8068 
8514 
8900 
9405 
9850 
.294 
0/38 
1182 
1625 

2067- 

2509 

2951 

3392 

3833 

4273 

4713 

5152 

5591 

6030 

6468 

6906 

7343 

7779 
8216 

8652 

9087 

9522 
9957 



398 



LOO. SINES, TANGENTS, &C. 



o15 



ej^. 



Sine 





1 6465726 
6-764756 
3|6-940847 
4 
5 
6 

7 

8 

9 
10 
11 
12 

13 
14 
15 
16 
17 
18 

19 
20 
2) 
22 

23 
24 

25 
26 
27 
28 
29 
3b 

31 
32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
8 

49 
50 
51 
52 
53 
54 



Cosine 



7-065786 
7*162696 
7-241877 

7-308824 
7-366816 
7-417968 
7-4637^26 
7-505118 
7-542906 

7577668 
7-609853 
7-639816 
7-667845 
7 694173 
7-71899'7 

7-742478 
764754 
7-785943 
7-806146 
7-825451 
7-843934 

7-861662 
7-878695 
7-895085 
7-910879 
7-926119 
7-940842 

7-955082 
7-968870 
7-982233 

7 995198 
8-00778'? 
8020021 

8031919 
8043501 
8-054781 
8-065776 
8-076500 

8 086965 

8 097183 
8-107167 
8-116926 
8126471 
8135810 
8-144953 

8-153907 
8-162681 
8-171280 
8-179713 
8-187985 
8196102 



Tang. 



10-000000 
10-000000 
10000000 
10000000 
10-000000 
10-000000 
9-999999 

9-999999 
9-999999 
9 999999 
9 999998 
9 999998 
,9-999997 

.9 999997 
9-999996 
9 999996 
9 999995 
9 999995 
9-999994 

9-999993 
9-999993 
9-999992 
9 999991 
9-999990 
9-999989 

9-999989 
9-999988 
9-999987 
9-999986 
9-999985 
9-999983 

9-999982 
9-999981 



6-463726 
6-764756 

6 940847 
7065786 
7162696 
7-241878 

7.308825 
7-366817 

7 417970 
463727 
505120 
542909 

577672 
7-609857 
7-639820 
7-667849 
7-694179 
7-719003 

7-742484 
7-764761 
7-785951 
7-806155 
7-825460 
7-843944 

7-861674 
7-870708 
7-895099 
7 9ie(894 
7-926134 
940858 

7-955100 
7-968889 



Cotang. 



9-999980 7-982253 



55 
56 
57 
58 



8204070 
8-211895 
8-219581 
8-227134 



9-999979 
9 999977 
9999976 

9-999975 
9 999975 
9-999972 
9-999971 
9-999969 
9-999968 

9-999^66 
9 999964 
9-999963 
9-999961 
9999959 
9-999958 

9-999956 
9-999954 
9-999952 
9-999950 
9-999948 
9.999946 

9 999944 
9 99994'2 
9-999940 
9-99993K 



13 536274 
13-235244 
13-059153 
12-934214 
12-837304 
12-758122 

12-691175 
12 633183 
12-582030 
12-536273 
12-494880 
12-457091 

12-422328 
12-390143 
12-360180 
12332151 
12-305824 
12-280997 

19-257516' 
12-235239: 
12-21 4049 j 
12 193845 
12 174540 
12-156056 

12-138326 
12-121'292 
12-104901 
12-089106 
12-073866 
12-059142 

12-044900 
12-031111 
12-01774 
7-995219 12004881 
8-007809111-992191 
8-020044 



I Deg. 



Sine 



8.241855 
8-249033 
8 256094 
8-265042 
8-269881 
8-276614 
8-283243 

8-289773 
8-296207 
«-302546 
&-308794 



Cosine 



9.999934(8 

9 999932 

9999929 
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